Interdisciplinary Applied Mathematics 


Volume 7 


Editors 
J.E. Marsden L. Sirovich 
S. Wiggins 


Fluid Dynamics and Nonlinear Physics 
K.R. Sreenivasan, G. Ezra 


Mathematical Biology 
L. Glass, J.D. Murray 


Mechanics and Materials 
S.S. Antman, R.V. Kohn 


Systems and Control 
S.S. Sastry, P.S. Krishnaprasad 


Series Preface 

Problems in engineering, computational science, and the physical and biological 
sciences are using increasingly sophisticated mathematical techniques. Thus, the 
bridge between the Mathematical Sciences and other disciplines is heavily trav- 
eled. The correspondingly increased dialog between the disciplines has led to 
the establishment of the series: Interdisciplinary Applied Mathematics 


The purpose of this series is to meet the current and future needs for the interac- 
tion between various science and technology areas on the one hand and mathe- 
matics on the other. This is done, firstly, by encouraging the ways that mathe- 
matics may be applied in traditional areas, as well as point towards new and 
innovative areas of applications; secondly, by encouraging other scientific disci- 
plines to engage in a dialog with mathematicians outlining their problems to 
both access new methods as well as to suggest innovative developments within 
mathematics itself. 


The series will consist of monographs and high level texts from researchers 
working on the interplay between mathematics and other fields of science and 
technology. 


Interdisciplinary Applied Mathematics 


— 


Gutzwiller: Chaos in Classical and Quantum Mechanics 
2. Wiggins: Chaotic Transport in Dynamical Systems 
3. Joseph/Renardy: Fundamentals of Two-Fluid Dynamics: 
Part I: Mathematical Theory and Applications 
4. Joseph/Renardy: Fundamentals of Two-Fluid Dynamics: 
Part II: Lubricated Transport, Drops and Miscible Liquids 
5. Seydel: Practical Bifurcation and Stability Analysis: 
From Equilibrium to Chaos 
6. Hornung: Homogenization and Porous Media 
7. Simo/Hughes: Computational Inelasticity 
8. Keener/Sneyd: Mathematical Physiology 
9. Han/Reddy: Plasticity: Mathematical Theory and Numerical Analysis 
10. Sastry: Nonlinear Systems: Analysis, Stability, and Control 
11. McCarthy: Geometric Design of Linkages 
12. Winfree: The Geometry of Biological Time 


Springer 
New York 
Berlin 
Heidelberg 
Barcelona 
Hong Kong 
London 
Milan 
Paris 
Singapore 
Tokyo 


J.C. Simot T.J.R. Hughes 


Computational Inelasticity 


With 85 Illustrations 


J.C. Simo (deceased) T.J.R. Hughes 


Formerly, Professor of Mechanical Mechanics and Computation 
Engineering Durand Building 

Stanford University Stanford University 

Stanford, CA 94305 Stanford, CA 94305 

USA USA 

Editors 

J.E. Marsden L. Sirovich 

Control and Dynamical Systems Division of 

107-81 Applied Mathematics 

California Institute of Technology Brown University 

Pasadena, CA 91125 Providence, RI 02912 

USA USA 

S. Wiggins 

Control and Dynamical Systems 

107-81 


California Institute of Technology 
Pasadena, CA 91125 
USA 


Mathematics Subject Classification (1991): 73EXX, 73FXX, 6SMXX, 73CXX 


Library of Congress Cataloging-in-Publication Data 
Simo, J.C. (Juan C.), 1952-1994 
Computational inelasticity / J.C. Simo, T.J.R. Hughes. 
p. cm. — (Interdisciplinary applied mathematics ; 7) 
Includes bibliographical references and index. 
ISBN 0-387-97520-9 (hardcover : alk. paper) 
1. Elasticity. 2. Viscoelasticity. I. Hughes, Thomas J.R. 
Il. Title. III. Series: Interdisciplinary applied mathematics ; v. 


7. 
QA931.8576 1997 
531°.382—de21 97-26427 


© 1998 Springer-Verlag New York, Inc. 

All rights reserved. This work may not be translated or copied in whole or in part without the 
written permission of the publisher (Springer-Verlag New York, Inc., 175 Fifth Avenue, New York, 
NY 10010, USA), except for brief excerpts in connection with reviews or scholarly analysis. Use 
in connection with any form of information storage and retrieval, electronic adaptation, computer 
software, or by similar or dissimilar methodology now known or hereafter developed is forbidden. 
The use of general descriptive names, trade names, trademarks, etc., in this publication, even if the 
former are not especially identified, is not to be taken as a sign that such names, as understood by 
the Trade Marks and Merchandise Marks Act, may accordingly be used freely by anyone. 


ISBN 0-387-97520-9 SPIN 10760898 


Springer-Verlag New York Berlin Heidelberg 
A member of BertelsmannSpringer Science+Business Media GmbH 


Preface 


This book goes back a long way. There is a tradition of research and teaching in 
inelasticity at Stanford that goes back at least to Wilhelm Flugge and Erastus Lee. 
I joined the faculty in 1980, and shortly thereafter the Chairman of the Applied 
Mechanics Division, George Herrmann, asked me to present a course in plasticity. 
I decided to develop a new two-quarter sequence entitled “Theoretical and Com- 
putational Plasticity” which combined the basic theory I had learned as a graduate 
student at the University of California at Berkeley from David Bogy, James Kelly, 
Jacob Lubliner, and Paul Naghdi with new computational techniques from the 
finite-element literature and my personal research. I taught the course a couple of 
times and developed a set of notes that I passed on to Juan Simo when he joined 
the faculty in 1985. I was Chairman at that time and I asked Juan to further develop 
the course into a full year covering inelasticity from a more comprehensive per- 
spective. Juan embarked on this path creating what was to become his signature 
course. He eventually renamed it “Computational and Theoretical Inelasticity” 
and it covered much of the material that was the basis of his research in material 
modeling and simulation for which he achieved international recognition. At the 
outset we decided to write a book that would cover the material in the course. The 
first draft was written quite expeditiously, and versions of it have been circulated 
privately among friends, colleagues, and interested members of the research com- 
munity since 1986. Thereafter progress was intermittent and slow. Some things 
were changed and some new chapters were added, but we both had become dis- 
tracted by other activities in the early 1990s. Prior to that, we frequently discussed 
what would be necessary “to get it out the door,” but I do not recall the subject 
even coming up once in the years immediately preceding Juan’s death in 1994. 
Since that time I have been repeatedly urged to bring the project to completion. 
Through the efforts of a number of individuals, the task is now completed. 

This book describes the theoretical foundations of inelasticity, its numerical 
formulation, and implementation. It is felt that the subject matter described herein 
constitutes a representative sample of state-of-the-art methodology currently used 
in inelastic calculations. On the other hand, no attempt has been made to present 
a careful account of the historical developments of the subject or to examine in 
detail important physical aspects underlying inelastic flow in solids. Likewise, the 
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list of references should, by no means, be regarded as a complete literature survey 
of the field. 

Chapter | begins with an overview of small deformation plasticity and vis- 
coplasticity in a one-dimensional setting. Notions introduced in Chapter | are 
generalized to multiple dimensions and developed more comprehensively in sub- 
sequent chapters. Ideas of convex optimization theory, which are the foundations 
of the numerical implementation of plasticity, are first introduced in Chapter 1. 
In Chapter 2 the theory is generalized to multiple dimensions. In addition to the 
three-dimensional case, plane-strain and plane-stress cases are presented, as well 
as thermodynamic considerations and the principle of maximal plastic dissipa- 
tion. Chapter 3 deals with integration algorithms for the constitutive equations of 
plasticity and viscoplasticity. The two most important classes of return-mapping 
algorithms are described, namely, the closest-point projection and cutting-plane 
algorithms. The classical radial return method is also presented. Another impor- 
tant mathematical tool in the construction of numerical methods for inelastic 
constitutive equations, the operator-splitting methodology, is also introduced in 
Chapter 3. Chapter 4 deals with the variational setting of boundary-value prob- 
lems and discretization by finite element methods. Key technologies for successful 
implementation of inelasticity, such as the assumed strain method and the B-bar 
approach, are described. The generalization of the theory to nonsmooth yield sur- 
faces is considered in Chapter 5. Mathematical numerical analysis issues of general 
return-mapping algorithms and, in particular, their nonlinear stability are presented 
in Chapter 6. The generalization to finite-strain inelasticity theory commences in 
Chapter 7 with an introduction to nonlinear continuum mechanics, the notion of ob- 
jectivity, variational formulations of the large-deformation case, and hyperelastic 
and hypoelastic constitutive equations. The practically important subject of objec- 
tive integrative algorithms for rate constitutive equations is described in Chapter 8. 
In Chapter 9 the theory of hyperelastic-based plasticity models is presented. This 
chapter covers the local multiplicative decomposition of the deformation gradient 
into elastic and plastic parts and numerical formulations of this concept by way 
of return-mapping algorithms. Chapter 10 deals with small and large deformation 
viscoelasticity. 

I believe a good, basic course of a semester’s or quarter’s duration would focus 
on Chapter 1 to 4. For more advanced students wishing to understand the large 
deformation theory, Chapters 7 and 8 are essential. Chapter 8, in particular, deals 
with the types of formulations commonly used in large-scale commercial computer 
programs. There is more research interest in the hyperelastic-based theories of 
Chapter 9, which are more satisfying from a theoretical point of view. However, 
as of this writing, they have not enjoyed similar attention from the developers of 
most commercial computer programs. 

Over the past two years, this text has been used as the basis of courses at Stanford 
and Berkeley which provided vehicles for readying the manuscript for publication. 
I wish to sincerely thank the students in these classes for their considerable pa- 
tience and effort. Present and past graduate students of Juan’s and mine were also 
instrumental in bringing the endeavor to fruition. Among them I wish to thank, in 
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particular, Francisco Armero, Krishnakumar Garikipati, Sanjay Govindjee, John 
Kennedy, and Steve Rifai. However, without the hard work and devotion of two 
recent students, I doubt that this project would have been completed: Vinay Rao 
and Eva Petécz critically read the manuscript and interacted with the other indi- 
viduals who provided corrections. Vinay and Eva synthesized the inputs, made 
changes, and managed the master file containing the manuscript. They searched 
for and found lost drawings, and when missing figures could not be located, they 
drew them themselves. They spent many hours in this effort, and I wish to express 
my sincere thanks and gratitude to them. 


Thomas J. R. Hughes 
Stanford, March 1998 
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Motivation. One-Dimensional 
Plasticity and Viscoplasticity 


In this chapter we consider the formulation and numerical implementation of one- 
dimensional plasticity and viscoplasticity models. Our objective is to motivate our 
subsequent developments of the theory in the simplest possible context afforded 
by a one-dimensional model problem. Since the main thrust of this monograph is 
the numerical analysis and implementation of classical plasticity, viscoplasticity, 
and viscoelasticity models, an attempt is made to formulate the basic governing 
equations in a concise form suitable for our subsequent numerical analysis. To this 
end, once a particular model is discussed, the basic governing equations are sum- 
marized in a BOX that highlights the essential mathematical aspects of the theory. 
Likewise, the corresponding numerical algorithms are also summarized in a BOX 
that highlights the essential steps involved in the actual numerical implementation. 
We follow this practice throughout the remaining chapters of this monograph. 


1.1 Overview 


An outline of the topics covered in this introductory chapter is as follows. 

In Section 1.2 we present a detailed formulation of the governing equations for 
a one-dimensional mechanical device consisting of a linear spring and a Coulomb 
friction device. This simple model problem exhibits all the basic features under- 
lying classical rate-independent (perfect) plasticity, in particular, the notion of 
irreversible response and its mathematical modeling through the Kuhn—Tucker 
complementarity conditions. Subsequently, we generalize this model problem 
to account for hardening effects and discuss the mathematical structure of two 
classical phenomenological hardening models known as isotropic and kinematic 
hardening. 

In Section 1.3 we summarize the equations of the one-dimensional elastoplastic 
boundary-value problem and discuss the weak or variational formulation of these 
equations. Then we provide an outline of the basic steps involved in a numeri- 
cal solution procedure. With this motivation at hand, in Section 1.4 we discuss 
the numerical integration of the constitutive models developed in Section 1.2 
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and introduce the fundamental concept of return mapping or catching up algo- 
rithm. As shown in Chapter 3 this notion has a straightforward generalization to 
three-dimensional models and constitutes the single most important concept in 
computational plasticity. In Section 1.5 we illustrate the role of these integrative 
algorithms by considering the simplest finite-element formulation of the elasto- 
plastic boundary-value problem. We discuss the incremental form of this problem 
and introduce the important notion of consistent or algorithmic tangent modulus. 

Finally, Section 1.6 generalizes the preceding ideas to accommodate rate- 
dependent response within the framework of classical viscoplasticity. We examine 
two possible formulations of this class of models and discuss their numerical imple- 
mentation. In particular, emphasis is placed on the significance of viscoplasticity 
as a regularization of rate-independent plasticity. This interpretation is important 
in the solution of boundary-value problems where hyperbolicity of the equations in 
the presence of softening can always be attained by suitable choice of the relaxation 
time. 

For further reading on the physical background, and generalizations, see 
Lemaitre and Chaboche [1990]. 


1.2 Motivation. One-Dimensional Frictional Models 


To motivate the mathematical structure of classical rate-independent plasticity, 
developed in subsequent sections, we examine the mechanical response of the 
one-dimensional frictional device illustrated in Figure 1.1. 

We assume that the device initially possesses unit length (and unit area) and 
consists of a spring, with elastic constant FE, and a Coulomb friction element, with 
constant oy > 0, arranged as shown in Figure 1.1. We let o be the applied stress 
(force) and ¢ the total strain (change in length) in the device. 


1.2.1 Local Governing Equations 


Inspection of Figure 1.1 leads immediately to the following observations: 


oO Oo 
VV VY Oy 


Ficure 1.1. One-dimensional frictional device illustrating rate-independent plasticity. 
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a. The total strain ¢ splits into a part e° on the spring with constant E, referred 
to as the elastic part, and a strain ¢” on the friction device referred to as the 
plastic part, that is 


e=ete?, (1.2.1) 


b. By obvious equilibrium considerations, the stress on the spring with constant 
E is o, and we have the elastic relationship 


o =E&=E (e - e) : (1.2.2) 


Now we characterize the mechanical response of the friction element as follows. 


1.2.1.1 Irreversible frictional response. 


Assume that ¢, e? and o are functions of time in an interval [0, T| Cc R.In 
particular, we let 


and 
éP = —é?, (1.2.3) 


Change in the configuration of the frictional device is possible only if €? 4 0. To 
characterize this change, we isolate the frictional device as shown in Figure 1.2. 
We make the following physical assumptions. 


1. The stress o in the frictional device cannot be greater in absolute value than 
oy > 0. This means that the admissible stresses are constrained to lie in the 
closed interval [—oy, oy] C R. For future use we introduce the notation 


Ez ={teR| f(t) :=Itl — oy <0} (1.2.4) 


to designate the set of admissible stresses. For reasons explained below, we 
denote by oy the flow stress of the friction device. The function f : R > R, 
defined as 


f(t) :=|t| — oy <0, (1.2.5) 


then is referred to as the yield condition. Note that E, is a closed interval and, 
therefore, it is a closed convex set. 

2. If the absolute value o of the applied stress is less than the flow stress oy, no 
change in &? takes place, i.e., €? = 0. This condition implies 


é?>=0 if f (co) := |o| — oy < 0. (1.2.6) 
From (1.2.2) and (1.2.6) it follows that 
f()<0>c0= E8, (1.2.7) 
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Oo 


Oy 


Ficure 1.2. Characterization of frictional response for a device with constant oy > 0. 


and the instantaneous response of the device is elastic with spring constant E. 
This motivates the denomination of elastic range given to the open set 


int 


since (1.2.6) and (1.2.7) hold for o € int ( 


(E,)={r eR | f(t) := |t|— oy < O}, 


(1.2.8) 


7 
ag} 


Because, by assumption 1, stress states o such that f (0) = |a| — oy > Oare 


inadmissible and €? = 0 for f (0) < 0 by assumption 2, a change in &? can 
take place only if f (0) = |o| — oy = O. If the latter condition is met, the 
frictional device experiences slip in the direction of the applied stress o , with 
constant slip rate. Let y > 0 be the absolute value of the slip rate. Then the 
preceding physical assumption takes the form 


éP 


II 


y2090 


é? =-y <0 


if o =oy >0, 


if o = —oy < 0. 


(1.2.9) 


| 
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Whether y > 0 is actually positive, i.e, y > O or zero depends on further 
conditions involving the applied strain rate €, which are discussed below and 
are referred to as loading/unloading conditions. For now we note that (1.2.9) 
can be recast into the following single equation 


é? =ysign(c) iff f(o):=|o|—oy =0 (1.2.10) 


where y > 0, which goes by the name flow rule. Here, sign :R — R is the 
sign function defined as 


+1 ifo>0 


igM()=} 1 ps co (1.2.11) 


The boundary dE, of the convex set E,, defined by 
dE, = {te R| f(t) =Itl — oy =0}, (1.2.12) 


is called the yield surface. In the present one-dimensional model, JE, = 
{—oy, oy} reduces to two points. Note that 


io = int (E,) U dE, (1.2.13) 


that is, E, is the closure of the elastic range int ( is) 

To complete the description of the model at hand, it remains only to determine 
the slip rate y > 0. This involves the following essential conditions that embody 
the notion of irreversibility inherent in the response of the model in Figure 1.1. 


1.2.1.2 Loading/unloading conditions. 


With the observations made above in mind, we show that the evaluation of ¢? : 


[0, T| — Rcan be completely described, for any admissible stress stateo € E,, 


with the single evolutionary equation 


é? = y sign(c), (1.2.14) 


provided that y and o are restricted by certain unilateral constraints. 


1 


First, we note that o must be admissible, i.e.,0 € E, by assumption 1, and y 
must be nonnegative by assumption 3. Consequently, 


y = 0, 
and (1.2.15a) 
f(o) <9. 


ii. Second, by assumption 2, y = Oif f (0) < 0. On the other hand, by assump- 


tion 3, é€? # 0, and, therefore, y > 0 only if f (0) = O. These observations 
imply the conditions 


flo) <0>y=0, 
y>0=> flo) =0. 
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It follows that we require that 


vf (o) = 0. (1.2.15) 


Conditions (1.2.15) express the physical requirements, elaborated upon 
above, that the stress must be admissible and that the plastic flow, in the sense 
of nonzero frictional strain rate €? ~ 0, can take place only on the yield 
surface dE,. These conditions (i.e., (1.2.15a,b)) are classical in the convex 
mathematical programming literature (see e.g., Luenberger [1984]) and go by 
the name of Kuhn—Tucker conditions. 

The last condition to be described below enables us to determine the actual 

value of y > Oatany giventimet € [0, T| and is referred to as the consistency 
requirement. A precise formulation requires a further observation. 
Let {e(t), e? (t)} be given at timet € [0, Fi, so that o (f) is also known at time 
t by the elastic relationships (1.2.2), i.e., 0(¢) = E [e(t) _ eP(t)].* Assume 
that we prescribe the total strain rate €(t) at time t. Further, consider the case 
where 


o(t)€ JE, = f= flo] =0 


at time t. Then, it is easily shown that f(t) < 0, since should F(t) be positive 
it would imply that f (¢ + Ar) > 0 for some Ar > 0, which violates the 


admissibility condition f < 0.* Further, we specify that y > 0 only if f(t) a 
0, and set y = Oif f < 0, that is, dropping the hat to simplify the notation, 
we set 


y>0>f=0, 
f20S y= 0, 


Therefore, we have the additional condition 


vf (o) =0. (1.2.15¢) 


Condition (1.2.15c) is alternatively referred to as the persistency (or consis- 
tency) condition, and corresponds to the physical requirement that for €” to be 
nonzero (1.e., y > 0) the stress point o € dE, must “persist” on dE, so that 


f [o(t)] = 0. 


1.2.1.3 Frictional slip (plastic flow). 


For the model at hand, the expression for y > 0 when the consistency condition 
(1.2.15c) holds, takes a particularly simple form. By the chain rule and conditions 


*We could alternatively prescribe {ow), eP(t)} and define e(t) as e(t) = e? (t) + E'o(t). 


*A formal argument can easily be constructed using a Taylor expansion, as shown in the next chapter; 
see Lang [1983] 
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(1.2.2) and (1.2.14), 


f= a E (é — é?) 
= OF pe hog Lp eens (1.2.16) 
do do 
However, 
r) 0 
—|o| = sign(o) > of = sign(c). (1.2.17) 
do do 


Consequently,* on noting that [sign (o)} = 1, (1.2.16) and (1.2.17) imply 


f=0> y= ésign(o). (1.2.18) 
Substitution of (1.2.18) in (1.2.14) yields the result 
é? =e for f(o) = 0, flo) = 0, (1.2.19) 


which says that “plastic” slip in the frictional device equals the applied strain rate. 

The response of the device shown in Figure 1.1 is illustrated in Figure 1.3. The 
theory we have presented thus far is called perfect plasticity. A summary of the 
constitutive model is contained in BOX 1.1. 


BOX 1.1. One-Dimensional 
Rate-Independent Perfect Plasticity. 


i. Elastic stress-strain relationship 
o = E(e-e?) 
ii. Flow rule 
é? = y sign(o) 
iii. Yield condition 
f (@) = |o|— oy < 0. 
iv. Kuhn—Tucker complementarity conditions 
y290, f()<90, yvf(o)=0 
v. Consistency condition 


yf(o)=0 (if f(o) =0) 


Remarks 1.2.1. 
1. The yield condition (1.2.5) and the flow rule (1.2.14) are formulated in terms of 
stresses. Throughout our discussion, we have considered stress as a dependent 


*Equation (1.2.17) should be interpreted in a generalized (distributional) sense since |o| is not 
differentiable at o = 0 (see Stakgold [1979]). 
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loading 


OE 


unloading 
O 


e 


Ficure 1.3. Schematic representation of the mechanical response of a one-dimensional 
elastic-friction model. 


variable, i.e., a function of {¢, ¢”} through the elastic relationship (1.2.2). In 
fact the argument leading to (1.2.19) depends crucially on regarding é (and not 
o) as the “driving” variable. 

2. Formally, we can recast the entire formulation in strain space, in terms of 
{e, €?}, by eliminating o with the help of the elastic relationship. For the yield 
condition (1.2.5), for instance, we find that 


f (e,e”) = f [E (e — e?)| = Ele — €?| — oy < 0. (1.2.20) 


We make use of this formulation in the next chapter. 
3. The flow rule given by (1.2.14) is related to the yield condition (1.2.5) through 
the potential relationship 


0 
sP=y oe: (1.2.21) 
do 
_ Of ; ae 
since — = sign(c). In the three-dimensional theory, for the case in which 
o 


(1.2.21) holds, one speaks of anassociative flow rule. 
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1.2.2 An Elementary Model for (Isotropic) Hardening 
Plasticity 


As a next step in our motivation of the mathematical theory of plasticity, we 
examine an enhancement of the model discussed in Section 1.2.1 that illustrates 
an effect experimentally observed in many metals, called strain hardening. 

For the model in Section 1.2.1, slip (i.e., €? 4 0) takes place at a constant value 
of the applied stress o such that |o| = oy, leading to the stress-strain response in 
Figure 1.3. A strain-hardening model, on the other hand, leads to a stress-strain 
curve of the type idealized in Figure 1.4b. 

The essential difference between the two models illustrated in Figure 1.4 lies 
in the fact that for perfect plasticity the closure of the elastic range E, remains 
unchanged, whereas for the strain hardening model, E, expands with the amount 
of slip in the system (i.e., the amount of plastic flow). A mathematical model that 
captures this effect is considered next. 


1.2.2.1 The simplest mathematical model. 


Our basic assumptions concerning the elastic response of a strain-hardening model 
remain unchanged. We assume, as in Section 1.2.1, the additive decomposition 


e=et+e?, (1.2.22a) 
In addition, we postulate the elastic stress-strain relationship 
o=E (e - 7) é (1.2.22b) 


To illustrate the mathematical structure of strain-hardening plasticity we con- 
sider the simplest situation illustrated in Figure 1.5. In this model, the expansion 
(hardening) experienced by E, is assumed to obey two conditions 


a. The hardening is isotropic in the sense that at any state of loading, the center 
of E, remains at the origin. 

b. The hardening is Jinear in the amount of plastic flow (i.e., linear in |é?|) and 
independent of sign(é”). 


The first condition leads to a yield criterion of the form 


f(o,@) = |o|—[oy + Ka] <0, a>0, (1.2.23) 


where oy > 0 and K > O are given constants; K is often called the plastic 
modulus. The variable @ : [0, T| — Ris a nonnegative function of the amount 
of plastic flow (slip), called an internal hardening variable. If K < 0, one speaks 
of a strain-softening response. 

With condition ii in mind, we consider the simplest evolutionary equation for 
a, namely, 


w = |é?|. (1.2.24) 
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FIGURE 1.4. 


FiGurRE 1.48. Strain-hardening plasticity versus perfect plasticity. 
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The irreversible mechanism that governs the evolution of slip in the system (plastic 
flow), which is defined by the flow rule, remains unchanged. Consequently, as in 
Section 1.2.1, we assume that 


é? = y sign(o), (1.2.25) 


where y > 0 is the rate at which slip takes place. The irreversible nature of plastic 
flow is again captured by means of the Kuhn—Tucker loading/unloading conditions, 
which in the present context read 


y>0, f,a) <0, yf(o,a)=0, (1.2.26) 

where y > 0 is determined by the consistency condition 
yf (o,a) = 0. (1.2.27) 
The interpretation of conditions (1.2.26)—(1.2.27) is identical to the one discussed 


in detail in Section 1.2.1. 


BOX 1.2. One-Dimensional, Rate-Independent 
Plasticity with Isotropic Hardening. 


i. Elastic stress-strain relationship 
o=E (e —eé?P ) 2 
ii. Flow rule and isotropic hardening law 
é? = y sign(o) 
a=y. 
iii. Yield condition 
f (0, @) =|o| — (oy + Ka) < 0. 
iv. Kuhn—-Tucker complementarity conditions 
y20, f@,a)<90, yf,a)=0. 
v. Consistency condition 
yf(o,a)=0 (if f(o,a) =0). 


Remarks 1.2.2. 

1. Note from (1.2.24) and (1.2.25) that a = y > O, an equation which can be 
used as definition for the evolution of a. 

2. In view of expression (1.2.23) which includes @ in addition to o, it is natural 
to define the closure of the elastic range as the set 


t, = {(o,a) Ee Rx R, | f(o,a) < 0}. (1.2.28) 


The intersection of E, with lines a = constant defines the elastic range in 
stress space. See Figure 1.6. 

3. Alternative formulations of the rate equation for @ are possible. If w is defined 
by (1.2.24), one speaks (up to numerical factors) of the equivalent plastic strain. 
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Ficure 1.5. Response of a linear isotropic hardening model in a closed cycle: Although 
the total plastic strain at the end of the cycle e? = 0, the value of the hardening variable 


a= 2a). 


The choice 
a& = 08? (1.2.29) 
goes by the name of equivalent plastic power. Note that for this latter case 
&@ = lollsign(o)’y = oly > 0. (1.2.30) 


Alternative hardening models are discussed in Section 1.2.3. 


1.2.2.2 Tangent elastoplastic modulus. 


The consistency condition (1.2.27) enables one to solve explicitly for y and relate 
stress rates to strain rates as follows. From (1.2.23), (1.2.24), and (1.2.25), along 
with the elastic stress-strain relationship, 


f= 
= sign(o)E(é — é?) — Ka 
= sign(o)Eé — y[E + K] <0. (1.2.31) 
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Elastic domain 
in stress space 


Ficure 1.6. Elastic range and elastic domain in stress space. Note that a > 0. 


Observe once more that relationship FA > Ocannothold. From (1.2.26) and (1.2.27) 
it follows that y can be nonzero only if 


5 sign(o) Fé 
f=f=0>y ELK (1.2.32) 


Then the rate form of the elastic relationship (1.2.22) along with (1.2.32) yields 


Eé ify =0, 

eh ER 

c= i ify >0. (1.2.33) 
BAK 


The quantity EK /(E + K) is called the elastoplastic tangent modulus. See Figure 
1.7a for an illustration. The interpretation of the plastic modulus is given in Figure 
1.7b. For convenience and subsequent reference, we summarize the constitutive 
model developed above in BOX 1.2. 


1.2.3 Alternative Form of the Loading/Unloading 
Conditions 


The Kuhn-Tucker unilateral constraints provide the most convenient formulation 
of the loading/unloading conditions for classical plasticity. To motivate our sub- 
sequent algorithmic implementation, we describe a step-by-step procedure within 
the strain-driven format of algorithmic plasticity. 


(a.) Suppose that we are given an admissible point (o, a) € E in the elastic 
domain and prescribed strain rate é. 
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FIGURE 1.74. 


FiGurE 1.78. (a) The tangent modulus and (b) the plastic modulus. 
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(b.) Define the trial state as the rates computed by freezing plastic flow as 


o trial = E é 
and (1.2.34) 
qyitial = 0 : 


Note that a! (and ot! = 0) are fictitious rates which do not necessarily 
coincide with the final rates o and @. 


With this definition, sinceo = Eé — Eé?, the final rates are given in terms of the 
trial state by the formulas 


6 =o" _ yEaf/do, 
yEOf/ (1.2.35) 
Observe further that o! = Eé (and obviously &'*! = 0) can be computed 
directly in terms of the prescribed strain rate €. To decide whether y = 0 or 


y > 0, we appeal to the Kuhn—Tucker conditions, and proceed as follows: 
First, if f(o, a) < 0, the condition yf(o, a) = 0 immediately gives y = 0, 
and (1.2.35) yields 


o =o — Fe, 


f(c,a) <0=> Sate (1.2.36) 


Thus, if f(o, a) < 0, the trial state is the actual state, and, as pointed out above, 
we speak of an instantaneous elastic process. 

Second, we examine the case f(o,a) = 0. In this situation, the condition 
yf (o, a) = Ois inconclusive since we can have either y = Oory > 0. To obtain 


further information, we rewrite expression (1.2.32) f in terms of c"! = Eé as 


pa OF gti _ ye + K). (1.2.37) 
do 
Now recall that f(o, w) cannot be positive, i.e., f(o, y) < 0, and y f(a, a) = 0 
(consistency condition). By exploiting these conditions, we show that one can im- 
mediately conclude whether y > 0 or y = 0. Remarkably, the criterion involves 
only the trial elastic stress rate o""*'. 

i. First suppose that [0f/d0]o"*! > 0. Then, we require that y > 0. To see this 
we proceed by contradiction and note that if y = 0, expression (1.2.37) would 


imply that f > 0, which is not allowed. Consequently, 
f(o,a) = 0 
and (1.2.38) 
[af/dojo™ >O => y > 0. 
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We say that the process is instantaneously plastic. The consistency parameter 
y > Ois determined from the condition f = 0 via equation (1.2.32), ie., 


7 [df/do]ot*! 


1.2. 
E+K ee 


Then the actual rates (0, a) are then computed from formulas (1.2.35) which gives 
a correction to the trial state. Thus ¢ 4 6" anda ¥ a", 

ii. Next, suppose that [df/d0]o™ < 0. Then, since y > 0, expression 
(1.2.37) implies f < 0 in any case (provided that E + K > O, a condition 
assumed throughout). From the condition yf = 0, then we conclude that y = 0. 
Consequently, 


f(g,a) =0 
and (1.2.40) 
[af/dojo™™ <0 = y=0. 


It follows that 6 = 6! and & = a"! = 0, and we speak of an instantaneous 
elastic unloading process. 

iii. Finally, suppose that [f/d0 oe" = 0. Condition f < 0 cannot hold since 
yf = 0 would give y = 0, which when inserted in (1.2.37) would imply f = 0, 
contradicting the hypothesis that f < 0. Consequently, we require that f = 0, 
and expression (1.2.39) gives y = 0. Therefore, 


flo, a) =0 
and (1.2.41) 
[af/dojo™ =O => y =0. 


From (1.2.35) we conclude that 6 = a! and @ = a‘! = 0. In this situation, 
we speak of a process of neutral loading. 

The preceding analysis shows that instantaneous loading or unloading in the 
system can be inferred solely in terms of the trial state, hence its usefulness. Then 
the most convenient form of the loading/unloading Kuhn—Tucker conditions take 
the following form: 


Summary. Given (o, a) € E anda prescribed strain rate €, 

a. compute oc"! — Fé and a! = 0; 

b. if either f(c,a) < 0 or f(o,a) = 0 and [df/do(c, a)|o"™ < 0, then 
& = ol, and & = a"! = 0 (instantaneous elastic process); and 

c. if both f(o, a) = Oand [f/d0(o, ao"! > 0, then 


6 =o" _yEAf(o,a)/Io and w@=y, (1.2.42) 


[af/aojot™ 


where y = ELK 


> 0 (instantaneous plastic process). 
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Remarks 1.2.3. 

1. The procedure summarized above motivates the implementation of the so-called 
return mapping algorithms described in detail in the sections that follow, where 
the rates will be replaced by finite increments. 

2. Expression (1.2.35) possesses a compelling geometric interpretation, illustrated 
in Figure 1.7c The actual stress rate o can be viewed as the projection of the 
trial state rate c“*! on the plane tangent to the yield surface. 


1.2.4 Further Refinements of the Hardening Law 


The isotropic hardening model discussed above is a gross simplification of the 
hardening behavior in real materials, in particular, metals. An alternative simple 
phenomenological mechanism, referred to as kinematic hardening, used alone or in 
conjunction with isotropic hardening, provides an improved means of representing 
hardening behavior in metals under cyclic loading. The basic phenomenological 
law is credited to Prager [1956] with further improvements of Ziegler [1959]; see 
Fung [1965, p.151] for a discussion. Within the present one-dimensional context, 
the model can be illustrated as follows. 


1.2.4.1 Kinematic hardening law. 


In many metals subjected to cyclic loading, it is experimentally observed that the 
center of the yield surface experiences a motion in the direction of the plastic flow. 
Figure 1.8 gives an idealized illustration of this hardening behavior closely related 
to a phenomenon known as the Bauschinger effect. 

A simple phenomenological model that captures the aforementioned effect is 
constructed by introducing an additional internal variable, denoted by g and called 
back stress, which defines the location of the center of the yield surface. Then the 
yield condition is modified to the form 


f(o,q,@) := |o — q| — [oy + Ka] < 0. (1.2.43) 


The evolution of the back stress q is defined by Ziegler’s rule as 


g = Hé? = yHsign(o — q), (1.2.44) 


where H is called the kinematic hardening modulus. Finally, the evolution of a 
remains unchanged and given by (1.2.24). The addition of the Kuhn—Tucker condi- 
tions of the form (1.2.26) along with a consistency condition analogous to (1.2.27) 


0 
E ortial 
JE; E+K 


Figure 1.7c. Illustration of the trial state correction leading to the final stress rate. 
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completes the formulation of the model which is summarized for convenience in 
BOX 1.3. 


1.2.4.2 Tangent elastoplastic modulus. 


The computation of the consistency parameter and the elastoplastic tangent modu- 
lus proceeds along the same lines discussed in Section 1.2.2.2. First, one computes 
the time derivative of the yield criterion by using the chain rule along with the the 
stress-strain relationship (1.2.22), the flow rule (1.2.25), and the hardening laws 
(1.2.24) and (1.2.44). Accordingly, from (1.2.43) one finds that 
i Se eee 
f= igo ae Ba” 
= sign(o — q)[E(é — 8”) — q|— Ka 


= sign(o — q)Eé —- y[E+(H+K)] <0. (1.2.45) 


Again we recall that the relationship f > 0 cannot hold in rate-independent 
plasticity. On the other hand, if y is nonzero, the Kuhn—Tucker conditions along 
with the consistency condition require that f = 0 and f = O. Then the latter 


Ficure 1.8. Idealized illustration of kinematic hardening behavior. 
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requirement and (1.2.45) yield 


_ sign(o — q)Eé 
— E+{H+K]- 


(1.2.46) 


Since o = [do /de |e, the elastic relationship (1.2.22) together with the flow rule 


(1.2.25) and (1.2.46) result in the expression 


ify =0, 
feo he oat et: 


(1.2.47) 


which defines the elastoplastic tangent modulus for combined isotropic/kinematic 


hardening. 


BOX 1.3. One-Dimensional, Rate-Independent Plasticity. 


Combined Kinematic and Isotropic Hardening. 


i. Elastic stress-strain relationship 
o=E (e —eé?P ) : 

ii. Flow rule 
é? = y sign(o — q). 


iii. Isotropic and kinematic hardening laws 


II 


q =y H sign(o — q), 
a=y. 
iv. Yield condition and closure of the elastic range 


f (c, q, a) = lo — q| > loy + Ka] < 0, 


v. Kuhn—Tucker complementarity conditions 


y = 0, f (0,9, @) <0, vf (o,q,a) = 0. 
vi. Consistency condition 


vf (o.q.e)=0 (if f(o,q,a) = 0). 


ls = {(0,9,a) €Rx Ry x RI f (0,9, a) < 0}. 


1.2.5 Geometric Properties of the Elastic Domain 


All the examples of yield criteria described in the preceding sections incorporate 
two geometric properties which play an important role in the mathematical analysis 
of classical plasticity and in the numerical analysis of the algorithms described 
below. These two properties are (i) convexity of the yield surface and hence of 
the elastic domain and (ii) degree-one homogeneity of the yield criterion, in the 


following sense: 
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1.2.5.1 Convexity. 


A closed subset 2 Cc R® (N > 1) is said to be convex if the closed segment 
connecting two arbitrary points in S2 lies entirely within the set 92. This defini- 
tion corresponds to our intuitive notion of convexity and is concisely expressed 
mathematically as the condition 


Ex; +(1—&)x. € 2 forany €€ [0,1] if x,,x. € 2. (1.2.48) 


Similarly, a function f(-) with domain 2 C RY is said to be convex if for any 
two point x}, x2 € 2 the following property holds 


f(éx1 + 1 — €)x2) < Ef) + 1 —&) fr), forall & € [0, 1]. (1.2.49) 


One can easily use the preceding definitions to show that both the yield criterion 
and the elastic domain are convex for the models of plasticity described above. Let 
E, C R°* be an elastic domain for plasticity with combined isotropic/kinematic 
hardening defined, therefore, as 


ig = {x = (0,9g,0)€ Rx RxR, | f(x) < 0}, (1.2.50) 


where f(x) := |o —q|— Ka — oy is the yield criterion defined by (1.2.43) and for 
simplicity we have used the notationx = (0, g, a). First, we use definition (1.2.49) 
for the problem at hand to show that the yield condition is convex. Consider two 
arbitrary points x1, x. € R x R x Ry, use the elementary inequality ja + b| < 
|a| + |b|, and note that both € > O and (1 — €) > Oif& e€ [0, 1] to conclude that 
f(x: + (1 — &)x2) : = |€lor — a1 +  - lon — @l | 
sai: [ gar +d — €)a | — oy 
< & [loi — gil — Kay — oy] 
+ (1 — €)[lox — q2| — Kay — oy] 
= Efi) + 1 — &)f@), (1.2.51) 


i.e., convexity of f(x). Note that we have setoy = oy +(1 —&)oy. The convexity 
of the elastic domain E, follows immediately from (1.2.51) since f(x) < 0 and 
f (2) < Oifx), x2 € E,, so that 


f [&x1 + d — &)x2] < Ef +C-€) fx) <0 for & € [0,1]. (1.2.52) 


Consequently, x; + (1 — &)x2 € E,. Note that the convexity property holds for 
both K > 0 (hardening) and K < 0 (softening). A characterization of convexity 
equivalent to (1.2.49) in the case where f (x) is smooth is given by the condition 


f (2) — f@1) = Vf) - &2 -— x1) for all x), x2 € Q, (1.2.53) 


which is easily verified by a direct calculation (see Chapter 2). Convexity of the 
elastic domain is a classical property that will be postulated at the outset in formu- 
lating the general three-dimensional constitutive models described in the following 
chapters. 
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1.2.5.2 Degree-one homogeneity. 


A function ¢(-) defined on 22 Cc RY (N > 1) will be said to be homogeneous of 
degree m if the following condition holds 


o(&x) =E" (x) forany €>0 and xe. (1.2.54) 


The interest in this property lies in the following result that will be exploited in 
our subsequent analysis: 


N 
A(x 
Voix) -x = po EOD 


i=1 


x; = o(X). (1.2.55) 


This result is a direct consequence of a classical theorem going back to Euler, which 
is easily verified by differentiating both sides of the defining condition (1.2.54) 
with respect to € and particularizing the result at € = 1. For one-dimensional 
classical plasticity the yield criterion for combined isotropic-kinematic hardening 
is written as 


I, q; a) = ola, q, at) — Oy 

where (1.2.56) 
o(o,9g,a@) := |o —q| — Ka. 

By inspection, we immediately conclude that 


o(0, €q, €a) = Ed(o,g,a) forany & > 0. (1.2.57) 


Therefore, the part d(0,g,a) of the yield criterion is a (convex) function 
homogeneous of degree one. 


1.3 The Initial Boundary-Value Problem 


To set the stage for our general algorithmic treatment of elastoplasticity and 
viscoplasticity, in this section we outline the basic structure of the initial boundary- 
value problem within the framework of a one-dimensional problem. First, we 
summarize the strong or local form and the weak or variational form of the 
momentum equation. These are basic principles of mechanics which hold with 
independence of the specific form adopted for the constitutive model. Next, we 
provide a precise notion of dissipativity in a continuum system and derive an apri- 
ori stability estimate based on the key assumption of positive internal dissipation. 
Then we apply these ideas to the elastoplastic problem, with constitutive equa- 
tions summarized in Boxes 1.1 to 1.3 for several representative examples of the 
hardening law and arrive at the expression for the dissipation of the system. 

In addition, we examine key properties of the solution to the IBVP for elasto- 
plasticity, such as uniqueness and contractivity, along with an apriori energy-decay 
estimate that arises as a result of the property of positive internal dissipation in the 
mechanical system. As will be shown subsequently, these properties play a central 
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rule in the stability analysis of the numerical algorithms described in the following 
sections. Finally, we remark that the structure of these algorithms is motivated by 
and tailored to the specific form taken by the weak formulation of the momentum 
equation described below. 


1.3.1 The Local Form of the IBVP 


We consider a one-dimensional body occupying an interval B= [0, L], with 
particles labeled by their position x € B. We restrict our attention to an interval 
of time [0, T|. Then the displacement field, is a mapping 


u:Bx{[0,T]—>R. (1.3.1) 


We denote by u (x, t) the displacement at x € B and at time t € [0, T|. We let 


and (1.3.2) 
Secs du(x, t) 
v(x, tf): = a 


be the strain and velocity fields at (x, t) € Bx [0, T| and denote by o (x, t) the 
stress field. In this illustrative discussion, we assume that all of the fields involved 
are as smooth as needed. 

The boundary of B, which is denoted by 3B, consists of its two end points. We 
set 


B =)0, LI, 
0B = {0, L}, (1.3.3a) 
and 
B= dBUB. 


Typically, one considers boundary conditions of the form 


u|, g = % (prescribed), (1.3.3b) 


and 


oO =o (prescribed), (1.3.3c) 


d,B 


where 0,6 U 0,5 = 0B and 0,8 M 0,8 = @. An example of conditions (1.3.3) 
is 0,6 = {0}, 0,8 = {L}, 


u(0, t) = 0, 
and 


o(L,t) = 0, 
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forallt € [0, 7]. In addition, for dynamic problems one specifies initial conditions 
of the form 


u(x, 0) = uo(x) 

and (1.3.4) 
u(x, 0) = vol) 

in B. Of course, (1.3.3b) and (1.3.4) must be compatible in the sense that 
Wola, p = ii|,_ 

and (1.3.5) 


0 
ola,z = OF 


ii|,_9- 


Finally, one prescribes loading in 6 by body forces defined by the function b : 
Bx [0,T] > R. 
1.3.1.1 Local momentum equation. 


The balance of momentum localized about any point in the one-dimensional body 
yields the equation 


9 
og t+pb=p— in Bx)0,TL (1.3.6) 
Ox ot 


where p : 6 — R is the density of the bar. This equation, along with bound- 
ary conditions (1.3.3) and initial conditions (1.3.4)-(1.3.5), defines an initial 
boundary-value problem provided that the stress, o(x, t), is a known function 
of the displacement field (through the strains). Two cases are of interest: 

i. The simplest situation is afforded by a linear elastic body for which the stress 
field is defined by the equation 


a(x, t) = Ee(x, ft). (1.3.7) 


By virtue of (1.3.2) and (1.3.7), the balance of momentum equation (1.3.6) then 
reduces to the wave equation in one dimension; i.e., a one-dimensional symmetric 
hyperbolic linear system of conservation laws. 

ii. Here, on the other hand, we shall be concerned where o (x, t) is defined locally 
at each (x, t) € Bx [0, T] by an inelastic constitutive model, often nonlinear. The 
example to keep in mind is the elastoplastic rate-independent models summarized 
in Boxes 1.1-1.3. Then note that (1.3.7) is replaced by the incremental, highly 
nonlinear, rate form of (1.2.47), Le., 


E(K + H] 


6= E+(K +4] iff f = 0, f = Oat (x, t) e Bx [0, T], (1.3.8) 
Eé 


otherwise. 


Observe that this equation defines only the stress rate (in terms of the strain rate). 
The problem is nonlinear and highly nontrivial for two reasons: (i) integrating 
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(1.3.8) requires careful consideration of the loading/unloading conditions to decide 
which tangent modulus applies and (ii) the stress (and the internal variables) are 
subject to an additional constraint defined by the yield criterion. Our ultimate 
objective is to investigate in detail the numerical solution of the resulting nonlinear 
initial boundary-value problem. 


1.3.2 The Weak Formulation of the IBVP 


The local form of the IBVP discussed above is not well suited to a numerical solu- 
tion by finite-element methods. For this latter purpose it proves more convenient 
to consider the weak form of the IBVP (virtual power principle). In what follows, 
we shall recall the main ideas needed. (See e.g., Johnson [1987, Chapter 1], or 
Hughes [1987, Chapter 1] for a detailed elaboration). 

We denote by S, the displacement solution space at time t € [0, T] defined as 


8, = fue.) BR 


u(t), 5 = aC, | ; (1.3.9) 


(For hardening plasticity one takes S, C H'(B) for fixed t, where H'(B) denotes 
the Sobolev space of functions possessing square integrable derivatives. Although 
important, these technical considerations play no role in our subsequent develop- 
ments. For present purposes it suffices to note that H' (B) contains, in particular, 
continuous functions (as a direct consequence of the so-called Sobolev embedding 
theorem). Similarly, associated with S, one defines the linear space V of admissible 
test functions or kinematically admissible variations, i.e., (virtual) displacements 
satisfying the homogeneous form of the essential boundary condition (1.3.3b), as 


V= [1:8 R| nls = 0} (1.3.10) 


Again, for hardening plasticity one takes V C H'(B). With these notations in 
hand, the weak form of the equilibrium equations then reads as follows: 


Find the displacement field u(-, t) € S, such that: 


a 
fez ndx + G(a,n) = 0 forall n € Vand allt € [0, T], 
B 


where G(o, 7) = f onax— f pondx an), andi! = —. 
B B ° x 


(1.3.11) 


Here, o (x, f) is assumed to satisfy the local constitutive equations in BOX 1.3, 
and hence it is a function of u(x, t) through the strain [e(x, t) = out) ] and the 
internal variables [e? (x, t), a(x, t), g(x, t)]. A justification of (1.3.11) is given 


by elementary considerations as follows. 
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1.3.2.1. Formal proof of (1.3.11). 


First assume that the local momentum equations and boundary conditions hold, 
that is, the strong form of the IBVP given by 


0 in 6x)0, T{, 


II 


(1.3.12) 


= 
| 
= 


on 0d,6x)0, T[, 
o0=oa0 on 0,6~x)0, T[. 


Now let 7 € V be an arbitrary test function, and recall that |, np = O by 
construction. First, from (1.3.12) we note the relationship 


[onllog =[ 
= [onl|, + lonll, 
(1.3.13) 


= [only 5 =o 


Next, multiply (1.3.12); by 7, and integrate by parts, using the result in (1.3.13), 
to obtain 


dv } 
=[(o¥ n+on - pb) dx — on|og 


dv : 
=[ (oF; n+on! - pb) dx —6n|, . 


0 

= | 0 ndx + Go. (1.3.14) 
Bp ot 

Therefore, we conclude that (1.3.12) implies the weak form (1.3.14). Conversely, 

assume that (1.3.11) holds and that o is smooth. Then, integration by parts of 

(1.3.11) along with the fact that n|, p = Oyields 


dv dv do 
[oz n dx +G(o, n) =f (o> -— - ob) ndx+lo—G]n|, 5 = 0. 


ot Ox 
(1.3.15) 
Since n € V can be chosen arbitrarily and [pdv/dt — da0/dx — pb] is assumed 
continuous, then a standard argument in the calculus of variations implies (1.3.12); 
and (1.3.12)3. Note that boundary condition (1.3.12) is enforced at the outset and 
for this reason is often called an essential boundary condition. 


A weak formulation of the constitutive equation for elastoplasticity in either 
BOX 1.1, BOX 1.2 or BOX 1.3 is also possible; see e.g., Johnson [1976b,1977] 
or Simo, Kennedy, and Taylor [1988]. 
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1.3.2.2 The mechanical work identity. 


As already pointed out, the weak form (1.3.15) of the momentum equations is 
independent of the form adopted for the constitutive equations. By specialization 
of the weak form via a specific choice of test function, we obtain a basic result 
known as the mechanical work identity. 

Consider the case in which the essential boundary conditions are time- 
independent; i.e., du/dt = O on 0,8. Under this assumption, for fixed but 
otherwise arbitrary time t €]0, T[, the velocity field v(x, t) is an admissible test 
function, i.e., v(-, f) € V. Setting n(-) = v(-, f) in (1.3.15) and making use of the 
elementary identity 


dv(., t) a 1 ] 
,Ho=-—|5 t ; 1.3.16 
Ag uv, #) a 5 p|v(-, t)| ( ) 
yields the following fundamental result: 
d 
it T(v) + Pim(o, v) = Pexe(v) forall ¢ € [0, T], (1.3.17) 
where 
T(v) = $ / p|v|i>dx >0O kinetic energy, 
B 
dv 
Pin (o, v) = o — dx stress power, (1.3.18) 
B Ox 
and Pex (v) = i; pbvdx+oav 3B external power. 
‘ y 


Once more, it should be emphasized that the preceding result is independent of 
the specific form taken by the constitutive equations. 


1.3.3 Dissipation. A priori Stability Estimate 


We combine the mechanical work identity (1.3.17) and the constitutive equations 
for classical elastoplasticity, developed in the preceding sections, to arrive at a 
basic a priori estimate for the elastoplastic IBVP. The importance of this a priori 
estimate is twofold: (i) it provides a natural notion of the dissipative nature of the 
IBVP and (ii) it gives an energy-decay estimate which is used in the nonlinear 
stability analysis of the algorithms described below. 

To begin with, we introduce the notions of internal energy and dissipation within 
the specific context of the one-dimensional models of elastoplasticity already dis- 
cussed. These notions are more general and can be motivated by inspecting the 
rheological models described above. 

For simplicity, we restrict our attention to the model of linear isotropic hardening 
plasticity summarized in BOX 1.2. and assume dead loading throughout, so that the 
body force b(-) and the applied traction o are time-independent. Then we define 
the internal energy of the system, denoted by Vint(e, @) with e° := du/dx — é?, 
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and the potential energy of the loading Vex:(u) as 


Vint (E°, @) = / (4 £6? + + Ka’) dx >0 (if K >0 and E> 0), 
B 


dVext(U) 
= — Pox : 
di t(v) 


Vext(U) 1= -[ pbudx —6u|, , > 
is s 


(1.3.19) 
The quadratic form Vj, measures the energy stored in the material as a result 
of deformation, and the linear form V,x;(u) measures the potential energy of the 
applied loads since d V.x,(u)/dt = — Pex(v). For the rheological models described 
above, it is easily argued that Vi, in fact corresponds to the elastic energy stored 
in the springs as a result of deformation in the device. 

Next, we consider the difference between the (internal) stress power Pint(o, v) 
and the time rate of change of the internal energy, a quantity denoted by Dinech. 
According to a basic principle of mechanics (the Clausius—Duhem version of the 
second law, see Truesdell and Noll [1965]), Dimech cannot be negative. Therefore, 


d 
Dmech ‘= Pin (o, v) — i int(€°,@) > 0 forall ¢ € [0, T]. (1.3.20) 


We refer to Dmech aS the (instantaneous) mechanical dissipation in the one- 
dimensional body B at time t € [0, T], and justify inequality (1.3.20) via simple 
examples. 

i. Elastic materials. The stress response is characterized by the constitutive 
equation o = E du/dx, and the internal energy is given by (1.3.19) with K = 0 
and e? = 0 so that e* = ¢ := du/dx. Consequently, since 


d 0€ dv 13.21 
a Vin) — [ee ys dx = [- ax dx = P.(o, v), (1.3.21) 
it follows that Dinech = O for an elastic material. We remark that no heat conduction 
effects are considered, otherwise dissipation arises as a result of heat conduction; 
see Truesdell and Noll [1965]. 

ii. Elastoplastic material with isotropic hardening. The stress response is gov- 
erned by the constitutive equations in BOX 1.2, and the internal energy is defined 
by (1.3.19) with K = 0. Since o = E(du/dx — e€?) and de/dt = dv/dx, 
expression (1.3.20) becomes 


Dimech = i [o &? — Kaa] dx. (1.3.22) 
B 


Inserting the flow rule and hardening law into (1.3.22) and noting that osign(a) = 
|o| gives 


Dmech = fy [lo — Ka — oy + oy| dx = [bv f(o, a) + y oy] dx. 
(1.3.23) 
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Finally, since y > Oandy f(o, a) = Oasaresult of the Kuhn—Tucker conditions, 
expression (1.3.23) collapses to 


Drmech = / yoydx >0 forall t € [0,T], (1.3.24) 
B 


which shows that the model of isotropic hardening plasticity conforms to the 
dissipation inequality (1.3.20). The interpretation of this result within the context 
of the preceding rheological models is clear. Dmech is the product of the flow 
stress times the slip rate in the device, as expected. Note that for y = 0 (ie., 
instantaneous elastic response) expression (1.3.24) gives Dmech = 0, in agreement 
with the result obtained for an elastic material. A similar analysis of the model of 
combined isotropic/kinematic hardening again yields the same result (1.3.24) for 
a suitably modified internal energy function. 


1.3.3.1 The a priori energy-decay estimate. 


Accepting inequality (1.3.20) as a basic principle, which certainly holds for the con- 
stitutive models described in this monograph, the mechanical work identity (1.3.17) 
along with (1.3.20) yield the following estimate. Define the function L(u, v, e°, a) 
by the expression 


L(u, v, €°, &) = Vext(u) + Vine(E®, &) + T(v) . (1.3.25) 
ll $< 7 
Potential Kinetic 


Thus, L(u, v, €°, a) is the sum of the potential energy of the external loading, 
the internal energy of the system, and the kinetic energy. To compute its rate of 
change, we use the mechanical work identity (1.3.17) to obtain 


7 Lu, ¥, 6,0) © [r() + Veu(u)] + & Vnle®, a) 
dt Uu, Vv, med dt v ext U dt intl€ , 


II 


d d : 
E T(v) a Post) + dt Vint (€ ’ a) 


d 
mel Ak a ae Vint (e°, 2). (1.3.26) 


In view of definition (1.3.20) for the mechanical dissipation, we conclude that 


d 
Gy Ells 0: 8, 8) = —Prnech <0 forall 1 € (0, TI. (1.3.27) 


Therefore, L(u, v, €°, a) is a nonincreasing function along the solution of the 
IBVP. In particular, for an elastic material, Dmech = 0, and (1.3.27) reduces to 
the familiar law of conservation of the total energy for elastodynamics. Inequality 
(1.3.27) is an a priori energy estimate on the solution of the IBVP that captures its 
intrinsic dissipative character. As will be discussed below and further elaborated 
upon in a subsequent chapter, algorithms for the solution of the IBVP that inherit 
the estimate (1.3.27) incorporate a strong notion of numerical stability. 
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1.3.4 Uniqueness of the Solution to the IBVP. 
Contractivity 


In this section we exploit the structure of the a priori estimates derived above to 
show that for hardening plasticity (K > 0), the solution to IBVP is unique. In 
addition, we identify a property of the IBVP called contractivity which also plays 
a central role in the numerical analysis of time approximations to the IBVP. 


1.3.4.1 Uniqueness. 


For simplicity consider isotropic hardening and suppose that {u, v, e”, a} and 
{u, v, €?, a} are two solutions of the IBVP for prescribed initial data {uo, vo} and 
prescribed boundary conditions {b, u, o} at a fixed but arbitrary time t. To show 
that these two solutions must coincide (for K > 0), we first observe that 


T(v — v) + Vin(e® — &°) = 0, (1.3.28) 


since both E > O and K > QO. Next, we compute the rate of change of this 
quadratic form to obtain 


d ~ e ~e 
i [T(v — B) + Vin(e® — &°)] 


= dv . a(v — v) 2 - < 
= [lot w-a+0 ay pb(v i di 0lv=%)|s- 


ao _ a(b — v) 2 ake 
+[[oe-wte a pow 0] dx +6) — v)|, 
+ i [io — 28” - @ — aKa] ax 
B 


+ i [(@ — o)é? — (&@ — a) Ka] dx, (1.3.29) 
B 


where 0 = E(du/dx — €?), 6 = E(du/dx — €?), and we have added and 
subtracted the forcing terms pb(v — v) and a(v — v)|, pz: Now observe that v — v 
is an admissible test function which, therefore, lies in V. Moreover, by assumption, 
the two solutions satisfy the weak form of the IBVP. Inspection of (1.3.29) reveals 
that the first two terms on the right-hand side are precisely the weak forms of 
each of these two solutions with test function v — v € V and, therefore, vanish. 
Then inserting the flow rule and the hardening law into the last two terms of the 
right-hand side of (1.3.29) yields 


d 
Alt © — B) + Vim(e® — 8°)] 
= i V [(o — F) do f(G, &) + (a — G) uf (6, &)| dx 
B 


+ / v [@ — odo flo, «) + & — @)daf(o, «)] dx. (1.3.30) 
B 
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Since the function f(o, a) is convex, using property (1.2.53), we conclude that 


d 
a [T(v — b) + Vin(e® — &°)] < [3 [f(o,a) — f(G, &)] dx 


+f vlrew - fo, a)] dx. (1.3.31) 
B 


From the Kuhn—Tucker conditions, it follows that yf(o, a) = Oandy f(o, a) = 
0. Moreover, since y > 0, f(o, w) < 0,and y > 0, and f(a, a) < 0, 


< [re-i+ Vin(e* —8°)] < [ [Pfo.a) + vf, @] dx <0. (1.3.32) 


Then integrating in time (1.3.32) and noting that e° — &° | <0 = 9 yields 
T(v — v) + Vin (e* — &°) < 0. (1.3.33) 


By comparing (1.3.33) and (1.3.28), we conclude that K (v—v)+ Vin(e° —&°) = 0. 
Finally, since this quadratic form is positive definite by virtue of the assumptions 
K > Oand E > 0, it follows that 


v=, 

ef = & (1.3.34) 
and 

a=a. 


In addition, o = o since the elastic modulus E > 0. Moreover, since the elasto- 
plastic modulus E?” = EK/(E+K) > 0,weconcludethaté? = é. Uniqueness 
of the displacement field; i.e., uv = u then follows from this condition along with 
v = v and the fact that the two solutions are computed with the same initial data. 


1.3.4.2 Contractivity. 


A question closely related to the uniqueness of solution to the IBVP for elasto- 
plasticity concerns the effect of a change in the initial conditions. More precisely, 
consider two initial conditions {uo, vo} and {i9, Uo} and the same forcing functions 
{b, u, o}. Let {u, v, e?, a} and {u, v, €?, a} denote the two solutions of the IBVP 
associated with these two sets of initial data which, as was shown above, must be 
unique. By proceeding exactly in the same manner as in the uniqueness argument 
given above, we arrive at the inequality (1.3.32), namely, 


d ~ e xe 
LP @ — 8) + Vanle® — 89] < 0. (1.3.35) 


We remark that, since E > O and K > 0, the quadratic form T(v) + Vin(e°%, a) 
is positive-definite and defines an energy norm which is the natural norm for the 
problem at hand. Then integration in time reveals that 


T(v — 5) + Vin(e® — &) < T(vo — 80) + Vile — &)- (1.3.36) 
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Therefore, if we view up — Uo and vo — Uo as an error in the initial data, this 
inequality shows that the subsequent error u — u and v — v in the solutions, measured 
in terms of the kinetic and internal energies, decreases at any subsequent time. We 
say that the elastoplastic problem is contractive relative to the norm defined by the 
internal and kinetic energies. 


1.3.5 Outline of the Numerical Solution of the IBVP 


The numerical solution of problem (1.3.11), which constitutes the central theme 
of this monograph, involves the following two steps. 


i. Time discretization of the interval of interest [(0, T] = Ce les tnii]. We 
shall see that the relevant problem within a typical time interval [1,, f,4)] can 
be posed as follows. 


ia. 


i.b. 


icc. 


id. 


i.e. 


For the dynamic problem, the time derivatives arising in the weak form 
are replaced by suitable algorithmic approximations. This step leads to 
the formulation of a global time-stepping algorithm and, to a large extent, 
is independent of the specific constitutive model. 

Attention is now restricted to a particular point x € B predetermined by 
the spatial discretization discussed below (in fact, a quadrature point of 
a typical finite element). The goal is to compute an approximation to the 
stress appearing in the weak form. 

At the point x ¢€ 6 of interest and at time ¢,, the (incremental) 
displacement (leading to #,,;), denoted by Au,,1) (x), 1s regarded as given. 
Attime t, the state atx € B characterized by {€,(x), On (x), €2 (x), on (x)} 
is given and is assumed to be equilibrated, i.e., it satisfies (1.3.11). 
Then, the problem at this stage is to update the state variables at x € B 
to the values {€,41(%), On4i(%), ee (x), @n41(x)} in a manner consistent 
with the model BOX 1.2. 


ii. Spatial discretization of the domain of interest 6 = [0, L] to arrive at the 
discrete counterpart of the weak form of the equilibrium equations. At this 
stage the problem can be posed as follows 


lia. 


ii.b. 


ii.c. 


Attention is focused on a typical element B,. For given stress field 
On+1(X) at predetermined points, one evaluates the weak form G(o,41, 7) 
restricted to L,. 

Assemble the contributions of all elements and determine whether the 
system is in equilibrium under the state {u,+1, On41} by testing whether 
G(0n+1, 1) iS zero. 
Determine a correction to the displacement field and return to step i to 
evaluate the associated state {En41, On41, 214, Unti}- 


Step ii is accomplished by the standard finite-element method (see e.g., Hughes 
[1987]) and typically remains unchanged even if a model different from the ones 
summarized in Boxes 1.11.3 is employed. To illustrate the essential aspects of 
the method, a simple example is discussed in Section 1.5. 
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On the other hand, step i depends crucially on the particular constitutive model 
chosen, such as the one in BOX 1.2, and constitutes the central objective of this 
monograph. Step i.a refers to the global time-discretization of the dynamic weak 
form and will not be a point of central interest in our investigation. In fact, in 
what follows we shall restrict our attention to the quasi-static problem obtained 
by neglecting the effect of inertial forces. Our goal is to address in detail the 
implementation of the subsequent steps which are specific to the elastoplastic 
problem. The next section discusses these and related aspects within the context 
of the model problem in BOX 1.2. 


1.4 Integration Algorithms for Rate-Independent Plasticity 
The problem to be addressed in this section is purely local and is stated as follows: 


i. Let x € B = [0, L] be a given point of interest in the body obeying the 
rate-independent constitutive model in BOX 1.1, BOX 1.2, or BOX 1.3. 

ii. Assume that the local state of the body at point x € B and current time, say 
tn, is completely defined. By this statement we mean that the value of 


{En(x), EP (x), An (x)} (1.4.1a) 
is known and, therefore, the stress state 
O,(x) = E [En (x) _ eh (x)] (1.4.1) 


is also known. For the model in BOX 1.3 the additional internal variable g,,(x) 
must be included in (1.4.1a). 

iii. Suppose that one is given an “increment” in total strain at x € B, say Ag(x), 
which drives the state to time t,4; = t, + At. The basic problem we shall 
be concerned with is the update of the basic variables (1.4.1) to time ¢,4; ina 
manner consistent with the constitutive model in BOX 1.2 (or BOX 1.3). 


Thus, within the context outlined above, the “incremental” integration of the 
rate-independent elastoplastic model in either BOX 1.2 or 1.3 over a time step 
[tn, tn + At] is regarded as a strain-driven process in which the total strain 
€ = du/0x is the basic independent variable. As we shall illustrate in the follow- 
ing section, this is precisely the appropriate framework for the numerical solution 
of the elastoplastic boundary value problem by the finite-element method. Once 
more, note that this integration process is local in space, that is, it takes place at 
specific points of the body (as shown below, these points correspond, typically, 
to quadrature points of a finite element). An illustration of the basic problem in 
computational plasticity is given in Figure 1.9. 
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Strain Increment Ae, (x) 


prema 


RETURN 
{e,(x), ef(x), a,(x)} MAPPING {En41(%), Pi), Op 41(X)} 
ALGORITHM 


Ficure 1.9. The role of elastoplastic return-mapping algorithms. Note that o is a dependent 
variable computed by the relationship o(x) = E [e (x) — €? (x)]. 


1.4.1 The Incremental Form of Rate-Independent 
Plasticity 


To motivate the integration scheme adopted in the formulation of return-mapping 
algorithms, first we review a classical family of schemes for the numerical 
integration of ordinary differential equations. 


1.4.1.1 The generalized midpoint rule. 
Let f : R — R be a smooth function, and consider the initial-value problem 


X(t) = f (x (1) 


i T]. 1.4.2 
Moyer | in [0, T] (1.4.2) 


We shall be concerned with the following one-parameter class of integration 
algorithms called the generalized midpoint rule 


Xn4i = %y + Atf (Xn+0) 


(1.4.3) 
Xn4o = VXn41 t+ (L—B)xn; 8 € [0, 1]. 


Here, x,+; = x(t,+1) denotes the algorithmic approximation to the exact value 
X(t)41) at time t,4; = t, + At. We note that this family of algorithms contains 
well-known integrative schemes, in particular, 


3 = 0 forward (explicit) Euler 
v= ; => midpoint rule (1.4.4) 
3 = 1 => backward (implicit) Euler. 
We refer to standard textbooks, e.g., Gear [1971] or Hairer, Norsett and Wanner 
[1987], for a discussion of this class of algorithms and, in particular, for relevant 


notions of consistency, stability, and accuracy. A complete numerical analysis of 
the class of methods discussed below for the general three-dimensional problem 
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is deferred to Chapter 6. Here, we merely recall that second-order accuracy is 
oblamned only for # = 5 whereas unconditional (linearized) stability requires 
o> 5. 

Our objective here is to illustrate the application of the class of algorithms (1.4.3) 
to the integration of the elastoplastic initial-value problem. First we shall consider 
a detailed analysis of the isotropic hardening model in BOX 1.2. The extension of 
the analysis to the combined isotropic/kinematic hardening model in BOX 1.3 is 
examined in Section 1.4.4. 

At this stage it is worth pointing out a fundamental difference between (1.4.2) 
and the model in BOX 1.2. In (1.4.2), the curve t € Rb x(t) € R (the “flow”) 
is unconstrained whereas in the model in BOX 1.2, the curve 


te Rr ((t),a(t)) € E (1.4.5) 


is constrained to lie within the closure of the elastic domain E, . Thus, one speaks of 
a constrained problem of evolution. Note that by using the stress-strain relationship 
we can equivalently, consider the curve 


te Rr [e(t), e?), a(t] € Ex, (1.4.6) 


where E, is the closure of the elastic domain in strain space, which is defined from 
(1.2.28) and the stress-strain relationship as 


a {(e, ea) € R? x Ry | f (Ele —e”), a) < o| ; (1.4.7) 


The presence of the constraint condition is precisely the essential feature that 
characterizes plasticity. 


1.4.1.2 Incremental elastoplastic initial value problem. Isotropic hardening. 


As motivation, we start our analysis by considering the simplest case for which 
0 = 1in(1.4.3). This choice of ? corresponds to the backward-Euler method, and 
leads to the classical return-mapping algorithms. From BOX 1.2, by application 
of (1.4.3) with 7 = 1, we obtain 


(1.4.8) 


Qnt+1 


Qa, + Ay, 


II 


eP =e? + Ay sign(on+1), | 


where Ay = y,4,;At > 0 is a Lagrange multiplier (the algorithmic counterpart 
of the consistency parameter y > 0) and 


(1.4.8b) 


P 
Ont1 = E(Ensi — En D> 
+ 
Ent 2 = En + AEy. 
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The variables (0,41, @,+1) along with Ay are constrained by the following discrete 
version of the Kuhn—Tucker conditions: 


Sti = |on+.1| = (oy + Kotn41) < 0, 
Ay = 0, (1.4.9) 
Ay fn+i = 9. 


We observe that Ag, is given, and therefore equation (1.4.8b) is regarded merely as 
the definition for ¢,,4;. Further, we note that, by applying the implicit backward Eu- 
ler algorithm, we have transformed the initial constrained problem of evolution into 
a discrete constrained algebraic problem for the variable { e? 44> &n41}- Remark- 
ably, there is an underlying variational structure explained below which renders 
equations (1.4.8)—(1.4.9) the optimality conditions of a discrete constrained opti- 
mization problem. We postpone the discussion of these ideas to Section 1.4.3 and 
focus our attention next on the direct solution of problem (1.4.8)-(1.4.9). 


1.4.2. Return-Mapping Algorithms. Isotropic Hardening 


For now we assume that the solution of problem (1.4.8)-(1.4.9) is unique. A 
justification of this assumption is given in Section 1.4.3. An essential step in the 
solution of (1.4.8)-(1.4.9) is the introduction of the following auxiliary problem. 


1.4.2.1 The trial elastic state. 


We consider an auxiliary state, which as shown below need not correspond to 
an actual state, and is obtained by freezing plastic flow. In other words, first we 
consider a purely elastic (trial) step defined by the formulas 


trial. P\ — 
one = E (engi — €?) = oO, + Ede, 

pial a Dp 
Ent = €, 

ihe (1.4.10) 
n+l = An 

trial .__ trial 
Srvl = |On41] — [oy + Ka]. 


We observe that the trial state is determined solely in terms of the initial conditions 
{€n, €f, @,} and the given incremental strain Ae,. Once more, we remark that 
this state may not, and in general will not, correspond to any actual, physically 
admissible state unless the incremental process is elastic in the sense described 
below. 


1.4.2.2 Algorithmic form of the loading conditions. 
Once the trial state is computed by (1.4.10), first we consider the case for which 


7 0, (1.4.11) 


n 
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It follows that the trial state is admissible in the sense that 


Bo ee? 


1.4.12a 
and ( ) 


On+1 = On4+1 > 
satisfy: 


1. the stress-strain relationship, 
2. the flow rule and the hardening law with, Ay = 0, and 
3. the Kuhn—Tucker conditions, since conditions 


frst = fi <0 and Ay =0 (1.4.12b) 


n 


are consistent with (1.4.9). 


Therefore, since the solution to problem (1.4.8)-(1.4.9) is unique (see Section 
1.6 below), the trial state in fact is the solution to the problem. An illustration 
of this situation is given in Figure 1.10. Next, we consider the case for which 
: A, > 0. Clearly, the trial state cannot be a solution to the incremental problem 
since (gon a,) violates the constraint condition f (0, a) < 0. Thus, we require 
that Ay > 0 so that e?|, # ef to obtain 0,4; 4 of). By the Kuhn—Tucker 
conditions 
Ay >0 
and (1.4.13) 
Ay fn+1 =0> S41 = 0, 


and the process is incrementally plastic. See Figure 1.11 for an illustration 

To summarize our results, the conclusion that an incremental process for given 
incremental strain is elastic or plastic is drawn solely on the basis of the trial state 
according to the criterion 


tial | < O= elastic step Ay = 0, 
Sri ; (1.4.14) 
>0O= pilasticstep Ay > 0. 


Note that these loading/unloading conditions are the algorithmic counterpart of 
the alternative form of the Kuhn—Tucker conditions in Section 1.2.3. 


1.4.2.3 The return-mapping algorithm. 


Here we examine the algorithmic problem for an incrementally plastic process 
characterized by the conditions 


fOt > OS fOni1s Ont) = 0, (1.4.15) 


and 


Ay > 0. 
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FiGureE 1-10. Example of an incremental elastic step from a plastic state. The final solution 
coincides with the trial state. 


Our objective is to determine the solution {e? 417 Ent1, Inti, Ay} to problem 
(1.4.8)-(1.4.9). To accomplish this task we first express the final stress 0,4) in 


terms of Cy and Ay as follows: 
nat = E (ns ~ eR) 
= E (ens — &h) — E (E41 — &2) 
= of) — EAy sign (on41) - (1.4.16), 


Therefore, since Ay > 0, (1.4.8)-(1.4.9) is written, in view of (1.4.16), as 


trial : 
Ontl = On4, — AVE sign (on+1) 


€ = e? + Ay sign (o, 
1 = of + Ay sign (on41) (1.4.17) 
Ant! = A, + Ay 
Sn lon+a| = [oy =F Kan+1] = 0. 
Now Problem (1.4.17) is solved explicitly in terms of the trial elastic state by the 
following procedure. From (1.4.17);, 


t 
a 


trial 
oO, +1 


|on4-1| sign (On41) = sign (os!) — AyE sign (on41). (14.182) 
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O41 


t : 
ah — AEs, 
En+1 —— 


Ficure 1-11. The trial state violates the constraint condition f < 0. Consequently, the 


: See : trial 
incremental process must be plastic since Ay > 0 to achieve 0,4) 4 0,4'- 


Collecting terms in (1.4.18a), we find that 


trial 
On+1 


sign (os!) (1.4.18) 


Since Ay > Oand E > 0, we observe that the term within brackets in (1.4.18b) 
is necessarily positive. Therefore we require that 


[lon+1| + AyE] sign (On+1) = 


sign (on41) = sign (of!) (1.4.19) 


along with the condition 


o trial 


longi] + AVE = |o,04. (1.4.20) 


Finally, the algorithmic consistency parameter Ay > 0 is determined from the 
discrete consistency condition (1.4.17)4 as follows. In view of (1.4.20), the yield 
criterion f,,,; is written as 


trial 


Snai = On4+1| — EAy — [oy + Ka,| —K (n+ = On) 
= fii — Ay(E+ XK), (1.4.21) 
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where we have used (1.4.10) and (1.4.17)3 in obtaining (1.4.21). Hence 


trial 


“41 = 0S |Ay = — = 0. 1.4.22 
fntl => | Ay ase ( ) 


Substituting (1.4.19) and (1.4.22) in (1.4.17) yields the desired result: 


trial . trial 
Ont! = O41, — AVE sign (7!) 


P trial 


En41 = &) + Ay sign (owt!) (1.4.23) 


Ontl = A, + Ay. 


Remarks 1.4.1. 

1. A compelling interpretation of algorithm (1.4.22)—(1.4.23) illustrated in Figure 
1.12 is derived by writing (1.4.23) in a slightly different form. From (1.4.23); 
and (1.4.22) we obtain the alternative expression 


( = AyE) sign (os!) 
AyE 


=f sae ar oe (1.4.24) 
On+1 


trial 
On+1 


II 


On+1 


Since f,+1 = 0, in view of (1.4.24), we conclude that the final stress state is 
the projection of the trial stress onto the yield surface. A more fundamental 
explanation of this simple result is given in the next subsection. Because of this 
interpretation, the algorithm summarized in BOX 1.4 is called a return-mapping 
algorithm. 

2. An almost identical development is carried out for the generalized midpoint 
rule formula (see Simo and Taylor [1986]), which corresponds to g = 5. 
A complete numerical analysis of the resulting algorithm is given in Simo and 
Govindjee [1988], Simo [1991], and summarized in Chapter 6. An introduction 
to these topics is given in Section 1.6 below. 


1.4.3 Discrete Variational Formulation. Convex 
Optimization 


The algorithm in BOX 1.4 possesses a more fundamental interpretation which is the 
manifestation of a basic variational structure underlying classical rate-independent 
plasticity. We show below that this algorithm is interpreted as the Kuhn—Tucker op- 
timality conditions of a convex-optimization problem which is, in fact, the discrete 
counterpart of a classical postulate known as the principle of maximum plastic dis- 
sipation (or entropy production). A discussion of the role played by this principle 
is given in Chapter 2. 
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BOX 1.4. Return-Mapping Algorithm for 1-D, 
Rate-Independent Plasticity. Isotropic Hardening. 


1. Database atx € B: {e?, an}. 

2. Given strain field atx € B : €)41 = €&) + Aq. 

3. Compute elastic trial stress and test for plastic loading 
ony = ElEnsi — €2) 


trial .__ trial 
Savi on On+1 


IF fi") < 0 THEN 
Elastic step: set (@)n41 = (@)"*\ & EXIT 
ELSE 
Plastic step: Proceed to step 4. 
ENDIF 


4. Return mapping 


“= loy =F Kay] 


trial 


Ay = n+l 
(E+ K) 
AyE ia 
On41 = | 1 7 ntl 
Ta. 
On4+] 


trial 


ery = €h + Ay sign (oxist) 


Ont = A, + Ay 


1.4.3.1 Discrete convex mathematical programming problem. 


We consider the following functional depending on the variables (0, a): 


A physical interpretation of this function in a general setting is be given in Chapter 
2. Here we simply note that x (o, a) is interpreted as the (complementary) energy 
at the increment between the trial stress and the state (0, ~). We show that by 


minimizing x (o, w) over E, one obtains the algorithm in BOX 1.4. To this end, 


1 ial - ria 
X(0,a):= 5 (on —c) E Ga 2) 


+ 5 iy ~ a) K (ay ~ a). 


first we recall that the closure of the elastic domain E, is defined by 


Eo i= {(o,a) € Rx R,| f(o,a) < 0}. 
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trial 
Oni 


Return 
mapping 


On+1 @---3--- 9 n--- 


On @---fr-ccr-c cr 


FiGurE 1-12. The final stress is obtained by “returning” the trial stress to the yield surface 
through a scaling, hence, the denomination return mapping. 


As remarked above, E, is a closed convex set, since f : Rx R, — Ris assumed 
to be convex. Now consider the following minimization problem: 


Find (On+1, On41) € E, such that 
X (Cnt, O41) = MIN {x(o,a)}. (1.4.27) 


(o, a) € +o 


Since E > O and, by assumption, K > 0, it follows that x (a, a) is convex. Thus, 
we have the situation depicted in Figure 1.13. 

Problem (1.4.27) is a constrained convex minimization problem in the variables 
(o, a) € E,, with convex constraint f(o, a) < 0. By standard results in optimiza- 
tion theory (see e.g., Bertsekas [1982]), it is known that this problem has a unique 
solution. Note that (o!, a,) is given by (1.4.17) and, therefore, is regarded as 


n+l? : 
known data. In what follows we assume that f(o"!, a,) > 0. 


n+l? 


1.4.3.2 Optimality conditions: Closest point projection. 


To characterize the solution of (1.4.27), we use the method of Lagrange multipliers. 
Accordingly, we consider the Lagrangian 


L(o,a, Ay) := x(o,a) + Ayf(o, a). (1.4.28) 
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X 


graph[x] 


| 
| 
| 
e 
(Cras ye) 


Ficure 1-13. Illustration of problem (1.4.27). 


If (On41, @n41) is the minimum of (1.4.27), the standard optimality conditions 
require that (see e.g., Luenberger [1984]) 


) 
55 £ (om 1, An 1, Ay) = 0, 
4 (1.4.29a) 
—EL n+l> On+15 A = 0, 
a (, 1s M41 y) 
along with the additional requirements 
A = 0, On ¥ an < 0 
Ce TRIE, (1.4.29b) 
Ay f (On+1, On+1) = 0. 
. of : ie 
However, since aa = sign(o), condition (1.4.29a) yields 
(oy 
Ong) = ol — EAy sign (o, 
ine y sign (n+1) (1.4.30) 
On+1 = My + Ay, 


which coincides with the return-mapping equations (1.4.23). Thus, the return- 
mapping algorithm (1.4.28) characterizes the solution (O41, @n41) as the closest 
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point projection of the trial state (o{"*!, a,,) onto the yield surface f (o, «) = Oin 


the complementary energy x (o, a 
The interpretation of the algorithm in BOX 1.4 as optimality conditions of a con- 
vex minimization problem is of fundamental significance in the three-dimensional 
theory, especially in the presence of complicated yield conditions, as is often the 
case in practice. This interpretation opens the possibility of applying a number of 
algorithms well developed in convex mathematical programming to solving the 


elastoplastic problem. 


1.4.4 Extension to the Combined Isotropic/Kinematic 
Hardening Model 


Next, we further illustrate the development of integrative algorithms for rate- 
independent plasticity by considering the slightly more general situation afforded 
by a combined isotropic/kinematic hardening mechanism, as summarized in BOX 
1.3. We shall see that the steps involved in formulating the algorithm are identical 
to those examined in detail in Section 1.4.2. In fact, as shown in Chapter 3, the 
procedure is completely general and applies, essentially without modification, to 
the most general three-dimensional plasticity model. 

To address the numerical implementation of the model in BOX 1.3, it proves 
convenient to introduce the auxiliary variable 


€:=o0-4q, (1.4.31) 


known as the relative stress. 


1.4.4.1 Trial elastic state. 


In the present context, the auxiliary problem (1.4.10) obtained by freezing plastic 
flow in the interval [t,, t,41] now takes the form 


ofl = E (Eni — ef) = on + EAEn, 


n+ n 
trial trial 
Enel (= Ont] — Ins 
pial = D 
Ent En? 
trial .__ (1.4.32) 
Ana] i= An, 
trial .__ 
n+1 *— n> 
trial trial 
Frat = ey — [oy + Kay]. 


Again we observe that the trial state is determined solely in terms of the initial 
conditions {¢,, ¢?, a,} and the given incremental strain Ag,. An analysis entirely 
analogous to that carried out in detail in Section 1.4.2.2 leads to the following 
statement of the algorithmic counterpart of the Kuhn—Tucker loading/unloading 
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conditions 


trial | < O= elastic step Ay = 0, 
Fn : (1.4.33) 
>0O= pilasticstep Ay > 0. 


If the step is elastic in the sense of (1.4.33), the trial state is the actual solution 
of the incremental problem associated with the constitutive model in BOX 1.3. 
On the other hand, if the step is plastic, a closed form algorithm is constructed as 
follows. 


1.4.4.2 The return-mapping algorithm. 


The discrete algorithmic equations are obtained from the continuum model in BOX 
1.3 by applying an implicit backward Euler difference scheme. Proceeding along 
the same lines leading to equations (1.4.17), the final result expressed as (we invite 
the reader to supply the necessary details) 


Ong, = ofl _ Ay E sign(E,41), 


n+1 
ef. = eh + Ay sign(En41), 
On4+1 = Oy, + Ay, (1.4.34) 
Qn+1 = Qn + AVH sign(En+1), 


jn = |En+-1| — (oy + Kay41) = 0, 


where 


Ent [= On+1 — Qn4+1- (1.4.35) 


The crucial step involved in the closed-form solution of the discrete problem 
(1.4.34)-(1.4.35) relies on exploiting an expression for &,; obtained as follows. 
By subtracting (1.4.34)4 from (1.4.34), and using definition (1.4.35), 


Ena = (ont) — Gn) — Ay(E + H)sign(En+1)- (1.4.36) 

Now we use the fact that al = et — qp and rearrange terms in (1.4.36) to 
obtain 

[Ens] + Av(E + AD] signEns1) = JENA] sign). (1.4.37) 


Since Ay > O and H + E > 0 by assumption, it necessarily follows that the 
coefficient of sign(&,41) in (1.4.37) must be positive. Therefore, (1.4.37) implies 
the result 


sign(&:41) = sign(&"4), (1.4.38) 


along with the condition 


é trial 


[Enzi] + Ay[E + H] = [&4]. (1.4.39) 
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Now the incremental plastic consistency parameter Ay > 0 is determined from 
the consistency requirement (1.4.34)5 by using (1.4.39) and (1.4.34)3: 


Sng = [EN] — (E + A)Ay — [oy + Konyi] 
= ee — (E+ A)Ay - [oy + Ka, | —K (n41 = On) 
= fil — Ay[E + (K + H)] =0. (1.4.40) 


Solving this algebraic equation for Ay yields the following result: 


trial 


Koy Es 0, 1.4.41 
: E+[K+ H] : 


Thus, conditions (1.4.38) and (1.4.41) completely determine the algorithm in 
(1.4.34). For convenience, a step-by-step outline of the overall computational 
scheme is given in BOX 1.5. 


BOX 1.5. Return-Mapping Algorithm for One-Dimensional, Rate-Independent 
Plasticity. Combined Isotropic/Kinematic Hardening. 


1. Database at x € B: {€2, dn, dn}. 
2. Given strain field atx € B: &y4, = & + Ag. 


3. Compute elastic trial stress and test for plastic loading 


ont = E (ény1 — €”) 
gr i= ofl — a 
Fatt = less] — [or + Kan] 
IF fil < 0 THEN 
Elastic step: set (@),,; = (@)\"*\ & EXIT 
ELSE 
Plastic step: Proceed to step 4. 
ENDIF 


4. Return mapping 


trial 


Ry es) 
E+[K + H] 

Ont = Onet — AYE sign(&y") 

of. = of + Ay signi") 

Qnt1 = In + AVH sign(é"""\) 


Oy + Ay 


& 
II 
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1.5 Finite-Element Solution of the Elastoplastic IBVP. An 
Illustration 


To illustrate the role of the integrative algorithms developed in the preceding sec- 
tion, here we outline a typical numerical solution scheme for the elastoplastic IBVP 
within the context of the finite-element method. 

The point of departure in our developments is the weak form of the IB VP defined 
by the variational equation (1.3.11). For simplicity, in our discussion we assume 
that the displacement boundary conditions are homogeneous, i.e., 

u | B= 4 = 9, 
and (1.5.1) 


0,8 = {0}. 
For loading, i.e., for given body forces and boundary tractions given by functions 
b: Bx [0,T] ~ R 
and (1.5.2) 
o : 0,6 x [0, T] — R, 


the problem is the numerical approximation for the solution u(x, ft) to (1.3.11), 
where o (x, t) is assumed to satisfy the local constitutive equations in BOX 1.3. 
Note that (1.3.11) must hold for all t € [0, T]. In addition, because of the simpli- 
fying assumption (1.5.1), the displacement field u : B x [0, T] — R is such that 
u(.,t) € V for allt € [0, T]. 

A typical algorithmic scheme for the solution of (1.3.11) is briefly discussed be- 
low. Subsequently we describe a typical incremental solution procedure restricted, 
for simplicity, to the quasi-static problem obtained by neglecting inertial forces, 
namely, G(o, n) = 0 forall n € V. 


1.5.1 Spatial Discretization. Finite-Element 
Approximation 


Conceptually, within the context of the simplest finite-element method, one pro- 
ceeds as follows (see Hughes [1987, Chapters 1 and 2] for a detailed account of 
these ideas). 


i. The domain B = [0, L] is discretized into a sequence of nonoverlapping 
elements 


B. = [Xe, Xe+1]; 


and (1.5.3) 


iii. 
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where x; = O and x,,41 = L. We let he := Xe+1 — xe be the “mesh size” 
which, for simplicity, is assumed to be uniform. 


. Then the simplest (conforming) finite-dimensional approximation to V, de- 


noted by V" Cc V, is constructed as follows. The restriction w! to a typical 
element B, of a test function w’ € V" is locally interpolated linearly as 


2 
wh =) NS (x)w%, (1.5.4) 
a=1 


where N? : B. — R,a = 1, 2, are the linear shape functions given by 


Miles Xet+1 — x 
e he ? 
Nos 2 (1.5.5) 
e he ? 
x € Ba, 
and w. = [w!, w2]’ is the vector containing the nodal values of the local 


element test functions. Then, a global, piecewise, continuous function w" € 
V" is obtained from the above element interpolation by matching the value of 
w, at the nodes: 


and (1.5.6) 
Wetl I= we = Tee : 


The computation of G(o", w"), given by (1.3.11) with wi € yr (and u” also 
in V" since, by assumption u = 0), is performed in an element-by-element 
fashion by setting, in view of (1.5.3)2, 


Nel 
G (o", w') = )°G. (04, w'). (1.5.7) 
e=1 
For a typical element B,, first one computes 


J d y 
—wp = N} = Ne] We =: Bewe, (1.5.8) 


ax ° ax 
where, in the present simple context, from (1.5.5), 


Be:= Ez =| = l-;- =| (1.5.9) 


Therefore, from expression (1.3.11), we obtain 


G (o', w") =w! ie (0") -f| (1.5.10) 
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where 


fi" := / Blo" (x, t)dx (1.5.11) 
is the so-called element internal force vector. Note that f'™ is implicitly a 
function of u’ along with (¢”, w) through the constitutive equations in BOX 
1.2. In addition, 


1 1 
r= [mone [oof] 


is referred to as the element external load vector. By using condition (1.5.1) 
and (1.5.6), expression (1.5.7) is assembled from the element contributions 
given by (1.5.11) and (1.5.12) as follows: 


(1.5.12) 


dB.Nd, B 


Gul, wh) =: wt [F"(o") s F*(0)] (1.5.13) 
where w! := [w?, w?,..., w’+!] € R”!. The global force vectors are 
computed from element contributions, viz., 


is Nel ; 
Fg") = Afi" (c") 
e=1 


(1.5.14) 


Nel 


FM) = ALO, 
e=1 

where A is the standard, finite-element, assembly operator (see Hughes [1987] 
for further details). 

The computation of the inertial term iP dv" /dt w' dx, where v" = du" /dt is 
in V", is performed in an element-by-element fashion exactly as in evaluating 
the static term G(o", w’). The final result takes a form entirely analogous to 
(1.5.13), namely, 


azul! 

Jo — w" dx = w'Mad, (1.5.15) 
B ot 

where M is the mass matrix computed by assembling the element mass matrices 

according to the standard expression 


Nel 
M= Am. 


e=1 


with (1.5.16) 
mo? = pN@N? dx, a,b = 1,2. 
Be 


This result defines the so-called consistent mass matrix. Diagonal and high- 
order mass matrices are obtained by a number of techniques, including special 
quadrature formulas (see e.g., Hughes [1987]). 
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The finite-element counterpart of the weak form (1.3.11) of the momentum 
equation takes the form 


a2 h 

i 53 w' dx + G(o", w") = 0 forall w" eV". (1.5.17) 
B 

Since the test function w" is arbitrary, it follows that w € R” is also arbitrary 

and from (1.5.13) along with (1.5.15) one arrives at the discrete system of 

(nonlinear) differential equations: 


Md + F'™(o") — F™(t) = 0, (1.5.18) 
which constitutes the discrete counterpart of the momentum equations. 


The crucial step in the outline given above which remains to be addressed 
concerns the computation of the stress field o" (x,t) within a typical element 
for time t € [0, T]. First, we make a crucial observation concerning numerical 
quadrature. 


1.5.1.1 The role of numerical quadrature. 


The element internal force vector given by (1.5.11) is evaluated by numerical 
quadrature according to the formula (see e.g. Hughes [1987, Chapter 3]) 


sie Ca So Bl ol (x, t)|,_.eW'he, (1.5.19) 


t=1 


where x‘ € B, denotes a quadrature point, w‘ is the corresponding weight, and 


Nint 18 the number of quadrature points for element 6,. In a more general context, 
(1.5.19) is implemented through isoparametric mapping. 

The important conclusion to be extracted from expression (1.5.19), also valid 
in a general finite-element formulation, is that the stress within an element B, is 
required only at discrete points; typically the quadrature points x* of the element. 


1.5.2 Incremental Solution Procedure 


For simplicity, we restrict our attention to the static problem obtained by neglecting 
Md in the discrete system (1.5.18). Then an iterative solution procedure for the 
resulting quasi-static elastoplastic problem proceeds as follows: 


1.5.2.1 Incremental loading. 


Let [0, T] be the time interval of interest. As in Section 1.4, consider a partition 


M 
(0, T] = lta, tail. (1.5.20) 
n=1 
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Let xf € B, be the quadrature points of a typical finite element B,, and let {e? , an} 
be the internal variables at x'. We assume that the body is equilibrated at t = t, 
under forces b, : B > Rando, : 0,8 — R, so that the stress field or satisfies 


F™(o,) — F*' = 0. (1.5.21) 


The associated displacement field at t,, is ue 


load (Ab,,, Aa,,) so that 


e V". Now consider an incremental 


Dna = by + Aby, 
and (1.5.22) 


Ont = On F Ao; 


ext 


is the loading at t,4; € [0, T], which defines a discrete external load vector Fi"). 


This constitutes the given data. The problem can be stated as follows: 


Find Au" € V", the updated displacement field u! i= ul + Aut 


n+ n+l1? 


the updated internal variables {e? 44° %n+1, n4i}, and the stress field 
(at discrete points < € B,) such that 

i, F'"(o/",,) — F&!, = 0 (equilibrium) and 

ii. the discrete constitutive equations in BOX 1.5 hold. 


Ore 


(1.5.23) 
To simplify the notation in what follows, the superscript “h” is omitted. 


1.5.2.2 Iterative solution procedure. 


The solution to problem (1.5.23) is coe by an iterative solution procedure 
which proceeds as follows. We let (e)) 1 be the value of a variable (e) at the kth 
iteration during the load step in [f,, t,41]. Accordingly, 


i. let Ad 


n+. be the incremental nodal displacement at the kth iteration, and let 


d®, = d, + Ad® (1.5.24) 


n+l 


be the total nodal displacement. Since uw" € V", the displacement field over 
a typical element 6, is given by an expression having the same form as 
(1.5.4), and the strain field is computed by an expression analogous to that 
in (1.5.8): 


(k) 


el gee Bed (1.5.25) 


n+1 


ii. given the sean field (1.5.25), at each quadrature point x‘ 


the stress o! fe by means of the algorithm in BOX 1.5; 
iii. we evaluate the internal force vector f} ant Can ,) by (1.5.19) and assemble the 


contribution of all elements by (1.5.14); 


€ B., we compute 
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iv. check convergence: if (1.5.18) is satisfied foro = 0,0, then (0), is the 
solution; otherwise, continue; and 
v. determine Ad‘, € R®, setk — k + 1, and go to step i. 


The only step in the solution procedure outlined above which remains to be ad- 
dressed is determining Ad ea (step v). Although several schemes are possible, 


n+ 
here we consider determinating Ad”, by linearizing f id Cae about the current 
state, defined by d. 
First, since the assembly operator A is linear, by the chain rule, 
i (k) : i (k) 
OF ™ (On 44) (k+l) A fe (On41) Ad ee 
aq’ atl ~~ (k) eln+1 
n+] et Ode| 1 
(k) (k 
_ Nel T E OEn 4 d K+) y 
= e (k) (k) eln+l 
e=1 Be OE s+ dd. n+l 
(k) 
Nel 00 oe k+l 
=A ih BT | —**! | B.dx | Ad.|“”. (1.5.26) 
(>) n+l 
e=1 B. OE ns 1 


‘ ; k : 
Next, we introduce a matrix k, as € R?*?, called the element tangent stiffness 


matrix, and defined as 
F) (k) 
l= [e| Prt | Bed. (1.5.27) 


By performing an assembly operation similar to that in (1.5.14) (see e.g. Hughes 
[1987, Chapter 1] for a detailed description), we arrive at 


OF one), at) _ p® ,gietD ® _ AZ |® 
n+ 7 — 
ad Adi a Ky, AG, ? Koy = A ke n+l? (1.5.28) 
n+1 e=1 
where Ko is called the global stiffness matrix at time ¢,41 and iteration (k). With 


expression (1.5.28) in hand, we estimate Age? 


equation (1.5.18) with the linear approximation 


by replacing the equilibrium 


F ori (a (k) ) 
in (k) ex! n+l (kK+1) __ 
[Fi"@Q) - Fes, | + aa Adel = 0. (1.5.29) 
n+l 
We note that all the terms in this /inear equation are known, except for ae, ae ; 
provided that one can compute ao), / ge. Assuming this to be the case, from 
(1.5.28) and (1.5.29), we obtain the following expression: 
at] ; 
Ad) = [Ke] [Fo = Fx, | (1.5.30) 


Using this formula in the solution scheme i-v, results in a procedure equivalent to 
the classical Newtonian method. 
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1.5.2.3. Algorithmic tangent modulus. Combined isotropic/kinematic 
hardening. 


To complete the algorithmic procedure discussed above, there only remains to be 
computed an explicit expression for the coefficient 


F) (k) 
COs Sen (1.5.31) 

de! ) 

n+l 


in expression (1.5.27). One refers to (1.5.31) as the algorithmic tangent modulus, 
a notion first introduced in Simo and Taylor [1986]. The procedure used to derive 
a closed-form expression for Crs entails differentiating the update formulas in 
BOX 1.5, as explained below. 

For clarity we omit the superindex k in the following development. First, from 
step 3 in BOX 1.5 we obtain (note that ef at, and dn are constants in the derivation 
that follows) 


doit! coe 

OEn41 

a trial jotial (1.5.32) 
n+l = n+l — E. 

OEn4+1 OEn+1 


Using these results and differentiating the first formula in step 4, assuming that 
Pavey > 0, leads to 


a(Ay) 1 apa 
OEn+1 ~ Es [K + H] OEn41 
I OlEmeL OS 
~ E+([K +H] d& e,41 
a aa ae (ett). (1.5.33) 
E+[K+ 4H] : 


Next, we rearrange the second formula in step 4 of BOX 1.5 as follows: 


Onset = (On — dn) + Qn — AVE sign(E"4) 
= dn + a — AyE sign(&"")) 


AVE | oa 
= a+ [ 22 |e (1.5.34) 


IEncet 
Finally, we differentiate the algorithmic constitutive equation (1.5.34) with respect 
to €,41 by using the chain rule along with relationships (1.5.32), and (1.5.33). Then 
we obtain 


trial 
dOn41 —|1 AyE AyE trial ntl 
a = z 2 Sntl a 
En+1 trial trial En+1 
n+l n+l 
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E E gral sign (ens!) 
tial] E+([K + A] n 
ane] 
E|1 Ay as Ay E* trial ¢; (Gay E? 
= sign = == 
wil aie oe ae aK 
n+ n+l 
rae AyE Ay E? FE? 
trial trial E + [K + A 
nt+1 n+1 
E[K + H] A 
i St LF SO, 1.5.35 
Since on41 = o,4% for fi) < 0, from (1.5.32) and (1.5.35), 
doi) E int ft! <0, 
(kK) n+1 n+1 
C= 5) =) —EIK +H] ite puial 9 (1.5.36) 
ent E+([K + A] n+l 4 


By comparing (1.5.36) and (1.2.47), we conclude that for the one-dimensional 
problem, the algorithmic tangent modulus coincides with the elastoplastic tangent 
modulus. However, as shown in subsequent chapters, this result does not hold in 
higher dimensions. 


1.6 Stability Analysis of the Algorithmic IBVP 


In this section we provide an introduction to the stability analysis of the algorithmic 
initial boundary-value problem obtained by combining the return mapping algo- 
rithms described above with a time-discretization of the algorithmic weak form. 
The methodology employed is based on an adaptation of the energy method of 
stability analysis. A detailed account of this technique is described in detail in a 
subsequent chapter. The notion of numerical stability for the problem at hand is 
directly inspired by the properties of the IBVP described above and is stated for 
the case of isotropic hardening as follows. 

An algorithmic approximation to the IBVP is said to be stable if the numerical 
solution {Uy, Un, €,, @,} generated via such an approximation within a typical 
time step [t,, t,41] inherits the a priori estimate (1.3.27) on the exact solution to 
the IBVP, namely, if 


L(Un+1, Un+is Bai On41) < LUn, Up, &, On). (1.6.1) 


If this inequality holds for any step-size At := t,41; — t, > 0, the algorithm is 
said to be unconditionally stable. On the other hand, if (1.6.1) holds only for time 
steps At < Afcrit, where Atori¢ > O is a finite critical value, the algorithm is said to 
be conditionally stable with stability limit At.,it. Roughly speaking, this definition 
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ensures that algorithmic approximations do not blow up, a natural condition to 
be required of the algorithm in view of the property (1.3.27) of the continuum 
problem. For hardening plasticity, this notion of stability is closely related to the 
concept of B-stability explained in detail in a subsequent chapter which, in turn, 
is motivated by the contractivity property of the IBVP. 


1.6.1 Algorithmic Approximation to the Dynamic Weak 
Form. 
To present the main ideas in the simplest possible context, we turn our attention to 


the dynamic problem and consider the following algorithmic time approximation 
to the dynamic weak form within the time interval [f,, t,41]: 


G P(Unt1 — Un) n dx + G(on+o, 0) = O forall n € V, 
B 


At (Un+1 = Un) = Un+9; (1.6.2) 


G(On+9, n) = i On+o9 7! dx — i Pons ndx = On+9 7] a,B* 
B B * 


As before the subscripts n and n + 1 refer to algorithmic approximations to the 
exact values at t,, and t,,, respectively, and the subscript n+ 0 refers to algorithmic 
approximations computed via the interpolation formulas 

Unte 2 = Dunst oa a po D)Un 

Unto 1 = VUa4, + UI — D)vy dv e€ [0, 1]. (1.6.3) 

Onte > = VOny1 + 1 — D)on 


Expression (1.6.2) can be viewed as a generalized midpoint rule approximation to 
the dynamic weak form in which ? is a design parameter that defines the algorithm. 

The first step in the stability analysis is deriving the algorithmic counterpart of 
the mechanical work identity (1.3.17). For simplicity, we shall assume that the 
forcing terms {b, o} and the essential boundary condition u are time-independent. 
Choosing as a test function 


n = Atvays = Unti — Un € V, (1.6.4) 
and using of the algebraic identity 
Unto = Ung i + [o — 5] Qi — rn) 
where (1.6.5) 
Ung} = 7 nti + Un); 
the integrand in the first term of the algorithmic weak form (1.6.2) becomes 


PUn+1 — Ua) Ugh = 2 PYnp1 — 7% + 2 — 15 P(n41 — rn)”. (1.6.6) 
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Inserting this expression into (1.6.2) and using the definition of V.x,(u) along with 
the assumption of a time-independent forcing yields 


O(Un+1 — Un) as 


[T n41) a Vext (Un+1) | = [T (vn) a Vext (Un) | + i On+0 F) 
B Xx 


= —(20 — 1)T (v_41 — Yn). 


(1.6.7) 
To interpret this result and illustrate its role in an analysis of numerical stability, 
first we consider the case of a linear elastic material. 
1.6.1.1 Linear elasticity. 
Setting én49 = Véngi + C1 — #)v¢e, and using the identity 
Enty = En+ 4 + [o = 5 (Ent =4 En) (1.6.8) 


withe, 1 
we obtain 


— 5 (€n41+€,), from the elastic constitutive equation 0,15 = E&ény5, 


Onto (Entt — En) = 5 Bes,, — 5 Ee, + (28 — 1)5 E(Eng1 — €n)?. (1.6.9) 


Inserting this result into (1.6.7) and recalling that Vin(u) = 5 if pe e* dx and the 
definition of L(u, v, €) for linear elasticity yields the result 


L(Uns1, Un+i, Engi) — Ln, Ups En) 
= —(28 — 1) [T(ngi — vn) + Vine(Ent1 — &n)]. (1.6.10) 
————————— a ee 
Quadratic form >0 


Inspection of this result reveals that the a priori stability estimate (1.6.1) holds, 
provided that 2 — 1 > 0. In fact, 


a. if} < 5 then L(upn+1, Unti, En+1) — Ln, Vn, En) > O, and the algorithm is 


unconditionally unstable; 
b. if 0 > 5, then L(un4i, Undi, €nt1) — LUn, Un, En) < O, and the algorithm is 
unconditionally stable; and 
c. ifv = 5, then L(upn+i, UVnti, En+1) — Ln, Vn, En) = O, and the algorithm 
conserves exactly the total potential energy of the elastic system. 


Algorithms for # > + exhibit numerical dissipation and are only first-order 


2 

accurate. Second-order accuracy holds only for } = 5. The preceding results 
demonstrate that a stability analysis based on the stability criterion (1.6.1) repro- 
duces the well-known stability results for the generalized midpoint rule applied to 


linear elastodynamics. 


1.6.1.2 Elastoplasticity with isotropic hardening. 


To better illustrate the applicability of the present analysis (nonlinear) of nu- 
merical stability, we consider the following generalization of the return-mapping 
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algorithms described in the preceding sections: 
ey — ef = Ay sign(on+s), 
An+1 — An = Ay, 
Ay 29, f(On45,On4s) <0 and Ayf(On4s, Mn45) = 0 


where, here, Ay = ¥,4,9 At. Here, the algorithmic parameter 3% € [0, 1] has the 
same meaning as before, whereas 6 € [0, 1] is an additional algorithmic parameter 
that establishes the point at which the algorithmic consistency condition is to 
be enforced. Clearly, if * = 5 = 1, one recovers the standard return-mapping 
algorithms described above. The choice 5 = 0 € [0, 1] gives the generalized 
return maps proposed in Simo and Taylor [1986]. The choice of 5 = | and} € 
[0, 1] yields the class of algorithms proposed in Ortiz and Popov [1985]. 

To assess the stability properties of the preceding approximation, first we use 
the stress-strain relationship and the algorithmic equations (1.6.11) to compute 


(1.6.11) 


-1 P 
Enti — En = E™ (Ont — On) + En+1 gp 


= E7!(6n41 — On) + Ay sign(on49). (1.6.12) 


Once more using the identity 0,45 = 0,4 1 + [od — 5 5 (n+ — o,) along with 
the fact that sign(On4.9)Ont9 = lOn+o| icles the result. 


1 1 
Ons9(Ent1 En) = 5 ee ah 02 + 29 — 1) 5 BE Ons = On)’ + Aylon+ol- 
(1.6.13) 


Next, we use the definition of the yield criterion and the algorithmic equation 
Ay = Qn+1 — @, to rewrite the last term in (1.6.13) as 


Ay|on t 3 | am Ayf (On +9, An4 ») + Ayoy + Kodn+9(Qn41 —— On). (1.6.14) 


Using the identity &,49 = On4 + (0 - 5 (On41 — d,), we can express this 
result in the equivalent form 


Ay |Ont9| = Ayoy + 5 5 Kaz,, a 5 Ka, 
+ Ay f (On495 n-0) + (20 — 1) 5K @n41 — Om). (1.6.15) 


By combining (1.6.13) and (1.6.15) and using the stress-strain relationship along 
with the definition of Vint, we obtain 


I On+9 (Ent 7 én) dx = Vint (Ens On+1) = Vint (Eh On) + / Ayoy dx 
2 B 
+ 20 — I) Vint (En 41 = Se An+1 — On) 
“ar / AY f (Gn+0, On+9) aX. (1.6.16) 
B 


By inserting this result in the algorithm counterpart of the mechanical work identity 
(1.6.7) and recalling the definition of the function L(u, v, €°, aw), we arrive at the 
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expression 


e e 
LUn+1, Unt+1> Ensi> Qn41) — LUUn, Un, En On+1) 


= -[ Ayoy dx —(20 _ 1) [T n+ _ Up) 7 Vint (En 41 = E3 An+1 — ay) | 
B ——_——— 


= Quadratic form>0 


Dissipation>0 
= / AY f (On+0, On+9) aX. (1.6.17) 
B 


Then the stability of the numerical approximation depends on the schemes adopted 
in enforcing the consistency condition: 


a. Consistency enforced for 5 = %. Then the term Ay f(on+49, @n+y) = 0 as 
a result of the Kuhn—Tucker conditions. Inspection of (1.6.17) reveals that 
(1.6.1) holds provided that } > 5. Therefore, for this class of algorithms, 
unconditional stability holds if 3 € [ ; , 1). 

b. Consistency enforced for 5 = 1. Then result (1.6.17) is inconclusive except for 
3 = 6 = 1 which corresponds to the standard return-mapping algorithms. To 
see this, we observe that convexity of the yield function implies that 


Ay f (On+0; On+9) < DAY Ff (On41, On+1) + (1 . D)Ayf (On, Qn) < 0, 


(1.6.18) 
since Ay f (On41, @n41) = 0, Ay => Oand f(on,, a,) < 0 as a result of the 
design condition 6 = 1. Therefore, the last term on the right-hand side of 


equality (1.6.17) is positive and one cannot conclude that the left-hand side is 
nonpositive. 


Clearly, both schemes include the classical return-mapping algorithms which, 
according to the preceding analysis, are unconditionally stable. Additional topics, 
such as uniqueness of the solution to the algorithmic problem and contractivity of 
solutions obtained for different initial data, are addressed in detail in subsequent 
chapters. 


1.7 One-Dimensional Viscoplasticity 


In this section, in the spirit of our elementary discussion in Section 1.2, we illustrate 
the mathematical structure of the constitutive equations for classical viscoplastic- 
ity by a simple rheological model. Our objective here is merely to motivate in 
the simplest possible context the formulation of the general viscoplastic models 
undertaken in Chapter 2. 

In addition we examine in some detail the structure of a general class of 
recently proposed integrative algorithms, again within the context of a simple one- 
dimensional model problem. We show that these algorithms are obtained from the 
return-mapping algorithms for rate-independent plasticity examined in Section 
1.4, by an explicit closed-form expression. 
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Ficure 1-14. One-dimensional rheological model illustrating the response of a one- 
dimensional viscoplastic solid. 


1.7.1 One-Dimensional Rheological Model 


The mathematical structure underlying classical (rate-dependent) viscoplasticity 
is motivated by examining the response of the mechanical device arranged as 
illustrated in Figure 1.14. 

The device possesses unit length (and unit area) and consists of a spring with 
elastic constant E, which is connected to a dashpot with constant n, in parallel 
with a coulombic frictional device with constant oy. 

Let o be the applied stress on the device, and let ¢ be the total strain. As in 
Section 1.2 we consider the additive decomposition 


e=ef+eP, (1.7.1) 


where e° is the strain in the spring, so that 


o = Ee’ = E(e— 8"). (1.7.2) 


Next, we examine the rate of change of e’P := ¢ — e°. To this end, consider the set 
of all possible stresses whose absolute value is less than or equal to the frictional 
constant oy. This set is the closed interval [—oy, oy]. As before we use the notation 


E, ={t ¢R| f(t) =|t|—oy < O}, (1.7.3) 


and call the function f(a) := |o| — oy the loading function. Further, we recall 
that int(E,) and dE, denote the interior and boundary of E,, respectively, i.e., 


int(E,) = (-oy, oy), dE, = {—oy, oy}. (1.7.4) 


Finally we recall that E, and dE, are called the closure and boundary of the elastic 
range int(E, ) respectively. With these notations at hand, we consider the following 
two possibilities. 


a. First, leto € int(E,). Then f(o) = |o| — oy < 0 and no instantaneous 
change should take place in e“? = ¢ — &°, that is, 


é? = 0 if f(c) = |o| —oy <0. (1.7.5) 


1.7. One-Dimensional Viscoplasticity 59 


b. Second, assume thato ¢ E,, thatis, f(o) = |o|— oy > 0. Then, the stress in 
the frictional device is oy and the stress on the dashpot, called the extra stress 
and denoted by o,x, is given as 


o-—oy if o > oy . 
Cex = | = (\o| — oy) sign(o). (1.7.6) 


o+oy if o < —oy 


IV 


IA 


Using the fact that the stress o., on the dashpot is connected to the strain through 
the viscous relationship o,, = né*? from (1.7.6), we obtain 


1 
éP = — f(a) sign(o) if f(o) = |o| — oy = 0. (1.7.7) 
Ui 
If we denote the ramp function by (x) = Gre) , (1.7.5) and (1.7.7) combine 
to yield the expression 


aw — (£@) AO 
Sp. aoe (1.7.8) 


f(o) = |o| — oy. 


We refer to (1.7.8) as a viscoplastic constitutive equation of the Perzyna type. 
An alternative formulation of the rate equation (1.7.8), which is particularly 
useful in a numerical analysis context, is considered next. 


1.7.1.1 Viscoplastic flow rule and closest point projection. 


An important interpretation of (1.7.7) is derived by rewriting this evolutionary 
equation as follows. First introduce a time constant, denoted by t defined as 


7 
= (1.7.9) 


The ratio t of the viscosity coefficient in the dashpot to the spring constant in 
the device in Figure 1.14 is called the relaxation time of the device. Its physical 
significance is illustrated in the example below. Now rewrite (1.7.7) as 


E7! 


evP = [Io| sign(o) — oysign(o)| 

3 (1.7.10) 

E7! 

= — [o — oysign(o)]. 
T 
In view of this expression, we set 
E7! 
é? = — [a — Po], (1.7.10) 
T 


where P : R > dE, is the mapping defined by 


Po = oy sign(o), (1.7.11) 
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Ficure 1-15. The map P : R > dE, “returns” o € R to the boundary of E,. 


with a geometric interpretation illustrated in Figure 1.15. One can easily show that 
P : R > dE, is a projection in the sense that 


P(Po) = P’?co = Po <> P* =P. (1.7.12) 


The physical significance of (1.7.11) should be clear. P maps a stress point 0 onto 
the closest point of the boundary dE, of the elastic range. This interpretation of 
the viscoplastic flow rule, which is the result of the alternative expression (1.7.10) 
is attributed to Duvaut and Lions [1972]. 


1.7.1.2 Example: Relaxation test. 


To further illustrate the physical significance of the constitutive model just outlined, 
we consider the following experiment. 

At time t = 0 to the device in Figure 1.14 we apply an instantaneous strain 
which is held constant throughout time, that is, we consider the strain history (see 
Figure 1.16) 


é(t) = é9H(t), 
where 
| lifr>0 
H(t) := (1.7.13) 


0 otherwise, 


and €9 > 0. The discontinuous function H(t) is the Heaviside step function. Let 
00 := Ego. Consequently, og > 0. Clearly, by (1.7.10), if 


< oy > &? =0 elastic response), 
09 := Es : ; : (1.7.14) 
> oy > &? £0 (viscoplastic response). 


Since the elastic case corresponding to the condition o9 — oy < 0 is elementary, 
we consider the situation illustrated in Figure 1.16 for which 09 — oy > 0. 
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Ficure 1-16. Strain history for a relaxation test. 


To compute the stress history, we need to integrate the constitutive model as 
follows. From (1.7.2), (1.7.10) and (1.7.9), 


o = Eé — E&"?, 


a pawn (1.7.15) 
éP = —E™ [o — oy]. 
T 
Combining these equations, we obtain 
: 1 . 1 
o + —-o0 = Eé+ —oy 
e . in (0, 00). (1.7.16) 
Oy 
ée=e(0) > — 
E 


Equation (1.7.16), integrated in closed form (note that e 7 isthe integrating factor), 
yields 


ig 
el*g —~a(0) = / e'/* Eé(s)ds + oy (e" = 1) (1.7.17) 
0 
Now, since é(t) = 0 in (0, oo), it is easily shown that the integral in (1.7.17) 


vanishes identically. (One needs to be a bit careful with the singularity of é(f) at 
t = 0.) Consequently, since o (0) = Ee(0) = Eé€o, 


o(t) = [Ee — oyJe* +oy. (1.7.18) 


The stress response given by (1.7.18) is shown in Figure 1.17. Note that the 
stress decays exponentially with time. In fact, as t/t > oo, a(t) > oy. 

From a physical standpoint, it is important to realize that the controlling factor 
in the relaxation process illustrated in Figure 1.17 is the relative time t/t. The 
absolute time ¢t € [0, 00) is regarded as short or long only when compared with 
t = n/E. Equivalently, what counts is the ratio of the viscosity 7 in the dashpot 
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oO 


Ficure 1-17. Stress response in a relaxation test 


to the stiffness E in the spring in the device in Figure 1.14. Because of this, t is 
called the natural relaxation time. 


1.7.1.3. Extensions to account for strain hardening. 


Strain-hardening effects are incorporated in the model outlined above by a pro- 
cedure similar to that discussed in detail in Section 1.2.2.1. The simplest linear 
isotropic hardening model is obtained by appending an internal variable, denoted 
by a, to an evolutionary equation given by 


Bret 0, (1.7.19) 


and modifying the loading function as 
f(o, a) := |o| — [oy + Ka]. (1.7.20) 


The closure of the elastic range is the time-dependent (closed convex) set defined 
by 


ig = {(0,a) Rx R, | f(o,a) < O}. (1.7.21) 


1.7.1.4 The viscoplastic regularization. 


As illustrated in the example 1.7.1.2, within the framework of (rate-dependent) 
viscoplasticity, the variables (o, a) are no longer constrained to lie within the 
closure of the elastic range E,, in sharp contrast with the situation found in the 
rate-independent plasticity model. 

On the other hand, on physical grounds, by inspecting Figure 1.14, one concludes 
that, as 7 — 0, the effect of the dashpot disappears and one recovers the rate— 
independent model illustrated in Figure 1.1. In the next chapter we rigorously 
show that this intuition is correct. This important fact is exploited analytically 
and numerically and leads to the notion of viscoplastic regularization (which is 
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closely related to the Yoshida regularization; see, e.g., Pazy [1983, p.9]) of rate- 
independent plasticity. 
To elaborate further, observe that by setting 
yis (FG, a) (1.7.22) 
q 
the equations of evolution (1.7.7) and (1.7.19) are written as 
eP = y sign(a), 
and (1.7.23) 
a=y, 
which is the exact counterpart of the evolutionary equations of classical rate- 
independent plasticity, but with the Kuhn—Tucker conditions (1.2.26) and the 
consistency condition (1.2.27) now replaced by (1.7.22). 
Because the consistency parameter is no longer determined by the consis- 
tency condition but directly through constitutive equation (1.7.22), one speaks 


of a viscoplastic regularization. For convenience and subsequent reference, the 
one-dimensional viscoplastic model developed above is summarized in BOX 1.6. 


BOX 1.6. One-Dimensional Classical Viscoplasticity. 


1. Elastic stress strain relationship 
o=E (e - e'?) t 
2. Closure of the elastic range and loading function 
No I= {(o,@) € Rx Ry | f (o, a) < 0} 
f(o, a) := |o| - [oy + Ka] d 


3.a. Flow rule and hardening law (Perzyna formulation) 


eve — (f(, a)) 


——  sign(c) 
UT] 
(f (c, @)) 
g= ———. 
UT 
3.b. Flow rule and hardening law (Duvaut—Lions formulation) 
E7 
— [o — Po]: f(o,a) > 0 
eve — T 
0 otherwise, 
a = |e], 


where P : R > dE, is the closest point projection onto 0E,, 


the boundary of the elastic range. 
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1.7.2 Dissipation. A Priori Stability Estimate 


The viscoplastic IBVP consists of the weak form (1.3.11) of the momentum equa- 
tions supplemented by the inelastic constitutive equation summarized in BOX 1.6. 
This problem possesses an a priori energy-decay estimate analogous to that de- 
scribed in Section 1.3.3 for rate-independent plasticity, which is the direct result 
of the mechanical work identity (1.3.17) along with the key property of positive 
mechanical dissipation. 

To arrive at the property of positive dissipation, first we observe that the internal 
energy function Vin (e°, @) and the potential energy V.x:(u) for one-dimensional 
(hardening) viscoplasticty are also given by (1.3.19), assuming dead loading. 
Again the mechanical dissipation Dmech is defined by (1.3.20). Then a computation 
identical to that leading to (1.3.23) gives 


Dinech = / [o éP — Ka a| dx 
B 


7 : [vy flo, a) + y oy] dx (1.7.24) 
B 
with 
_ (Ff, ) 
n 


This expression is rearranged to conclude that, at any time ft € [0, T], 


Dmech = / Y Oy [1 a ny/oy| dx = 0, 
pote. ——— 
= >0 
since (1.7.25) 
a AC) eas 
UT] 


Therefore, mechanical dissipation is a nondecreasing function in time. It was 
pointed out above that, as 7 —> 0, the model of viscoplasticity reduces to the 
classical model of rate-independent plasticity. Moreover, it can be shown that the 
factor y = (f (0, a)) /n remains bounded as the viscosity 7 — 0 and tends to the 
plastic multiplier of the rate-independent theory. Then from expression (1.7.25) we 
conclude that the mechanical dissipation in the viscoplastic model also tends to the 
dissipation of the rate-independent model since the quadratic term n y7/oy > 0 
asn —> 0. 


1.7.2.1 A priori estimate. Uniqueness and contractivity of the IBVP. 


The implications of the dissipation inequality (1.7.25) are the same as those de- 
scribed in Section 1.2.3 for the IBVP of classical rate-dependent plasticity. In 
particular, 
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i. a priori estimate. The mechanical work identity (1.3.17) along with (1.7.25) 
yields the estimate: 


d 
Felts 1 €° 4) = —Drnech <0 forall t € [0, Tl, (1.7.26) 


where L(u, v, €°, a) is the sum of the potential energy of the external loading, the 
internal energy of the system, and the kinetic energy, as defined by (1.3.25). 

ii. uniqueness of the solution to the IBVP. An argument identical to that leading 
to (1.3.31) shows that the difference of two possible solutions to the IBVP for the 
same boundary conditions and the same forcing satisfy the identity 


d 7 ) 
[Pw - 8 + Vinle® — 2] 


< ~ f (rea) [f@. a) — fG.&)] dx 


+ - [\e. a)) [f(G, a) — fo, a)| dx. (1.7.27) 
Now observe that the properties of the function ( - ) imply the relationships 
f(o,a) < (fo, a) 
and (1.7.28) 
f(o, @)(f(o, «)) = [(f(o, «)}]’, 


which hold for both (0, w) and (o, @). By using these relationships in indentity 
(1.7.27) and completing a perfect square, we arrive at the inequality 


d a e Ze 1 eae jg 2 

Alte — 0) + Vin(e® — &)] < -{ Fi [(f(o, w)) — (f(G, &))]° dx < 0. 
(1.7.29) 

If the initial data is the same for both solutions, by integrating (1.7.29) in time, we 

obtain 


0 < T(v — 0) + Vin(e® — &*) < 0. (1.7.30) 


Therefore, T(v — 0) + Vin(e* — &°) = O, and we conclude that the two solu- 
tions must coincide since this quadratic form is positive-definite by virtue of the 
assumptions K > Oand E > 0. 

iii. Contractivity. If the two solutions of the IBVP are obtained for the same 
boundary conditions and the same forcing function but with two different initial 
conditions {uo, vo} and {uo, Uo}, integrating the inequality (1.7.29) in time yields 


T(v — 5) + Vinle® — &) < T(vy — 80) + Vine — &8). (1.7.31) 


Therefore, the difference of the two solutions at any time t € [0, T], measured in 
terms of the kinetic and internal energies, is always less or at most equal to the 
difference of the solutions at time t = 0. Equivalently, finite perturbations in the 
initial data are attenuated in time when measured in terms of energy. 
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1.7.3 An Integration Algorithm for Viscoplasticity 


An algorithm for numerically integrating the viscoplastic constitutive model sum- 
marized in BOX 1.6 is developed at once by exploiting the notion of viscoplastic 
regularization; see Simo, Kennedy, and Govindjee [1988]. An alternative approach 
was proposed by Hughes and Taylor [1978]. 

The basic idea is based on the property that as t/t — «o, the viscoplastic 
solution relaxes to the rate—independent (inviscid) solution. In other words, by a 
slight generalization of the argument in Section 1.7.1.1, we write the viscoplastic 
evolutionary equations as 


E7! 
— Io — Fo] 


“vp 
é 
T UY] 


II 


(1.7.32) 


QR: 
II 


— = [@ — ao] 
T 


where {0,5, Hoo} 1s the solution of the rate—independent model with constitutive 
equations summarized in BOX 1.2. The parameter t = 7/(E+ K) is the relaxation 
time. Thus, now the projection P is now defined by the relationship 


{o, a} +> P{o, a} := {050, Ago} - (1.7.33) 


We remark that {055, oo} is computed in closed form for given {o,,, a, } and given 
Ent] = €, + Aé, by the return-mapping algorithm in BOX 1.4. 
Now, from (1.7.32) and (1.7.2), we obtain the initial value problem 


1 
pel i ea Ta ee cay 
: is (1.7.34) 


1 
ee pet ae, 
T T 


In a computational context, the objective is to determine the variables {o,+1, 
Boas Qn+1} at the end of the time interval [f,, t,11], for given initial data 
{On, En, On} and prescribed strains n+, = €, + Aé,. Thus, the initial conditions 
for (1.7.34) are 


(o, @) Liew = (On, Qn) (given), 
> (1.7.35) 


(e, e"?) |. = (En; ey?) (given). 


We observe that (1.7.34) is a linear differential equation which can be solved 
in closed form for known values {0 9, Goo}. However, {0.5, oo} can be com- 
puted explicitly in closed form by the (first-order accurate) algorithm in BOX 1.4. 
Therefore, consistent with the first-order accuracy of the return-mapping algorithm 
for {00, Moo}, we approximate (1.7.34)-(1.7.35) by an implicit backward-Euler 
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difference scheme as 


At At 
On+1 1+ es = EXE, + On + ioe 


(1.7.36) 
At At 
An+1 1+ — = Ay, + —Agy. 
T T 
By recalling the definition Cake := 0, + EAz, of the trial elastic state and solving 
for (On41, @n+1), we find the closed-form formulas 
om + A 
On41 = —— 
14% 
‘ (1.7.37) 
On + * O50 
Ce a ae ae 


Remarkably, this approach generalizes without modifying the multidimensional 
case. A summary of the procedure is outlined in BOX 1.7. 


BOX 1.7. Algorithm for Viscoplasticity 
Based on the Notion of Viscoplastic Regularization. 


1. Database atx € B: fee an} : 
2. Given strain field atx € B: €n41 = €n + A&y. 
3. Compute rate-independent solution {d5, Goo} 
by the return-mapping algorithm in BOX 1.4. 
4. Perform viscoplastic regularization 
IF f,) < 0 THEN 
Elastic step: EX7T 


ELSE 
UT] 
CS 
E+K 
seat = Ut Boe 
Bsa a er At 
1+ =a 
QA, + * O5, 
ah 4 At 
= 


ery = Ent1 — E on41 
ENDIF 
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1.7.3.1 Algorithmic tangent modulus. 


The finite-element implementation of the viscoplastic constitutive model is iden- 
tical to the one discussed in Section 1.5 for rate—independent plasticity. The only 
change required is the replacement of BOX 1.5 by BOX 1.7 in computing the stress 
update. Then the computational procedure is completed by providing a closed-form 
expression for the algorithmic tangent modulus discussed in Section 1.5.2.3. To 
this end, we differentiate expression (1.7.37) and recall that 


dottial ag” 
eB. and |, de | (1.7.38) 
OEn+1 oO OE s+ Ss 


where Ce. stands for the elastoplastic modulus given by (1.5.36). From 


(1.7.37) and (1.7.38), 


. ial 
90 E iff fox <0 
C= = 4 EF A mi de . (1.7.39) 
0851 mes + iq a Cr be otherwise. 
Tt Ls 


Again this expression generalizes to the multidimensional case without modifica- 
tion. 


Remarks 1.7.1. 

1. Our preceding developments generalize immediately to other forms of hard- 
ening. In particular, kinematic hardening is formulated by introducing the rate 
equations 


g== (fo = 4, @) Hsign(o — q), 
1 
ae (f(o — 4, a)) (1.7.40) 
ae 
fo — 4, a) := |o —q| — loy + Ka], 


where H is the kinematic hardening modulus. 
2. Alternatively, within the context of a Duvaut—Lions type of formulation, we set 


2 
ll 
| 
| 
y 
| 
s 
8 
ale 


a= ‘ [a — Ao] (1.7.41a) 


1.7. One-Dimensional Viscoplasticity 69 


where T is the relaxation time now given by 


oe (1.7.41b) 


E+[H+K] 


and {0o0, oo, Yoo} is the rate-independent solution which obeys the constitutive 
model in BOX 1.3. 

. The algorithmic treatment of (1.7.41) is identical to that summarized in BOX 
1.7, except for the fact that now step 3 is performed by BOX 1.5, and one needs 
to add the following update formula to step 4: 


At 
dn an 74 
ar aes oa a4 (1.7.42) 


We remark that now step 4 is performed with the relaxation time defined by 

(1.7.41b). 

. It can be shown that one arrives at an algorithm identical to that in BOX 1.7 by 

performing the following steps. 

i. Use a backward Euler difference scheme on the Perzyna model given in 

BOX 1.6. 

ii. Fora viscoplastic process it can be shown that one arrives at update formulas 
identical to those of the inviscid return-mapping algorithms in BOX 1.4 (or 
BOX 1.5) but with Ay now given by 


At 
i ae Mt ee (1.7.43) 
1+ At/e E+K+H 


where Ayo is given by either (1.4.22) or (1.4.41), depending on the nature 
of the hardening mechanism. 
iii. By substituting (1.7.43) in the update formulas in BOX 1.4 (or BOX 1.5), 
one obtains the algorithm in BOX 1.7. 
Again, formula (1.7.43) exhibits the fact that, as At/t —> oo, one recov- 
ers the rate-independent limit, in agreement with the notion of viscoplastic 
regularization. 
. From formulas (1.7.39) and expression (1.5.36), since tT = n/(E + K), 


1 At EK 
Cnt1 = [eAge |  @ Bae 
(1.7.44) 
E At 
= 1+ K}. 
1+ At/t n 
Thus, even in the case of a softening material, for which K < 0, 
: ui 
Ciz1 >O0 if At< —¥ (K <0), (1.7.45) 


that is, the (consistent) algorithmic tangent modulus C,,,; is positive for soften- 
ing materials (K < 0) by performing a viscoplastic regularization and choosing 
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At small enough according to the critical limit (1.7.45). Note that this mod- 
ulus ensures that the incremental (algorithmic) problem is hyperbolic. This 
observation, which does not appear well known, is made in Simo [1991]. 


Z 


Classical Rate-Independent Plasticity 
and Viscoplasticity 


In this chapter we summarize the equations of classical rate-independent plasticity 
and its viscoplastic regularization. Our presentation is restricted to an outline of 
the mathematical structure of the governing equations relevant to the numerical 
solution of boundary-value problems and the analysis of numerical algorithms. 

First, for the convenience of the reader, we summarize some basic notation of 
continuum mechanics with attention restricted to the linearized theory. For further 
details we refer to standard textbooks, e.g., Sokolnikoff [1956] or Gurtin [1972]. 
Next, we proceed to outline the basic structure of rate-independent plasticity within 
the classical framework of response functions formulated in stress space, as in Hill 
[1950] or Koiter [1960]. Special attention is given to the proper (and unique) 
formulation of loading/unloading conditions in the so-called Kuhn—Tucker form. 
These are the standard complementarity conditions for problems, such as plasticity, 
subjected to unilateral constraints. This form of loading/unloading conditions is 
in fact classical and has been used by several authors, Koiter [1960] and Maier 
[1970]. Because the algorithmic elastoplastic problem is typically regarded as a 
strain-driven problem, throughout our discussion we adopt the strain tensor as 
the primary (driving) variable. Accordingly, although the response functions are 
formulated in stress space, the theory is essentially equivalent to a strain-space 
formulation. This is the standard point of view adopted in the numerical analysis 
literature, starting from the pioneering work of Wilkins [1964]. Alternative stress- 
space frameworks have been explored by several authors, e.g., Johnson [1977] and 
Simo, Kennedy, and Taylor [1988]. 

We consider the thermodynamic basis of the theory within the context of internal 
variables. As shown subsequently, this structure is important to understand the 
algorithmic structure of the discrete problem. Finally, we examine the case of 
associative plasticity which is intimately connected to the principle of maximum 
plastic dissipation. 

Because of the important role played by the principle of maximum dissipation in 
formulating finite-element approximations, a discussion of this and its equivalence 
with normality, loading/unloading conditions in Kuhn—Tucker form, and convexity 
of the yield surface is included. We conclude the chapter with an outline of the so- 
called viscoplastic regularization leading to the classical viscoplastic constitutive 
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models. As an illustration, we consider in some detail the classical Jz flow theory. 
The algorithmic treatment of this important example is considered in subsequent 
chapters. 


2.1 Review of Some Standard Notation 


Let B Cc R"" be the reference configuration of the body of interest, where 1 < 
Ndim < 3 is the space dimension. We assume that 6 is open and bounded with 
smooth boundary 06 and closure B := BU AB. Let [0,T] Cc R, be the time 
interval of interest, and let 


u:Bx [0,T] > R“™ (2.1.1) 


be the displacement field of particles with reference position x € 6 at time ft € 
[0, T]. We write u(x, t) and denote the infinitesimal strain tensor by 


1 

e=Viu= 5 [vu + (vu) | (2.1.2) 

Relative to the standard basis {e;} in R”“”, 
u = U;je@;j, 
and 
AY 1 

Vou = 5 (uj.j + Uji) e ® ej, (2.1.3) 
where ® denotes a tensor product. Second-order symmetric tensors are linear 
transformations in S, defined as 

S:= {é : R' > R™ |€ is linear, and € = "| ; (2.1.4a) 

This is a vector space with inner product 


é:€=tr [e"é| = E/E; . (2.1.4b) 


With the usual abuse in notation, we often identify S = R"*)/? since any € € S 
has n(n + 1)/2 components &;; € R relative to the standard basis. We denote the 
stress tensor by 


o = O77; © e;. (2.1.5) 
In what follows, we assume that 
0B = 0,B U 0,B 
and (2.1.6) 
WB 0668 = %, 
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where 9d, is the part of 06 where displacements are prescribed as 


u|, , = i (given), (2.1.7) 


whereas 0,8 is the part of 0B where tractions are prescribed as 


(given). (2.1.8) 


=> 
ll 
~! 


Here fi is the field normal to 0,B. 


2.1.1 The Local Form of the IBVP. Elasticity 


Let b(x, t) be the body force per unit of mass, a given vector field defined on 
Bx]0, T[, and denote the mass density by p : B — R. The local forms of the 
momentum equations are 


eee ee a 

— = dlVv 

ar ON ON ae BIO: FL (2.1.9a) 
c=oa'," 


This system of partial differential equations is supplemented by the boundary 
conditions specified by (2.1.7) and (2.1.8) subject to the restrictions (2.1.6) and 
supplemented by the initial data 


u(x, 0) = u(x) 


and (2.1.9b) 
= u(x,0) = vo(x) in B, 


where uo(-) and vo(-) are prescribed functions in B. Equations (2.1.9a,b), together 
with the boundary conditions (2.1.7) and (2.1.8), yield an initial boundary-valued 
problem (IBVP) for the displacement field u(x), when the stress field o is related 
to the the displacement field u through a constitutive equation. 


EXAMPLE: ELASTICITY. The simplest model for a constitutive equation is pro- 
vided by a hyperelastic material, for which the stress response is characterized in 
terms of a stored energy function 


W:BxS>R, (2.1.10) 
such that 
aw [x, 
aOVe ee (2.1.11) 
Ee 


In components, o;; = aw . One calls 
ij 


ow [x, € (x)] 


C(x) := 762 


(2.1.12) 
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agen wast Oe 
the elasticity tensor. In components, ijn = Teste 
Remarks 2.1.1. 
1. Note that C possesses the symmetries 
Cif = Crip = Cite = Chin - (2.1.13) 


2. For the infinitesimal theory, one assumes that C is positive-definite restricted 
to S, Le., 


€:C0: €:= §Cijuéu > BIEL’, (2.1.14) 


for some B > 0 (depending onx € B), and any € € S. Here ||€||? = € : €. 
This condition, also known as pointwise stability (see e.g., Marsden and Hughes 
[1983, Chapter 3]) is equivalent to postulating that W is convex on S. Convexity 
is an unacceptable restriction in the nonlinear theory, see e.g. Ciarlet [1988]. 

3. A weaker condition on W which often holds in the nonlinear theory is the strong 
ellipticity condition: 


aQ@b:C:a@b>allal7||d|’, (2.1.15) 


forsomea > 0 (depending onx € B)andanya, b € R”". Itis easily shown that 
(2.1.14) implies (2.1.15) but not conversely; see Marsden and Hughes [1983, 
Chapter 3]. On the other hand, condition (2.1.15) is equivalent to the require- 
ment that wave speeds in the material are real, i.e., the so-called Hadamard 
condition on the acoustic tensor. 

4. If W does not depend on x € B [that is, 0,W = 0] the material is said to be 
homogeneous. Finally, if W is rotationally invariant, the material is said to be 
isotropic. In addition, if C is constant, the material is said to be linearly elastic 
and one has the classical result 


C =A1@14 2, (2.1.16) 


where 1 = 6;;e; ® e; is the second-order identity tensor, I = 5 [din5j2 + 
516 jx Je; ® €; @ e; @ e; is the fourth-order symmetric identity tensor, and A, 
are the Lamé constants. 

5. The existence theory for linear elasticity along with the numerical implementa- 
tion are most easily formulated in terms of the weak form of the local equations 
(2.1.9), (i.e., the virtual work principle). Similarly, the finite numerical solution 
of this IBVP by finite-element methods relies on the weak formulation of the 
problem. We postpone the discussion of these ideas to Chapter 4. 


The subject of this monograph is the numerical solution of initial boundary-value 
problems for constitutive equations other than the hyperelastic model (2.1.11). Our 
objective is the precise formulation of a particular class of nonlinear constitutive 
equations, known as classical plasticity, and its numerical solution in the context 
of the finite-element method. 
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2.2 Classical Rate-Independent Plasticity 


Below we summarize the governing equations of classical rate-independent plas- 
ticity within the context of the three-dimensional infinitesimal theory. First, we 
consider the classical formulation in stress space and show that the theory con- 
stitutes a straightforward extension of the one-dimensional model motivated in 
detail in Chapter 1. Subsequently, we examine the formulation of the theory in 
strain space. As noted above this is the most suitable framework for computational 
plasticity, given the fact that the computational problem is always regarded as 
strain-driven. 

Throughout our discussion, if no explicit indication of the arguments in a field 
is made, it is understood that the fields wu, €, o and so on, are evaluated at a point 
x € B and at current time t € [0, T], where [0, T] is the time interval of interest 
often taken as the entire R, for convenience. In addition, we denote the strain 
history at a point x € B up to current time t € R, by tT B® é;,(x) = E(x, T), 
where tT € (—on, f]. Typically, one assumes that this mapping is C°. Frequently, 
we shall omit explicit indication of the spatial argument and write tT + e(T) or 
simply use the symbol €,, for tT € (—on, f]. 


2.2.1 Strain-Space and Stress-Space Formulations 


Motivated by our elementary discussion in Chapter 1, from a phenomenological 
point of view we regard plastic flow as an irreversible process in a material body, 
typically a metal, characterized in terms of the history of the strain tensor ¢ and 
two additional variables: the plastic strain €? and a suitable set of internal vari- 
ables generically denoted by a@ and often referred to as hardening parameters. 
Accordingly, in a strain-driven formulation, plastic flow at each pointx € 6B up to 
current time t € R, is described in terms of the histories 


T € (—0O, t] B {e(x, T), EP? (x, T), a(x, t)} . (2.2.1) 


In this context the stress tensor is a dependent function of the variables {¢, €”} 
through the elastic stress-strain relationships, as discussed below. This leads to a 
strain-space formulation of plasticity. Even though we regard (2.2.1) as our basic 
“driving” variables, in classical plasticity the response functions, i.e, the yield 
condition and the flow rule are formulated in stress space in terms of the variables 


TE (—-W,t] b {o(x, T), q(x, t)} ; (2.2.2) 


where o is the stress tensor (a function of {¢, €”}) and gq are internal variables 
which are functions of {€”, a}.* In the following discussion of classical plasticity, 
we adopt this point of view and formulate the response functions in stress space. 
Nevertheless, implicitly we always regard (2.2.1) as the independent variables. 


*TIn the thermodynamic context one thinks of g as “fluxes” conjugate to the affinities a. 
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2.2.2 Stress-Space Governing Equations 


We generalize our one-dimensional model problem in Chapter 1 to the three- 
dimensional setting as follows. 

i. Additive decomposition of the strain tensor. One assumes that the strain 
tensor € can be decomposed into an elastic and plastic part, denoted by e° and e”, 
respectively, according to the relationship 


exe +e? 
ie., (2.2.3) 


ae oe. Pp 
ij => ei; + Ei: 


Since € is regarded as an independent variable and the evolution of €” is defined 
through the flow rule (as discussed below), equation (2.2.3) should be viewed as a 
definition of the elastic strain tensor as e° := € — e?. 

ii. (Elastic) stress response. The stress tensor o is related to the elastic strain 
e° by means of a stored-energy function W : B x S — R according to the 
(hyperelastic) relationship 


aW|[x, e° (x, t)] 
dee 
For linearized elasticity, W is a quadratic form in the elastic strain, i... W = 


se : © : &°, where C is the tensor of elastic moduli which is assumed constant. 
Then equations (2.2.4a) and (2.2.3) imply 


o(x,t) = (2.2.4a) 


o=C:[e-e?], 
re: (2.2.4b) 


Pp 
03; = Cie — &%,)- 


We observe that equations (2.2.4) and the decomposition (2.2.3) are local. There- 
fore, although the total strain is the (symmetric) gradient of the displacement field, 
the elastic strain is not in general the gradient of an elastic displacement field. Note 
further that e€” and, consequently, €° are assumed to be symmetric at the outset, 
ie.,e? € S. Thus, the notion of a plastic spin plays no role in classical plasticity. 


2.2.2.1 Irreversible plastic response. 


The essential feature that characterizes plastic flow is the notion of irreversibility. 
This basic property is built into the formulation through a straightforward extension 
of the ideas discussed in Section 1.2.1.1 of Chapter 1, as follows. 

iii. Elastic domain and yield condition. We define a function f : S x R” > R 
called the yield criterion and constrain the admissible states {0, g} ¢ S x R” in 
stress space to lie in the set E, defined as 


ig = {(0,9q) € Sx R"| fog) < O}. (2.2.5) 
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One refers to the interior of E,, denoted by int (E,) and given by 


int (E,) := {(o, g)e Sx R"| flo.q < 0} ; (2.2.6) 


as the elastic domain; whereas the boundary of E,, denoted by dE, and defined 
as 


Q 


i, = {(0,q) € Sx R"| f(o,q) = O}, (2.2.7) 


= 


is called the yield surface in stress space. As in the one-dimensional case Ez; = 
int (E,) U dE,. Note that states {o, q} outside E, are nonadmissible and are ruled 
out in classical plasticity. 

iv. Flow rule and hardening law. Loading/unloading conditions. Now we in- 
troduce the notion of irreversibility of plastic flow by the following (nonsmooth) 
equations of evolution for {€”, g}, called flow rule and hardening law, respectively; 


ée? = yr(o,q), 


2.2.8 
q = —yhco, q). 


Herer : S x R” > Sandh : S x R” — R" are prescribed functions which 
define the direction of plastic flow and the type of hardening. The parameter y > 0 
is a nonnegative function, called the consistency parameter, which is assumed to 
obey the following Kuhn—Tucker complementarity conditions: 


y20, flo,q) <9, 
and (2.2.9) 


vf(o,q) = 0. 


In addition to conditions (2.2.9), y > 0 satisfies the consistency requirement 


vf(o,q) = 0. (2.2.10) 


In the classical literature, conditions (2.2.9) and (2.2.10) go by the names 
loading/un-loading and consistency conditions, respectively. As already discussed 
in Chapter 1 and further elaborated below, these conditions replicate our intuitive 
notion of plastic loading and elastic unloading. 


2.2.2.2 Interpretation of the Kuhn—Tucker complementarity conditions. 


The following alternative situations which give rise to Figure 2.1 occur. 


a. First consider the case in which {o, g} € int (E,) so that, according to (2.2.6) 
f(o,q) < 0. Therefore, from condition (2.2.9); we conclude that 


yf =Oandf <0 > /y=0. (2.2.11a) 


Then from (2.2.8) it follows that €? = 0 and q = 0. Thus, (2.2.3) yields 
€ = é€°, and the rate form of (2.2.4b) leads to 


o=C:é=C:&. (2.2.11b) 
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In view of (2.2.11b) we call this type of response instantaneously elastic. 

b. Now suppose that {o, gq} € dE which, in view of (2.2.7), implies that f(a, q) = 
0. Then condition (2.2.9); is automatically satisfied even if y > 0. Whether y 
is actually positive or zero is concluded from condition (2.2.10). Two situations 


can arise. 


i.a. First, if f (o, q) < 0, from condition (2.2.10) we conclude that 


yf =Oandf <0 > |y =0. 


(2.2.12) 


Thus, again from (2.2.8) it follows thate? = Oandg = 0. Since (2.2.11b) 
holds and (o, q) is on JE,, this type of response is called unloading from 


a plastic state. 


ii.b. Second, if f (o, q) = 0, condition (2.2.10) is automatically satisfied. If 
y > 0, then e? 4 0 and gq # 0, a situation called plastic loading. The 


case y = 0 (and f = 0) is termed neutral loading. 


To summarize the preceding discussion we have the following possible situations 


and corresponding definitions for any (a, qg) € E,: 


f <0 <=> (0,q) € int (B,) = = 0 (elastic) 


‘i < 0 => y = 0 elastic unloading) 


f=0< > (2,9) € JE, { f =Oand y = 0 (neutral loading) 


f =Oand y > 0 (plastic loading). 


(2.2.13) 


We observe that the possibility f > 0 has been excluded from the analysis 


above. Intuitively, it is clear that if f(o, qg) > 0 for some (a, q) € 9 


1, at some 


timet € R,, then condition f < 0 would be violated at a neighboring subsequent 


time; see Figure 2.2. A formal argument is given in the following 


Lemma 2.2.1. Lett + {o7, qr} fort € (—©, ft] be the history in stress space 


up to current time t € R4. Set 


FO := flora), 


(2.2.14a) 


and assume that (o;, q;) is on OE, so that F(t) = 0. Then the time derivative of 


F(t) cannot be positive, i.e., 


if F(t) = Oatt € R, then F(t) < 0. 


(2.2.14) 


PROOF. Assuming that F(e) is smooth, the result follows from elementary 


considerations. In fact, for ¢ > t by Taylor’s formula, 


’ 


FO) = FO +l -—NFO +0 |e -t? 


(2.2.14) 
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JEs (f = 0) 


f > 0 [NON-ADMISSIBLE] 


FiGure 2-1. Illustration of the elastic domain and admissible states in stress space. 


where, by definition, Ol¢ —t|?/[¢ —t] > Oast¢ — t. Nowsince F(o) < Oand 
f@) = 0, dividing (2.2.14c) by [¢ — t] leads to the inequality 


Ole — 17 

——_—_—. 2.2.15 
FOP ag (2.2.15) 

Then the result follows by taking the limit of (2.2.15) as [¢ — t] > 0. 

f(r) 

f(t) >0 
f(t) =0 —>T 

f(t) <0 


FiGuRE 2-2. Illustration of the fact that f(t) < 0. 
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The consistency condition (2.2.10) enables us to relate y to the current strain 
rate and results in an alternative formulation of the loading/unloading conditions 
closely related to expressions found in the classical literature. 


2.2.2.3, Consistency condition and elastoplastic tangent moduli. 


To exploit condition (2.2.10), we start out by evaluating the time derivative of f 
at (o, q) € E,. Using the chain rule, along with the rate forms of the stress-strain 
relationship (2.2.4), the flow rule, and the hardening law in (2.2.8), we find that 


f= fiotaf-| 
=0,f:C:[é—ée']+af-q 
=d,f:C:é-ylief:C:r+af-h] <0. (2.2.16) 

To carry our analysis further we need to make an additional assumption about 


the structure of the flow rule and hardening law in (2.2.8). Explicitly, we make the 
following hypothesis. 


Assumption 2.1. The flow rule, hardening law, and yield condition in stress space 
are such that the following inequality holds: 


[anf :C:rt+a,f-h| > 0, G217) 


for all admissible states {o, gq} € OEg. 


We will see below that this assumption always holds for associative perfect 
plasticity. With such an assumption in hand, it follows from (2.2.10) that 


. (dof :C: é) 
=0<—sy= : 2.2.18 
f Y= o,f :C:rto,f-h Can”) 
where (x) := [x + |x|]/2 denotes the ramp function. In view of (2.2.17) and 
(2.2.18), we also conclude that 
for f = Oand f = 0, 
t f (2.2.19) 


y>O0— af :C:é20. 


This relationship provides a useful geometric interpretation of the plastic loading 
and neutral loading conditions in (2.2.13) which are illustrated in Figure 2.3. Plastic 
loading or neutral loading takes place at a point (a, qg) € OE, if the angle in the 
inner product defined by the elasticity tensor C between the normal dg f (a, g) to 
"a at (o, qg) and the strain rate € is less or equal than 90°. 

Finally, according to (2.2.4) and (2.2.8), 


o=C:[é-é’] =C: [é- yr]. (2.2.20) 


Q 
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Oks 


FIGURE 2-3. Plastic loading at (0, q) € dE, takes place if the angle © defined as O := 
af :C: é/ laf :C:a, fl? [é:C : é]2 is such that < 7/2. 


Then substituting (2.2.18) in (2.2.20) then yields the rate of change of o in terms 
of the total strain rate € as 


o=C?:é, (2.2.21) 


where C*? is the so-called tensor of tangent elastoplastic moduli given by the 
expression 


Cc ify = 0, 
ce? — c - roe: = , a) (2.2.22) 
oO . . qd. . 


Note that C*? is generally nonsymmetric for arbitrary r(o, q), except in the case 
for which 


r(o,q) = io f (0, q), (2.2.23) 


which has special significance and is called an associative flow rule. 


Remarks 2.2.1. 

1. The analysis of Section 2.2.2.3, leading to expressions (2.2.18) and (2.2.19), 
relies crucially on Assumption 2.1. This assumption is also necessary to es- 
tablish the equivalence between the Kuhn—Tucker complementarity conditions 
and the classical loading/unloading conditions in strain space, which are essen- 
tially equivalent to (2.2.19). Further discussion on the alternative formulations 
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of the loading/unloading conditions is deferred to Section 2.2.3.1. A simple 
one-dimensional interpretation of Assumption 2.1 is also given there. 

2. A more fundamental interpretation of the associative flow rule (2.2.23) is given 
below where we show that the flow rule (2.2.23) and a particular form of the 
hardening law are the result of a classical hypothesis known as the principle of 
maximum plastic dissipation (or maximum entropy production). 

3. For perfect plasticity, characterized by h = 0, Assumption 2.1 always holds 
provided that the flow rule is associative. This conclusion is the direct result of 
the positive definiteness (or pointwise stability) of the elasticity tensor C since, 
for h = 0, (2.2.17) reduces to 


Io f :C: dof = Bllacf ll? > 0, (2.2.24) 


where 6 > 0 is the ellipticity constant. Recall that positive definiteness of C 
holds for any symmetric tensor € € S, in particular, for € = 0, f. 

4. Expression (2.2.22) clearly exhibits the fact that the formulation outlined above 
is indeed rate-independent in the sense that the stress rate depends linearly on the 
strain rate. The rate-dependent version of the theory, known as viscoplasticity, 
is considered in Section 2.7. 


For the reader’s convenience and subsequent reference, we have summarized 
the basic governing equations of general rate-independent plasticity in BOX 2.1. 


2.2.3 Strain-Space Formulation 


A strain space formulation of the classical model outlined in BOX 2.1 is derived 
by substituting the elastic stress-strain relationship (2.2.4) in the yield condition, 
flow rule, and hardening law to obtain 


fe, e?, q) = Sld-W(e =z e?), ql. 
r(e, €?, gq) := rld-W(e — €”), q], (2.2.25) 
hie, €”, q) := h[d.W(e — €”), q). 


Despite some claims in the literature, note that on physical grounds it is difficult 
to justify the a priori formulation of the response functions in strain space. In fact, 
all the yield conditions typically used in metal plasticity, notably the Mises—Huber 
yield criterion and the Tresca yield condition or variants thereof, are formulated 
in stress space. 

By using the chain rule and the change of variable formulas (2.2.25), itis possible 
to recast the developments of the preceding section entirely in strain space. In 
particular, from (2.2.25) we note the relationship 


d-f =C: dof. (2.2.26) 
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BOX 2.1. Classical Rate-Independent Plasticity 


i. Elastic stress-strain relationships 
- dW(e — e€?) 
7 de 
a?W(e — €?) 


Cc: = ——~— = constant (elastic moduli). 
de? 


=C: (e-€?) 


ii. Elastic domain in stress space (single surface) 
ir = {(0,9) € Sx R"| fo.@ < Of. 


iii. Flow rule and hardening law 


iii.a. General nonassociative model 
e? = yr(o,q) 


iii.b. (Particular) associative case 
ae 


"86 
Apel 


C= ag 
D = matrix of generalized plastic moduli. 


iv. Kuhn—Tucker loading/unloading (complementarity) conditions 
y 20, flo,g) <9, yf(o,q =9. 


y. Consistency condition 


By substituting (2.2.26) in (2.2.18), we obtain the strain-space expression 


=< Out Se 
f RS ye, 
def i:r+o,f -h 


so that the counterpart of (2.2.19) in strain space becomes 
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(2.2.27) 


y>0<— af :é>0, for f =Oandf —0. (2.2.28) 


Finally, we remark that the validity of the two expressions above relies on the 
counterpart in strain space of Assumption 2.1 which now takes the form 
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Assumption 2.1*. The yield condition, flow rule, and hardening law in strain 
space are assumed to obey the inequality 


def :F+a,f -h > 0, (2.2.29) 
for all admissible states {e, e”, gq} € E,, where 
i {(e, e’,gveSxSx R"| fle, e?, 9g) < o| : (2.2.30) 


is the elastic domain in strain space. 


2.2.3.1 Alternative formulation of the loading/unloading conditions. 


In the constitutive theory outline above and summarized in BOX 2.1, the 
loading/unloading conditions are formulated as Kuhn—Tucker complementarity 
conditions, a form which is standard for problems subject to unilateral constraints. 
We show below that this form of the loading/unloading conditions is equivalent to 
two alternative characterizations of plastic loadings. 

i. Strain-space loading/unloading conditions, as discussed in Naghdi and Trapp 
[1975] or Casey and Naghdi [1981, 1983a,b], are formulated as follows. 


f <0 (elastic) 


Lise 30 (elastic unloading) 


es 7 (2.2.31) 
f =Oand } a-f:6¢=0 (neutral loading) 


Ife =0 (plastic loading). 


In view of relationship (2.2.28), it is apparent that these conditions are equiva- 
lent to conditions (2.2.13) and, therefore, equivalent to the classical Kuhn—Tucker 
conditions. 

ii. The rate-of-trial-stress condition. Alternatively, loading/unloading conditions 
are formulated in terms of the so-called rate-of-trial-stress defined as 


ol -— C: é, (2.2.32) 


by declaring a process plastic whenever 


f(o,q) = 9, 
and (2.2.33) 
ag f(a, gq): ot s 0. 


The fact that this condition is equivalent to the Kuhn—Tucker conditions follows 
at once from (2.2.32) and (2.2.18) by noting that, for f(a, g) = 0, 


poe gies = Inf ane 
~ v aGf © :rtajf-h 


(2.2.34) 
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Consequently, since Assumption 2.1 holds, 


y>0<—4,f:o™ > 0, for f = f =0, (2.2.35) 


and the equivalence between (2.2.33) and the Kuhn—Tucker conditions follows. 
The simple geometric interpretation of o"! := C : é should be noted and is 
illustrated in Figure 2.4. We observe that C : é is the rate of stress obtained 
by “freezing” the evolution of plastic flow and internal variables (i.e., by setting 
é? = 0 and gq = 0) hence the name “rate-of-trial (elastic) stress.” 

As motivated in Chapter 1 and discussed in detail in Chapter 3, the notion of trial 
elastic state arises naturally in the context of the algorithmic treatment of the elasto- 
plastic problem and can be rigorously justified as a product formula based on an 
elastic-plastic operator split. In the computational literature, use of the algorithmic 
counterpart of the rate-of-trial-stress condition goes back to the pioneering work 
of Wilkins [1964] on the now classical radial return algorithm for Jz flow theory. 
The notion was subsequently formalized independently by Moreau [1976,1977] 
who coined the expression “catching-up-algorithm.” The explicit formulation of 
the loading condition in the form (2.2.33) is found in Hughes [1984]. 


2.2.4 An Elementary Example: 1-D Plasticity 


First we illustrate the general formulation outlined above by returning to our el- 
ementary example of Chapter 1 of a one-dimensional bar occupying an interval 
B = [0, L]. Our objective is to examine in a simple context the significance of 


JE, (f = 0) 


FiGuRE 2-4. Interpretation of the loading/unloading conditions in terms of the trial elastic 


stress 0! 
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Assumption 2.1 based on which the equivalence between the Kuhn—Tucker con- 
ditions and the strain space (or rate-of-trial-stress) loading/unloading conditions 
was established. 


2.2.4.1 Particularization of the general model. 
To bring the general model in BOX 2.1 into correspondence with that of BOX 
1.3 in Chapter 1, we let {o, ¢, e”?} be simply {o, ©, e?}. Further, we define a 
two-dimensional vector of internal variables as 


q= ee => m=2. (2.2.36) 


Now, we specify the yield criterion as 


f,@ :=|o+q@\+qi—oy <0. (2.2.37) 


Finally, we specify the flow rule and hardening law by setting 


r(o,q) := sign[o + q2] 
ci ‘ (2.2.38) 
mio.as= | 4 eres 


Obviously, in the present one-dimensional context the elastic moduli C reduce to 
E. We also observe from (2.2.37) that 


dof = signlo + qo]; 
and ; (2.2.39) 
ae ee are . 


From the preceding expressions and BOX 1.3 in Chapter 1, we conclude that the 
general model in BOX 2.1 reduces to the one-dimensional, kinematic/isotropic 
model by identifying the back stress with —gqz and the equivalent plastic strain 
with —q,/K. Note further that, in view of (2.2.38)-(2.2.39), expression (2.2.18) 
becomes 


sign [o + qo]Eé 
E (sign [o + pl)” +K+H (sign lo + wl) 


E sign[o + q2] (2.2.40) 


é 
[E+H+4+K] 


which coincides with (1.2.46) of Chapter 1 under our identification of the back 
stress q as —q2. 
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Remarks 2.2.2. 
1. From expression (2.2.38) and (2.2.39), it follows that the flow rule and hardening 
law can be written as 


: of 

P— ae eek 
: ae 

; of 

TN tae 

q (2.2.41) 

and 

__| Kk 0 
D:= E ae 


Therefore, the flow rule is associative. 
2. Suppose that we define an alternative set of internal variables in strain space, 
denoted by a := [a a2], through the relationship 


q = —Da —} a= -D"'4. (2.2.42) 


Then, the flow rule and hardening law given by (2.2.41);.2, respectively, take 
the suggestive forms 


Seah 
da’ 
and (2.2.43) 
ers 
=y 3g y 
It follows from (2.2.43) and (2.2.39) that @; = y,ie., a) = —K~'q, co- 


incides with the equivalent plastic strain as defined by equation (1.2.24) of 
Chapter 1. Note that the evolutionary equations for {e”, a} are both associative 
in the sense that the yield criterion f(o, q) in stress space is a potential in the 
sense of (2.2.43) for both e? and a. As elaborated in detail in Section 6, this 
model is said to obey the principle of maximum plastic dissipation. 

3. Finally from (2.2.42) and the stress-strain relationship o = Ele — ¢?], we 
observe that 

dW(e — e€?) 
de 

and (2.2.44) 


_ dH (a) 
0a 


> 


where W(e — €?”) is the elastic stored-energy function and 1{(q) is a potential 
defined, respectively, as 


Wis:= aC — eP)E(e — €?); 
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and (2.2.45) 
1 


H= 5 a’ Da. 


The significance of this potential is explored in detail in Section 6. 


2.2.4.2 Significance of Assumption 2.1. 


The developments above enable us to provide a simple interpretation of 
Assumption 2.1. By substituting (2.2.38) and (2.2.39) in (2.2.17), we obtain 


Gof Cir if -h= E+ (Lsiento + al} § rege ea 


=E+ [K + (sign [o + wl) u| 
=E+[H+K|>0. (2.2.46) 


The significance of this condition is easily appreciated by inspecting Figure 2.5. 
Condition (2.2.46) places a restriction on the amount of allowable softening in the 
sense that 


[H +K]>—E —> E® > —oo, (2.2.47) 


where E*? is defined by (1.2.47) of Chapter 1 or in the general case by (2.2.22). 
It should be noted that the classical uniqueness condition places a much stronger 
restriction on the formulation than Assumption 2.1. In effect, a sufficient condition 


pe - IK +H] 


2 SS SS) 
E+(Kk+dH] 


ISP —, —w 


E® < 0 (softening) 


FiGure 2-5. Assumption 2.1 places a limit on the amount of allowable softening in the 
model. 
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for uniqueness of the elastoplastic boundary value problem is that the second-order 
work density be nonnegative (see Hill [1950]), i.e., 


1 
OW := ae :é€>0. (2.2.48) 


This condition admits a simple interpretation in the context of the one-dimensional 
problem. From (1.2.47) of Chapter 1 and (2.2.48) we find that 


E[K + H] 


3\2 
= — i _(¢)/ > 0&5 /K+H > 0. 2.2.49 
E+(K+H)° ( ) 


Thus, the uniqueness condition precludes the presence of a softening response. 
The derivation of the three-dimensional counterpart of this result follows exactly 
the same lines as above. 


2.2.4.3, Remark on sign convention. 


Note that the internal variable gz, which corresponds to the back stress in the present 
context, differs from our definition in Chapter 1 by a minus sign. The reason for this 
change in sign convention lies in the thermodynamic interpretation of the general 
theory discussed in Section 5 below. In particular, note that this convention leads to 
a positive-definite matrix of plastic moduli D defined by (2.2.41)3. Other choices 
of sign convention, however, are possible. 


2.3 Plane Strain and 3-D, Classical Jy Flow Theory 


We summarize below the classical model of metal plasticity for plane-strain or 
three-dimensional problems. This model is obtained by specializing the framework 
outlined in Section 2. The plane-stress case warrants special treatment and is 
considered in the following section. 


2.3.1 Perfect Plasticity 


The classical Prandl—Reuss equations of perfect plasticity are obtained by 
introducing the following assumptions: 


1. linear isotropic elastic response, 
2. Huber—von Mises yield condition, i.e., f(a) := Jloll? - £ (tr [o])? — R, 
where R: = ./2oy is the radius of the yield surface and oy is the flow stress; 


. associative Levy-Saint Venant flow rule,; and 
4. no hardening, ie.,h = 0. 


WwW 
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From these assumptions it follows that the plastic-strain rate is given by the 
evolutionary equation 
1 
o— ;z(tr[o])1 dev[a] 


y (2.3.1) 
Jilel? = dartoy? — Maevlerl 


eP=yVf(o)=y 


where dev[e] := (e) — ; (tr [e])1 denotes the deviator of the indicated argument. 
Since tr [€”?] = 0, by particularizing equation (2.2.18), we obtain the following 
expression for the consistency parameter: 


y=n:é, 


where 


dev[a] 


east eee cic 2.3.2 
" Tdevioll vee 


Finally, by particularizing the general expression (2.2.22), we arrive at the 
following expression for the elastoplastic tangent moduli: 


CP = «1@1+4+ 2u[I- 41@1—n@ni, for y > 0, (2.3.3) 


where kK: = A+ 5 ju > Ois the bulk modulus, Tis the fourth-order symmetric unit 
tensor, and 1 the second-order symmetric unit tensor. 


2.3.2 Jy Flow Theory with Isotropic/Kinematic Hardening 


A choice of internal plastic variables which is typically of metal plasticity is g := 
{a, 3}. Here, w is the equivalent plastic strain that defines isotropic hardening of 
the von Mises yield surface, and defines the center of the von Mises yield surface 
in stress deviator space. The resulting J2-plasticity model has the following yield 
condition flow rule and hardening law: 


nN := dev[a] — B, tr [GB] = 0, 


flog) = nll — [2 Ko), 


SP 
Nall , (2.3.4) 
/ n 
B=y5H' (a), 
: II7ll 
w= yy 2. 


The functions K’(a@) and H’(q@) are called the isotropic and kinematic hardening 
modulus, respectively. Since ||é”|| = y, relationship (2.3.4)5 implies that 


a(t) =i J 2le’@ldr, (2.3.5) 
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which agrees with the usual definition of equivalent plastic strain. Alternatively, one 
may use the notion of equivalent plastic work, e.g., see Naghdi [1960], Kachanov 
[1974] or Malvern [1969] to characterize hardening. In applications to metal 
plasticity, it is often assumed that the isotropic hardening is linear of the form 
K(a) = oy + Ka, where K = constant, and oy is the flow stress. Alternatively, 
the following form of combined kinematic/isotropic hardening laws is widely used 
in computational implementations; see, e.g., Hughes [1984], 


H'(a@) = (1-6)H, 


_ (2.3.6) 
K(a) = [oy + 0Ha], 6 € (0, 1], 


where H = constant. The assumption of a constant kinematic hardening modulus 
leads to the so-called Prager-Ziegler rule discussed in Chapter 1. More generally, 
nonlinear isotropic hardening models are often considered in which a saturation 
hardening term of the exponential type, as in Voce [1955], is appended to the linear 
term, i.e., 


K(a) := oy + 0@Ha + (Koo — Ko)[1 — exp(—da)] |, (2.3.7) 


where H > 0, Kx > Ko > 0, and 6 > O are material constants. 
Now, the plastic consistency parameter given by (2.2.18) in the general case 
takes the explicit form 


(n: €) 
Y= 7 WHR’ 
eae 


where 


1 


n:= —. (2.3.8) 
I|771| 


Note that since tr [mn] = 0, it follows that m: € = n: dev[é]. Finally, for (vy) = 
y = 0,ie., for plastic loading, the elastoplastic tangent moduli are obtained from 
(2.2.22) as 


n@n 
1 H'+K’' 
3u 


C? = «1@1+2u/I- 41@1- , fory > 0.] (2.3.9) 


2.4 Plane-Stress Jy Flow Theory 


In this example we cast the basic equations resulting from the plane-stress con- 
straint 03; = 0 fori = 1, 2,3 in the general format of Section 2. This form of 
the equations plays a crucial role in the algorithmic treatment of the plane-stress 
problem. 


92 2. Classical Rate-Independent Plasticity and Viscoplasticity 


2.4.1 Projection onto the Plane-Stress Subspace 


Recall that we denote the vector space of symmetric second order tensors by S. This 
symmetry condition implies that dim [S] = 6. The plane-stress subspace, denoted 
by Sp C S in what follows, is obtained from S by appending three additional 
constraints as 


Sp — {o ES | 013 = 0233 = 03 = O}. (2.4.1) 


Similarly, the subspace of deviatoric symmetric second-order tensors, denoted by 
Sp C Sin what follows, is defined by appending three additional constraints on 
S; 

Sp :={s eS | 513 = 593 = O,7 tr[s]:= sy, = O}. (2.4.2) 


Hence, dim [S P| = dim [S p| = 3.SincebothSp Cc SandSp C Sareisomorphic 
to R?, it is convenient to introduce vector notation and expresso € Spands € Sp 
as 


o: = [on on or)’, 
and (2.4.3) 
Si= [si S22 sy]. 


The mapping P:Sp > Sp connecting the constrained stress tensor 0 € Sp 
and its deviator s: = dev[o] € Sp plays a crucial role in what follows. In matrix 
notation 


s= dev[o] = Po, 


where 
7 2 -1 0 
P := i -1 2 O}. (2.4.4) 
0 0 3 


Observe that although the component s33 is nonzero, it need not be explicitly 
included in (2.4.3). It should be noted that P is not a projection, i.ec., PP 4 P. 


2.4.2 Constrained Plane-Stress Equations 


Now we now formulate the basic equations with the plane-stress condition auto- 
matically enforced. To this end, in place of the deviatoric back stress 3 € Sp with 
components f;; we introduce a vector 3 € Sp defined by the relationship 


- - - T -~ ~ ~ ~ ~ 
[Bur Bo2 Bio] =: PB, 8 := [Bu Bx Bri’. (2.4.5) 
In addition, following standard conventions, we collect the components ¢;; of the 
strain tensor € € S in vector form as 


e:= [eu ex en)", 
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and 
e?: = [e? &f, 2€?,]’, (2.4.6) 


where we have adopted the convention of multiplying the shear-strain component 
€12 by a factor of two. This convention is motivated as follows. Recall that the 
stress power is defined by the pairing (e, e)s : S x S — R according to the 
relationship (0, €)g: = o'/€;;. In terms of the vector notation introduced above, 
then the stress power restricted to Sp x S takes the simple form 


(0, é)g = o'é, foro € Sp andé €S. (2.4.7) 


Again we observe that €33 ~ 0 does not appear explicitly since 033 = 0. To 
formulate the plane-stress version of Jz flow theory directly in Sp, we also need 
to consider strain deviators, which are written in vector notation as 


dev[e]: 


eq: 


[ei e22 2e1]", 


1 
€4. — ztr[e], 


II 


II 


(2.4.8) 
and 


: 1 
€70:= €22 — ztr[e], 


where, once more, the component e33 is omitted. Finally, to conveniently express 
strain deviators in terms of stress deviators and account for the factor of two in the 
shear strain component, we modify P in (2.4.4) and set 


2 -1 0 
Pe Ot’ 2-0). (2.4.9) 
0 0 6 


With these notations in hand, the basic equations (2.3.4) of three-dimensional J) 
flow theory are recast in the general format of Section 2 as follows: 


e=e°+e?, 


n= o— B, 

o = Ce’," 

iP = py: (2.4.10) 
B=yiH'n, 


f = VJ Pn—- 3 K@) <0. 
Here, C is the elastic constitutive matrix for plane stress, and for convenience we 


have set 7) := o — B. Further, by using the flow rule (2.4.10)4 and relationship 
(2.4.4) for the stress deviator, the evolution of the equivalent plastic strain defined 


by (2.3.4)5 is rephrased as 
& = yy 2n'Pn. (2.4.11) 
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Now equations (2.4.9)-(2.4.11) are in a form which is ideally suited for applying 
the general return-mapping algorithms discussed in the next chapter. 


2.4.2.1 Simultaneous diagonalization. 


For the case of isotropic elasticity the constitutive matrix C and the projec- 
tion matrix P have the same characteristic subspaces and, therefore, are easily 
diagonalized. In fact, their spectral decompositions take the following form 


P = QApQ’, 
anid (2.4.12a) 
C= QAcQ’. 


where the orthogonal matrix Q@~'! = Q’ and the constitutive matrix C are given 
by the expressions 


1 1 1 0 
Q= —|-1 1 0}, 
210 0 v2 
and 
E 1 ov 0 
CS | 0 i (2.4.12b) 
1— v2 l-v 
00 > 
where v is the Poisson ratio. The diagonal matrices Ap and Ac are expressed as 
+ 00 
Ap =]0 1 Of, 
0 0 2 
and 
~ 0 0 
Ac = 0) 2u OO]. (2.4.12c) 
0 0 pw 


Since P and C have the same eigenvectors, it follows that PC = CP, that is, P 
and C commute. 


Remarks 2.4.1. 

1. For isotropic elasticity, the properties recorded above play a crucial role in the 
implementing the algorithm discussed in Chapter 3. 

2. It should be noted that the strain components €33, €{,, and €4, do not appear 
explicitly in the formulation. These are dependent variables obtained from 
the basic variables {€, €”, a}, the plane-stress condition, and the condition 
of isochoric plastic flow. For the case of isotropic elasticity, 


v 
e _ e e 
ea ren (et, + €29) 
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and 
633 = —€], — &p- (2.4.13) 


Then the total strain €33 follows simply as €33 = €33 + a: 


We conclude this example by recording the expression for the elastoplastic 
tangent moduli. From (2.2.18), the plastic consistency parameter is given by 


(n' PCé) 

ee eee 2.4.14 

* nTPCPn(l + B) oe 
where we have set 

gn 2 Kt HDy? 

ie eee 2.4.15 
and a 
f :=<Vn'Pn. 


Finally, expression (2.2.22) for the elastoplastic tangent moduli in the present 
context takes the following form 


nen 
1+ 8 


, fory > 0, 


where 


PRO ee a (2.4.16) 


Vi PCP 


Here C is the matrix of elastic moduli in plane stress which is given by (2.4.12b). 
for the case of isotropic elasticity. 


2.5 General Quadratic Model of Classical Plasticity 


The examples considered in the preceding sections are generalized to the case 
of a yield condition defined by a general quadratic form. This form of classical 
plasticity includes a special case that most of the rate-independent plasticity models 
use in practice. In particular, by suitably restricting the quadratic form that defines 
the yield condition, one can recover the Mises—Huber yield criterion both in plane 
strain and plane stress, as discussed in the two examples above, and also the 
anisotropic criterion of Hill [1950], or the general anisotropic yield condition of 
Tsai and Wu [1971]. 
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2.5.1 The Yield Criterion. 


Let A be a symmetric (positive-definite) fourth-order tensor and, as before, let oy 
be the flow stress. We consider a yield criterion of the form 


o(a) :=Vao:A:oa 
f(o, a) := ¢(a) -— [Ka + oy] <0. 


(2.5.1) 


Here, a stands for a hardening variable which models isotropic hardening with 
evolution defined below, and K is the (isotropic) plastic hardening modulus. If 
K < 0, we speak of a strain-softening response. Observe that the function ¢(@) 
satisfies the following property: 

i. Degree-one homogeneity. Recall that a function ¢(o) defined on S is said to 
be homogeneous of degree one if the following condition holds: 


OPIN so =e Big fopalle Se (2.5.2) 
00 
For the function ¢(-) defined by (2.5.1), 
dp(o) _ A:o do(0) TA 
do —ss Jo : Ao a do Fees 


so that condition (2.5.2) holds. 


2.5.2 Evolution Equations. Elastoplastic Moduli. 


The elastic stress-strain relationships and the expression connecting the stress-like 
and strain-like hardening variables are given by 


o° 4 


pees (2.5.4) 


where C denotes the tensor of elastic constants. In terms of the variable g defined 
by (2.5.4), the yield condition (2.5.1)2 then reads 
f(o,q) := (0) +q -—oy <0. (2.5.5) 


We define the evolution of €? by the associative flow rule 


OF egy a (2.5.6) 


ePa=y 


do 


where y > 0. The evolution of the hardening variable a is assumed to be given 
by the rate equation 


a= Ver: A! eray. (2.5.7a) 


2.5. General Quadratic Model of Classical Plasticity 97 


Since df (oa, q)/0q = 1, it follows from (2.5.7a) that the hardening law is also 
associative in the sense that 


Cay. (2.5.7b) 


Finally, as usual, the loading/unloading conditions are formulated in Kuhn—Tucker 
form as 


y = 0; 
f(e,q) <9, 
and (2.5.8a) 
yf(o,q) = 0, 
where the actual value of y is determined from the consistency requirement 
yflo,qg)=0 if f(o,q) =0. (2.5.8b) 


Finally, the elastoplastic moduli are obtained by specializing the general expression 
given in (2.2.22). Using the preceding relationships, an easy manipulation yields 
the result 


c C:[A: co] @C:[A: oa] (2.5.9) 


Cre if 0 
[A:o]:C:/A:cl+Klo:Ac] 


Observe that this expression gives symmetric elastoplastic moduli, agreeing with 
the associative character of the model under consideration. 


Remarks 2.5.1. 

1. It should be noted that one can use either a or q, as defined by (2.5.4)2, to 
formulate the (isotropic) hardening law. The reasons for introducing g become 
apparent in the development that follows. 

2. Extension of the model to account for other types of hardening is straightfor- 
ward; in particular, we may formulate a kinematic hardening rule by introducing 
an additional internal variable g with an evolution equation of the form 

q:=—Ha, | 

(2.5.10a) 


a=eé?. 


Then, in view of (2.5.7b) and (2.5.10a), the hardening law is formulated as 
follows. Set 


qi= (2.5.10b) 
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and 


Then the hardening law becomes 


ad ’ 
ay EOE casi. (2.5.10c) 
dq 
where f(a, q) is the yield condition now defined as 
f(o,q) ‘= ¢(9 —g)+q —oy <0. (2.5.10d) 


All the results discussed below carry over to this more general constitutive 
model without essential modification. 


2.6 The Principle of Maximum Plastic Dissipation 


The principle of maximum plastic dissipation, often credited to von Mises (see Hill 
[1950], page 60), and subsequently considered by several authors, Mandel [1964] 
and Lubliner [1984,1986], plays a crucial role in the variational formulation of 
plasticity discussed in Chapter 5 which is the cornerstone of the finite-element 
approximation discussed subsequently. This principle is central in the modern 
mathematical formulation of plasticity; see e.g., Duvaut and Lions [1972], Johnson 
[1976,1978], Moreau [1976], and the recent account of Temam [1985]. Our pre- 
sentation employing Lagrange multipliers and optimality conditions provides new 
insights into the fundamental role of this principle. For instance, loading/unloading 
conditions follow as part of the optimality conditions. To motivate our discussion, 
first we consider the case of perfect plasticity. 


2.6.1 Classical Formulation. Perfect Plasticity 


In its local form, the principle of maximum plastic dissipation states that, for given 
plastic strains €”? among all possible stresses 7 satisfying the yield criterion, the 
plastic dissipation, which is now given for perfect plasticity (i.e., ¢ = 0) by 


Die haa 2°, (2.6.1) 


attains its maximum for the actual stress tensor o, that is, let E, be the closure of 
the elastic range in stress space which we recall is defined as 


fo: = {TES| f(r < O}. (2.6.2) 


Then, the actual stress o € E, is the argument of the maximum principle 


D’[o; €?] = MAX {D?[r; e?]} . (2.6.3) 


TE lhe 
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The fundamental significance of this principle lies in the following classical result 
which completely defines the flow rule for a given yield condition. 


Proposition 2.6.1. Maximum plastic dissipation implies 

a. associative flow rule in stress space; a condition which is often called normality 
in stress space, 

b. loading/unloading conditions in Kuhn—Tucker complementarity form, and 


_ 


c. convexity of the elastic range Eg. 


PROOF. To prove (i) and (ii), we use the classical method of Lagrange multipli- 
ers, as follows. First, we transform the maximization principle into a minimization 
principle merely by changing the sign and considering as objective function 
—D?[r; €?]. Next, we transform the constraint minimization problem into an 
unconstrained problem by introducing the cone of Lagrange multipliers 


K?: = {6 € L?(B) | 6 = 0}, (2.6.4) 
and considering the Lagrangian functional £?:S x K? x S > R defined as 
LP (r, b; €?): = —7:€? + bf (7), (2.6.5) 


where €? € S is regarded as a fixed but otherwise arbitrary function. Then the 
solution to problem (2.6.3) is then given by the point (o, y) € S x K? satisfying 
the classical Kuhn—Tucker optimality conditions , see, e.g., Luenberger [1984], 
page 314, Bertsekas[ 1982], or Strang [1986], page 724, 


dL?(a, y; €) nip 
= V = 0, 
ar Se NG) (2.6.6) 


y >0, f(a) < 0, andyf(o) = 0. 


These conditions are precisely the statement of normality of the flow rule and 
loading/unloading conditions. 

To see that the convexity condition (iii) on the elastic domain E, also follows 
from the principle of maximum plastic dissipation, it suffices to show that the 
function f(@) is convex, (in the sense defined below). To this end, we observe 
that, in view of (2.6.3), the extremum point o € dE, satisfies the condition 


D’ la; €?| > Dr; €?] — > ore? > r:é", forall rt € Eg. (2.6.7) 


Accordingly, we have the inequality 


[r —o]:é? <0, forallt c Ey, (2.6.8) 


which, in view of the flow rule (2.6.6);, reduces to 


[7 — o]:€? = y[r — ao]: Vf(o) < 0, forall7 € E,. (2.6.9) 


From the Kuhn—Tucker optimality condition, it follows that 


yi[r — oo): Vf(o) < vf(r), foro € OE, and any 7 € E,. (2.6.10) 
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If y = 0, the inequality is satisfied trivially. On the other hand, if y > 0 and since 
f(o) =9, 


[r —o]: Vf(o) < f(r) — f(a) = f(r) < 0, foranyt € E,, (2.6.11) 


which coincides with (2.6.10); hence, convexity follows. 


The precise meaning of convexity is contained in the following: 


Definition 2.6.1. A function f:S — R is said to be convex if 


fGo + — Br) < Blo) + U— B)f(r), B € [0, 1]. (2.6.12) 


The geometric meaning of this definition is illustrated in Figure 2.6 for the one- 
dimensional case. If f(a) is smooth, definition (2.6.12) is equivalent to the 
following useful characterization of convexity employed in Proposition 6.1 above. 


Lemma 2.6.1. Assume that the function f:S — R is smooth. Then, f(o) is 
convex if and only if the following inequality holds 


f(t) — f(a) = (r- 90): Vf(o), forany t,o €S. (2.6.13) 


Fay file) 
graph|f] 


FIGURE 2-6. One dimensional example of smooth convex function f:R — R, and a 
graphical illustration of the basic property f(t) — f(a) = (t — 0) f’(o). 
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PROOF. (i) First assume that f:S — Ris convex. Then, from definition (2.6.12), 


f(o+Blr—o)) < flo)+Al f(r) — f(o)], B € [0,1], T,7 €S, (2.6.14)) 
which implies the relationship 
flo + blr — o}) — f@ 
B 
Taking the limit of (2.6.15) 6 — 0 and noting that, by the chain rule, 


_ f(otpilr—ol)—fo)  d 
lim, 3 = Ga gl Cee 


Vile = als (2.6.16) 


< f(r) — f(o), B € [0, 1]. (2.6.15) 


II 


inequality (2.6.13) follows. 
(ii) Conversely, assume that inequality (2.6.13) holds. For convenience, we set 


o:= Bo + (1— B)T, B € (0, 1]. (2.6.17) 
Applying (2.6.13) successively, we obtain 


f(a) - Lie =—-( — B)[r - as Vf(o), (2.6.18) 
f(r) -— f(o) = Blt -— a): Vfl). 


Multiplying the above equations by 6 and (1 — £), respectively, and adding the 
result we obtain 


(1 — B)f(7) + Bf(o) — fle) = 9, (2.6.19) 


which implies convexity of the function f(o). 


2.6.2 General Associative Hardening Plasticity in Stress 
Space 


In a straightforward fashion we extend below the preceding arguments to the 
general plasticity model considered in Section 5. Our main result is characterization 
of the general structure taken by associative hardening laws as a result of the 
principle of maximum plastic dissipation. 

As in Section 6.1, we let {o, g} € E, be the actual solution of the constitutive 
equations of classical plasticity summarized in BOX 2.1, where E, is the closure 
of the elastic range in stress space defined by (2.2.5). Extending the definition 
(2.6.1), 


D’[r,q; €?, aj:= T:é€? +q- a, (2.6.20) 


where the internal hardening variables g and q@ in stress and strain space, re- 
spectively, are related through the equation g = —VH(q), as in (2.2.44). In the 
present context, for fixed {€”, a}, the principle of maximum plastic dissipation 
characterizes the actual state {0 , q} € E, as the state among all admissible states 
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{7, p} € E, for which plastic dissipation attains a maximum, i.e., 


D’[o, 9; é?, a] = ‘ igs _ {DI rp; é?, al}. (2.6.21) 


The extension of the result in Proposition 2.6.1 is now given by the following. 


Proposition 2.6.2. The principle of maximum plastic dissipation implies the 
following: 
a. associativity of flow rule in stress space according to the relationship 


-p _ ,, 9Ff(G, 9) 
é? = y ——__, 
ao (2.6.22a) 
where o = VW(e-€?); 


b. associativity of the hardening law in stress space in the sense that 


_ LO 
aq (2.6.22b) 
where q = —VH(q); 


c. loading/unloading conditions in Kuhn—Tucker complementarity form, as 


y = 0, 
f(a, q) < 9, (2.6.22c) 
and yf(o,q) = 9; 


d. convexity of the elastic range, Eg. 


PROOF. The proof of (i)—(iii) above follows exactly the same lines as in Propo- 
sition 2.6.1. Again one uses the method of Lagrange multipliers to remove the 
constraint that the admissible states be in E, by introducing the Lagrangian 
functional 


LY (tr, p, 6; €?, &): = —T:é? —p-a4+ df (r,p), (2.6.23) 


for all admissible {r, p} € E,, with ’ > 0 (ie., 8 € K?, as defined by (2.6.4)). 
Then the classical Kuhn—Tucker optimality conditions for this Lagrangian yield 
(2.6.22a,b,c). 

The proof of the convexity condition (iv) on E, also follows the same lines as 
in Proposition 2.1. First, in view of (2.6.20), one observes that the optimal point 
{o, q} € OE, satisfies the condition 


D’ lo, gq; €, | > D?[r, ps €, @] <> [r-o]: €’ + [p—q]-a < 0, (2.6.24) 


for all {7, p} € E,. Substitution of the flow rule (2.6.22a) and the hardening law 
(2.6.22b) in (2.6.24) and using the fact that y > 0 results in the inequality 


[rt — o]: 0, f(o,q) + [p — q]- Og f (0. 9g) < 9, (2.6.25) 
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for {o, q} € OE, andall {7, p} € E,, which is the convexity condition on E,. 


2.6.3 Interpretation of Associative Plasticity as a 
Variational Inequality. 


Convex analysis is the natural arena for a rigorous formulation of classical 
plasticity. Ideas of convex analysis also play an increasingly important role 
in the numerical analysis of the algorithmic elastoplastic problem; see e.g., 
Moreau[1976,1977], Johnson [1976,1977,1978], Matthies[1978] and Glowinski 
and Le Tallec [1989]. Here we restrict ourselves to a derivation of a fundamental 
inequality in a simplified context and refer to the literature; e.g., Moreau [1976], 
or Temam [1985], for an in-depth treatment of the subject. As we shall see, this 
inequality is a direct consequence of the principle of maximum plastic dissipation. 

Let x: S — R be the complementary stored-energy function, and let 9: R” > 
R be the complementary hardening potential associated with W and H, re- 
spectively. We define the elastic and hardening tangent compliances by the 
relationships 


ct. 2x) 
9e2 
and 
720 
Does aa (2.6.26) 


Note that C~' coincides with the inverse of the elastic tangent moduli; hence 
the notation employed above. We assume that C and D are positive-definite on 
S and R”, respectively. By using (2.2.21) and by time differentiating the inverse 
relationships (2.2.42) while using the (associative) flow rule and hardening law 
(2.6.22) along with (2.6.26), we arrive at 


e?=ée-Clo= y Hed Y 
oO 
2.6.27 
oo ie, OF OD ey 
a= -D q= y ——.. 
dq 


Now let {o, g} € E, be the actual state, and let {7, p} denote an arbitrary point in 
E«-. Contracting (2.6.27), and (2.6.27). with (ao — 7) and (q _ p), respectively, 
and adding the result, we obtain 


(o — T): [é _ Cla] - (q —p) . D-'q = 


af (a, q) af (o, q) 
y[(o— 7): ——" + (q-p) = ie 


However, the right-hand side of (2.6.28) is precisely the difference between the 
dissipation D’[o, q; €”, a] associated with actual state {o, q} and the dissipation 


(2.6.28) 
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D? (7, p; €?, a] associated with an arbitrary admissible state {r, p} € E, (see 
equations (2.6.24) and (2.6.25)), which is positive according to the principle of 
maximum plastic dissipation. Consequently, we arrive at the inequality 


(o — r):[Vie — C7'a] — (q—p) -D™'q = 0, forall {7, p} € Eg. 
(2.6.29) 


By integrating (2.6.29) over B and using the kinematic relationship € = Vu, 
we arrive at the variational inequality 


Ht |(c ~7):[é - Ce] - (q—p)- D'a| dV > 0, forall {7,p} € Eo. 
B 
(2.6.30) 


This variational equation and the weak formulation of the rate form of the 
momentum balance equation furnish a variational formulation of plasticity which 
has often been taken as the starting point for mixed formulations of elastoplasticity; 
see Johnson[1977], and Simo, Kennedy, and Taylor [1988]. We remark that (2.6.29) 
or (2.6.30) remain valid in situations for which the formulation developed so far 
no longer holds, such as in the case of elastic domains with a nonsmooth boundary 
dE,. 

We have shown that for associative plasticity, the flow rule and the hardening 
law follow from the principle of maximum plastic dissipation. Furthermore, the 
analysis in the last two sections underscores the intimate relationship between the 
Helmholtz free energy and the hardening law through the potential 1 (q). Finally, 
for the model problem discussed in Section 5.2, we have shown that our definition 
of internal energy exactly satisfies the first law of thermodynamics. This model 
problem encompasses practically all the cases of interest in metal plasticity. We 
summarize our conclusions in BOX 2.2. 


BOX 2.2. Thermodynamics of Associative Plasticity. 


1 
Given: W = 5 (e — €?) : C: (€ — €?) and the function ¢(o), 
i. select hardening potential H(q); 
OH 
ii. define the yield condition as f(a, a) := ¢(o — q) — a (a) 
a 


— oy < 0, witha = —VH(a); 
iii. define the free energy as W := W + H, and postulate maximum 
plastic dissipation; and 
iv. compute the flow rule and hardening law through the associative 
relationships (2.6.22) 
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2.7 Classical (Rate-Dependent) Viscoplasticity 


In this section we extend the one-dimensional formulation of viscoplasticity, and 
outline a classical rate-dependent plasticity model of the Perzyna type which has 
been often considered in computational applications; see, e.g., Zienkiewicz and 
Cormeau [1974], Cormeau [1975], Hughes and Taylor [1978], Pinsky, Ortiz and 
Pister [1983], or Simo and Ortiz [1985]. For general treatments concerned with 
fundamental aspects of viscoplasticity we refer to Perzyna [1971] and Lubliner 
[1972]. 


2.7.1 Formulation of the Basic Governing Equations 


As in rate-independent plasticity, in classical formulations of viscoplasticity, one 
also introduces an elastic range which is defined, in terms of a loading function 
I (oc, @) by the set 


Eo: = {oe S,qeR"| f(o,q) < 0}. (2.7.1) 


As noted in Chapter 1 a basic difference between viscoplasticity and rate- 
independent plasticity is that in the former model states {o, g}, such that f(a, q) = 
0 that is, stress states outside the closure of the elastic range are permissible, 
whereas in the latter constitutive model such states are not allowed. 

The equations of evolution for the internal viscoplastic variables {e’?, g} are 
formulated in terms of a C* monotonically increasing function g: R > R,, such 
that g(x) = Oiff x = 0, and are summarized for convenience in BOX 2.3. In these 
equations 7 € (0, oo) is a given material parameter, called fluidity of the model. 
For metals, typical choices for the function g(x) are exponentials and power laws. 


2.7.2 Interpretation as a Viscoplastic Regularization 


Classical viscoplasticity admits an important alternative interpretation as the reg- 
ularization of rate-independent plasticity. Explicitly, it will be shown that the 
viscoplastic constitutive model summarized in BOX 2.3 is viewed as the optimality 
conditions of a regularized penalty functional, with penalty parameter 1/n > 0, of 
the maximum plastic dissipation function discussed in the preceding section. We 
recall that the optimality conditions of the maximum plastic dissipation function 
are to be the constitutive equations summarized in BOX 2.1. This interpretation 
is particularly important when one is concerned with softening response in the 
rate-independent model which results in losing ellipticity of the incremental equa- 
tions. In this context, the viscoplastic regularization can be viewed as a means of 
regularizing the rate-independent problem so that the governing equations for the 
dynamic problem remain hyperbolic. Such a regularization technique is closely 
related to the classical Yosida regularization in the theory of semigroup operators; 
see e.g., Pazy [1983, page 9]. 

According to the preceding interpretation of the viscoplastic regularization, if 
one considers decreasing values of the fluidity parameter n € (0, oo) in the limit 
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as n — 0, one expects to recover the rate-independent formulation. Somewhat 
heuristically, one may argue that, as 7 — 0, states outside of the loading surface 
are increasingly penalized and thus f — Oso that (g(f))/n — y finite. An illus- 
tration of this fact is contained in the simple one-dimensional example discussed 
in Chapter 1. Computationally, this property has been often exploited in the past 
as an algorithmic procedure for rate-independent plasticity; see e.g., Hughes and 
Taylor [1978] and Simo, Hjelmstad, and Taylor [1984]. 


2.7.3 Penalty Formulation of the Principle of Maximum 
Plastic Dissipation 


We begin our analysis by considering the classical penalty formulation for the prin- 
ciple of maximum plastic dissipation. We recall that, in the context of constrained 
optimization theory, the basic idea underlying this technique is to transform a con- 
strained minimization problem into a (sequence) of unconstrained problems by 
appending a penalization function of the constraints to the objective function. We 
explain this idea in detail in what follows. To simplify matters we restrict our at- 
tention to perfect viscoplasticity; 1.e., we assume that g = 0. Furthermore, without 
loss of generality take g(x) = x, 1.e., g: = identity. 

Once more consider the constrained minimization problem associated with 
maximum plastic dissipation, i.e., 


MIN {—D‘?[7; é*?]}, 
TE Ry (2.7.2) 
Dr; EP]: = 7: EP. 


Let o € E, be the solution to problem (2.7.2). Associated with this problem, 
we consider the following sequence of unconstrained minimization problems for 


+ (2) (=) 


FiGuRE 2-7. Graph of the penalty function yt: IR > R,, andits derivativedy*/dx = (x). 
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n € (0, 00), 


MIN {-D}?[r: zi ; 


(2.7.3) 
DEE pare? + “yt Lf, 


Here, n € (0, 00) is the so-called penalty parameter, whereas the function 
yt:R — R, of the constraint f(T) < 0 is called the penalization function 
and is subject to the following two requirements (see e.g., Luenberger [1984, page 
366)]): 


1. y+ isaC! function; 
2. yt(x) > 0, and y*(x) = O if and only if x < 0. 


When the preceding conditions are satisfied, one refers to problem (2.7.3) as the 
penalty regularization of the constrained minimization problem (2.7.2). Let a, € 
S be the solution of problem (2.7.3). Under mild conditions on the smoothness of 
D*‘?[ 7; €*P], it can be shown that o,, > o as 7 — O. The proof of this result in 
the finite-dimensional case is rather straightforward; see, e.g., Luenberger [1984, 
Chapter 12]. 

The computational advantage of problem (2.7.3) versus problem (2.7.2) should 
be clear. By augmenting the objective function —D¥? with the term a yt Lf(r)],we 
replace a constrained problem in which o € E, with an unconstrained problem in 
which o € S. Note that, for 1/7 large enough we achieve a locally convex version 
of the original problem which leads to weaker conditions on the existence of the 
minimizer o € S. 

To relate the regularized version of the principle of maximum plastic dissipa- 
tion given by (2.7.3) to the classical equations of viscoplasticity, we consider the 
following explicit expression for the function yt: R > R,. Let 


1,2 
5X" > x>0 (2.7.4) 


0 =— x <0. 


Clearly, such a function satisfies conditions 1 and 2 above and, therefore, qualifies 
as a penalization function for problem (2.7.2). Furthermore, it is also clear that its 
derivative is given by (see Figure 2.7 for a graphical illustration) 


d 
tx) = 


rs (2.7.5) 


dies x = x20 
“10 = x<0. 


In view of (2.7.5), it follows that the optimality condition for the unconstrained 
problem (2.7.3) yields the viscoplastic flow rule, since 


ODO: Gs Gwe “(fle gy Te. (2.7.6) 


do 
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In conclusion, the viscoplastic constitutive model in BOX 2.3 is the penalty 
regularization of the rate-independent model in BOX 2.3, and the solution of the 
viscoplastic problem converges to the solution of the rate-independent problem as 
the penalty (fluidity) parameter 7 —> 0. 


Remark 2.7.1. 

1. It is clear that the preceding arguments generalize immediately to the gen- 
eral case of rate-independent plasticity with internal hardening variable q. In 
the general case, the penalty regularized functional associated with maximum 
plastic dissipation takes, the form 


MIN —D'? ir, pre? all, 
aaa rl : (2.7.7) 


1 
Di[r. pie”, aki= re +p a— yr Pl 


where yt: R + R, is defined by (2.7.4) with derivative given by (2.7.5). Then 
the optimality conditions for unconstrained minimization problems yield 


1 0 : 
aL =0 eyP = L fe.) (Lae? 
es = i ag (2.7.8) 
as eet yy 3fto @ . 


which constitute the associative version of the flow rule and hardening law for 
classical viscoplasticity. 

2. Although it appears that penalty regularization is an attractive procedure for 
obtaining the rate-independent limit, as 7 — 0, one should keep in mind the 
well-known fact that, computationally, the unconstrained regularized problem 
becomes progressively ill-conditioned as the penalty parameter 1/7 — 00; see 
e.g., Bertsekas [1982] or Luenberger [1984]. From the standpoint of, numerical 
analysis such behavior is the source of serious difficulties that is overcome 
only when alternative formulations are employed, in particular, the method 
of multipliers or method of augmented Lagrangians of Hestenes [1969] and 
Powell [1969]. These techniques have received recently considerable attention 
in computational solid mechanics literature; see e.g., Fortin and Glowinski 
[1983] and Glowinski and Le Tallec [1989]. 

3. The difficulties alluded to above associated with the penalty regularization 
for enforcing the rate-independent limit, to a large extent, have motivated the 
active development of well-conditioned return-mapping algorithms which deal 
directly with the rate-independent limit. Remarkably, as illustrated in Chapter 
1, itis also possible to obtain the rate-dependent solution by a well-conditioned 
closed-form algorithm whose first step is the rate-independent solution, thus by- 
passing the characteristic ill-conditioning associated with penalty procedures. 
We discuss these ideas in detail in the following chapter. 
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BOX 2.3. Classical Associative Viscoplasticity. 
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i. Elastic stress strain relationships 


2 dW(e — evP) 


=C:(e-—e'” 

= ( ) 
a?We — e*?) . : 
C:= 762 = (constant) elastic moduli. 


ii. (Closure of) elastic domain in stress space 


BE, = {(0,g) €Sx R"| f(o,q) < 0} 


iii.a. Flow rule and hardening law (Perzyna model) 


wvp _ ,, 9f (0,9) 
EP = y ——— 
do 


: af(o,q) 
= =p “Le? 
q 


vy =(g(f(e.@))/n 


where 


g(x) monotone with g(x) = 0 => x <0 


and 


est mcd 


(ramp function). 


iii.b. Flow rule and hardening law (generalized Duvaut—Lions model) 
B= Ct [o —a| /t 


q=-[a-4|/t 


_ (o,q) if (0,q) €E 
(o, 4) 


Plo, q] if (o,q) gE 


Here, P : ext(E,) > 0 


{io is the closest point projection operator, and 


is) = {(0.g) €S x R"| f(o,q) > Of. 


ext( 
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2.7.4 The Generalized Duvaut-Lions Model 


As a follow to of our introductory discussion of one-dimensional viscoplasticity, 
in this section we examine an alternative formulation of rate-dependent plasticity 
closely related to a model originally proposed by Duvaut-Lions [1972]. To mo- 
tivate the general structure of the three-dimensional model, first we consider the 
case of Jp flow theory. 


2.7.4.1 Jp perfect viscoplasticity. 
Assume that the loading function is given by the Mises condition as 
f(e): = |Idevlo]ll — /For <0. (2.7.9) 
Further, consider the case of an associative viscoplastic flow rule with g(x) = x, 
so that the model in BOX 2.3 reduces to 
vp _ (£(0)) dev[o] 
E — 


n, n= ——, (2.7.10) 
n I|\dev[o]|| 


for n € (0, oo). Assume that the elastic response is isotropic, so that the elasticity 
tensor takes the form 


C= «181+ 2u[l- 41@1], (2.7.11) 


where kK = A+ ae > 0 is the bulk modulus and yz > 0 is the shear modulus. 
Now let 


Ui 
= — 2.7.12 
an ( ) 
be the relaxation time. Since s = ||s||”, now the viscoplastic flow rule (2.7.10) is 

written as 
a = | Dyy 242" it ys|| — For > 0 (2.7.13) 
0 otherwise, 

where we have set s := dev[o]. Now for f(a) := |ls|| — /3oy, we interpret 
./zoyn as the projection of s = ||s||7 on the boundary of the elastic domain 


oE, := {s € S | |ls|| = 2oy}. This interpretation suggests the following 
construction. Let 


ext (Ez) = {s € S| f(o) := Ils — /Zoy = 0} . (2.7.14) 


Define the projection operator P : S > S by the expression 


7 <=> sé int (E,), 
SPO | eek: ee oe ea 27.15) 


Clearly, P o P = P so that P is indeed a projection. Further, note that 


-1 
Cl:= E 1@14 [2u]'(I- 41@ »| : (2.7.16) 
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Therefore, since s = dev[a] so that tr [s] = 0, from (2.7.16), 


Cn = [2u) ln. (2.7.17) 
Using (2.7.15) and (2.7.17), we reformulate (2.7.13) as 
er c7, Ss) (2.7.18) 
T 


The interpretation of equations (2.7.15) and (2.7.18) should be clear: 


a. The projection P constrains 5 = P(s) to lie within the closure of the elastic 
domain E, since E, is a circle, fors € ext (E,), the point s is the closest point 
projection of s onto E,. 

b. Fors € ext (E,), the magnitude of the viscoplastic strain rate €’P given by 
(2.7.18) is proportional to the distance between the deviatoric state s and its 
projection onto dE,; see Figure 2.8. 


2.7.4.2 Perfect viscoplasticity. 


The conclusions derived above in the context of Jz flow viscoplasticity carry over 
without modification to general viscoplasticity with no hardening. 

Recall that, according to the well-known projection theorem (valid in a general 
Hilbert space, not necessarily finite-dimensional; see, e.g., Lang [1983]),ifE, CS 
is convex, given any o € ext (E,) there is a unique pointa € dE, whichis closest 
to o, that is, the problem 


find o €E,, such that |o —a|| = MIN |lo—7li (2.7.19) 
TE 


40: 


FiGuRE 2-8. Geometric interpretation of the closest point projection P for J flow theory. 
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has a unique solution o € E,. We write 


oa = P(o), 


where 
PoP=P (2.7.20) 


is called the closest point projection. 
Then the general viscoplasticity equation takes the form 


=1 
ev? = ce :[o-—oa], (2.7.21) 


which is identical in structure to (2.7.18). 


2.7.4.3, General hardening viscoplasticity. 


The extension of the preceding ideas to hardening response is accomplished by 
the following rate-dependent constitutive equations: 


c 
éeP = — :[o-a], 
ne (2.7.22) 
a= —l[q-4l, 
T 
where gq = —Da is a suitable set of internal hardening variables and D is the 


matrix of generalized hardening moduli. In addition, {o, q} is the solution of the 
rate-independent problem. For further details on the structure of this model, which 
is ideally suited to the case of multisurface plasticity, we refer to Simo, Kennedy, 
and Govindjee [1988]. 


3 


Integration Algorithms for Plasticity 
and Viscoplasticity 


As illustrated in Chapter 1, the numerical solution of nonlinear boundary-value 
problems in solid mechanics is based on an iterative solution of a discretized 
version of the momentum balance equations. Typically, the following steps are 
involved: 


1. The discretized momentum equations generate incremental motions which, 
in turn, are used to calculate the incremental strain history by kinematic 
relationships. 

2. For a given incremental strain history, new values of the state variables 
{o, €”, q} are obtained by integrating the /ocal constitutive equations with 
given initial conditions. 

3. The (discrete) momentum balance equation is tested for the computed stresses 
and, if violated, the iteration process is continued by returning to step 1. 


In most of the computational architectures currently in use, steps 1 and 3 are 
carried out at a global level by finite-element/finite-difference procedures. In this 
section we are concerned with step 2, which is regarded as the central problem of 
computational plasticity as it corresponds to the main role played by constitutive 
equations in actual computations. The crucial aspect, illustrated in Chapter 1 and 
pointed out in Section 3.1 below, is the fact that from a computational standpoint 
this problem can always be regarded as strain-driven in the sense that the state 
variables are computed for a given deformation history. 

The evolution equations of classical elastoplasticity, as summarized in BOX 2.1 
of Chapter 2, define a unilaterally constrained problem of evolution. By applying 
an implicit backward-Euler difference scheme, this problem is transformed into a 
constrained-optimization problem, governed by discrete Kuhn—Tucker conditions. 
The structure of this discrete problem, the fundamental role played by the discrete 
Kuhn-Tucker conditions, and the geometric interpretation of the solution as the 
closest point projection in the energy norm of trial elastic state onto the elastic 
domain, are considered in Section 3.2. As an illustration of these ideas and to 
motivate the general algorithms developed in Section 3.6, in Sections 3.3 and 
3.4 we examine in detail the important case of Jy flow theory with nonlinear 
kinematic and isotropic hardening rules. An interpretation of these algorithms 
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as product formula algorithms emanating from an elastic-plastic operator split is 
given in Section 3.5. This interpretation leads naturally to the notion of elastic 
trial state, first introduced in Section 3.2, and provides the necessary framework 
for developing the general cutting-plane algorithm in Section 3.6. We conclude the 
chapter by considering in Section 3.7 the generalization of this class of algorithms 
to classical viscoplasticity. For further reading see Simo and Hughes [1987]. 

The developments in this chapter generalize and unify a number of existing 
algorithmic schemes which, starting with the classical radial return algorithm of 
Wilkins [1964], have been largely restricted to J, flow theory. Representative algo- 
rithms include the extension of the radial return method in Krieg and Key [1976] to 
accommodate linear isotropic and kinematic hardening, the midpoint return map 
of Rice and Tracy [1973], and alternative formulations of elastic-predictor/plastic 
corrector methods, as summarized in Krieg and Krieg [1977]. To a large extent, it 
appears that return mapping (or “catching-up’’) algorithms have replaced classi- 
cal treatments based on the elastoplastic tangent modulus, as in Marcal and King 
[1967] or Nayak and Zienkiewicz [1972]. We refer to Zienkiewicz [1977] for a 
review of this class of methods not considered here. 


3.1 Basic Algorithmic Setup. Strain-Driven Problem 


Let [0, T] C R be the time interval of interest. At time t € [0, 7], we assume 
that the total and plastic strain fields and the internal variables are known, that is 


{En, e?, Qn} (3.1.1a) 


are given data at t,. Note that the elastic strain tensor and the stress tensor are 
regarded as dependent variables which are always obtained from the basic variables 
(3.1.1a) through the elastic stress-strain relationships 


ef i=e,—e?, o, = VW’). (3.1.1b) 


n 
Let Au : B + R"”" be the incremental displacement field, which is assumed to 
be given. Here, B Cc R"" is the reference configuration of the body of interest. 
Without loss of generality we consider the case ngim = 3 throughout. Then the 
basic problem is to update the fields (3.1.1) tot,4; € [0, 7]in a manner consistent 
with the elastoplastic constitutive equations developed in the previous chapter and 
summarized for convenience below: 


é= V°(An) 
é? = yr(o,q) (3.1.2a) 
q=-—yho,q), 
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subject to the unilateral Kuhn—Tucker complementarity conditions 


f(o,q) <0 
y20 (3.1.2b) 
yf(o,q) = 0. 
and with the initial conditions 
{e, 6”, g}|,_, = {En €P, dn} - (3.1.2c) 


Here, V*(e) denotes the symmetric gradient. Observe that, once the plastic strain 
field is known, the stress field o is computed from (3.1.1b)2 


3.1.1 Associative plasticity. 


Recall that according to Proposition 2.6.2 the hardening law in associative plasticity 
is characterized by a potential function 1: R” — R such that 


q=-VH(a)a, 
where 
_ . af(o,q) 
= y ——. 
oq 


Proceeding as in Section 2.6.3, we introduce the Legendre transformation defined 
by (2.6.26) and set 


(3.1.3) 


D := VH(a) = [V-O@ I]. (3.1.4) 


With this notation in hand, the associative version of the evolution equation (3.1.25) 
is given by 


é= V°(Au) 
en. 4 e@) 
a he ae (3.1.2a)* 
. ) 9 
ey re D 
q 


In what follows, we are concerned mainly with this associative plasticity model. 
Our developments, however, are general and apply without essential modification 
to the general nonassociative case covered by (3.1.2). 


3.2 The Notion of Closest Point Projection 


Equations (3.1.2) define a nonlinear problem of evolution, with initial condi- 
tions (3.1.2c), whose characteristic feature is the unilateral constraint condition 
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(3.1.2b). As discussed below, this continuum problem is transformed into a dis- 
crete, constrained-optimization problem by applying an implicit backward-Euler 
difference scheme. Thus, computationally, the solution of the constrained problem 
of evolution (3.1.2) collapses to the (iterative) solution of a convex mathematical 
programming problem. In fact, it is shown below that this problem reduces to the 
standard problem of finding the closest distance (in the energy norm) of a point 
(the trial state) to a convex set (the elastic domain). General solution strategies for 
this problem are deferred to Section 3.6. 

According to the preceding ideas, from (3.1.2a) by an implicit backward-Euler 
difference scheme and using initial conditions (3.1.2c), we obtain the nonlinear 
coupled system: 


Entt = En + V'(Au) (trivial) 
One. = VWEns — See 

ena = ER + Apdo f (On41, G41) 
Qnti = In — AyDaq f (On+1; Qn+1) - 


(3.2.1) 


where Ay = y,4,At. In addition, the discrete counterpart of the Kuhn—Tucker 
conditions (3.1.2b) become 


f(Gn 1, n 1) < 0, 
Ay => 0, (3.2.2) 


Ay f (On 15 On ”) = 0. 


As in the continuum case, Kuhn—Tucker conditions (3.2.2) define the appropri- 
ate notion of loading/unloading. These conditions are reformulated in a form 
directly amenable to computational implementation by introducing the following 
trial elastic state: 


n+l *= ©n+1 — or 

trial etrial 
on, i= VWle ) 

o — 0.2.3) 
Qn41 ‘= In 

trial trial trial 
Saat = f(a Inv) bs 


From a physical standpoint the trial elastic state is obtained by freezing plastic flow 
during the time step. Section 3.5 shows that this state arises naturally in the context 
of an elastic-plastic operator split. Observe that only functional evaluations are 
required in definition (3.2.3). 


3.2.1 Plastic Loading. Discrete Kuhn—Tucker Conditions 


From an algorithmic standpoint, a basic result is the fact that plastic loading or 
unloading is characterized exclusively in terms of the trial state, provided the yield 


3.2. The Notion of Closest Point Projection 117 


function is convex. To appreciate the role of convexity and conditions (3.2.2) in 
this conclusion, for simplicity consider the following situation 


1. assume constant generalized plastic moduli, i.e., D: = V7H(qa) = constant; 
and 
2. assume constant elasticities, i.e., C := V7W(e°) = constant. 


Then we have the following: 


Lemma 3.1. Let f:S — R be convex, and let Gy be computed according to 
(3.2.3)4. Then 


piu pee Re (3.2.4) 


PROOF. By Lemma 2.6.1 the convexity assumption on f implies that 


FEE = four = [ON = Onsi] : Oe fata + [Gn — net]: Og fnvi- (3.2.54) 


However, from (3.2.1), 


On = owial —A Cc 7 Oo n+l1> 
tenia: ae Inch (3.2.5b) 
Anti = An — AyD : Og fn+1- 
Therefore, by substituting (3.2.5b) in (3.2.5a), we obtain 
At — fas = Ay[Bofnti 1 © +t Oo fnsi + Oqfnzi 2D: dg frst] oe 


II 


Ay [Ile fav lle + la fn+illiy]: 


where || e ||@ denotes the norm induced by C, and || e lp is the norm induced by 
D. (We assume that D is positive-definite. Alternatively, the terms within brackets 
in (3.2.6) are positive by virtue of Assumption 2.1.) Then the result follows by 
noting that Ay > 0. 


Then conditions (3.2.2) and the preceding lemma imply the following 
computational statement of the loading/unloading conditions. 


Proposition 3.1. Loading/unloading is decided solely from a according to the 
conditions 


fi! <0 => elastic step & Ay = 0, 


(3.2.7) 


fil! > 0 > plastic step & Ay > 0. 


PRooF. (a) First, if fi) < 0, then by Lemma 3.1 it follows that f,.1 < 0. 


Then the discrete Kuhn—Tucker condition Ay f,,,; = 0 implies Ay = 0. Thus, 
e? = e? and the process is elastic. 
(b) On the other hand, if i > 0, then etal Cannot be feasible, that is, 


; n+l 
ee A €n41. Thus, we require that Ay # 0. Since Ay cannot be negative it 
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follows that Ay > 0. Then the discrete Kuhn—Tucker condition Ay f,+; = 0 
implies that f,41; = 0, and the step is plastic. 


The solution to equations (3.2.1) is amenable to a compelling geometric 
interpretation which can be exploited numerically. 


3.2.2 Geometric Interpretation 


We consider three different cases and examine the geometric interpretation asso- 
ciated with the discrete problem (3.2.1) assuming that the elasticity tensor C is 
constant. 

i. For perfect plasticity (i.e.,q = 0), the solution ef. , := En41 — e? n+ 0 Strain 


space is the closest point projection in the energy norm of the trial state ene onto 
the yield surface, that is 
= ARG MIN [4 ect — ce 2 | (3.2.8) 
ae fIVW(Ee,,)] < 0 2 n+1 n+l Cc 


This geometric interpretation, illustrated in Figure 3.1, follows at once by noting 
that the Lagrangian function associated with this constrained problem is expressed 
as 


Le AY) = glee — eSaille + AVAIVW(ES 4] (3.2.9) 
and the corresponding Kuhn—Tucker optimality conditions are 
aL 0 
—— =C: et te eo, + Ay ug = 
OEn 44 OC |nat (3.2.10) 


Ay 20, AyfIVW(E,,.)] =0 


which coincide with equations (3.2.1) forh = 0. 
ii. For perfect plasticity a similar interpretation holds in stress space. From 
(3.2.1)2, since C = constant, 


On41 = ome aa AyC : V f(On41); (3.2.11) 


where oot ='C= [En41 Set | It follows that, for an associative flow rule, a+ 
is the closest point projection onto the yield surface of the al elastic stress otal 


in the inner product induced by the compliance tensor C', that is, 


On) = ARG MIN { le = aig} ; (3.2.12) 


Oe 


where Iolle- = Jo :C! : cis the energy norm and E, is the closure of the 
elastic domain defined by (2.2.5). Inconclusion, o,+, is the closest point projection 


of om onto the yield surface in the energy norm. 
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FiGuRE 3-1. Geometric illustration of the concept of closest point projection. 


iii. For associative hardening plasticity with hardening law of the form recorded 
in (3.1.2a), the interpretation given above admits the following generalization. 
Assume that the generalized plastic moduli D are constant and positive-definite. 
Let G be the block-diagonal, positive-definite matrix defined as 


4 
— gE nay 3 (3.2.13) 


Then the actual solution {0,41, dn+1} is the closest point projection of the trial state 
esha Qn} onto the boundary dE, of the elastic range in the norm induced by the 
metric G. Accordingly, {0n+41, Gn+1} is the argument of the following minimum 


principle: 


{On1, Invi} = ARG MIN { He = olla t+ Fllgn — all ] 


(o,q€ 
(3.2.14) 
where Igbo = 4/q: D': q is the norm induced by D~!. This geometric 


interpretation, again follows by noting that the Lagrangian functional associated 
with this constrained problem is expressed as 
trial 


Lo, 4.7) = Flom — oll + 3 [lq — dlp + Avf(o.@). G.2.15) 
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The associated Kuhn—Tucker optimality conditions are given by 


al -| ‘, of 

— =—Cr ce [-estia + on+1| + Ay = = 0, 

do n+1 ae do n+l 
aL = ) 3.2.16 
| =D: [an + dnsi] + AY oh) say ( ) 
0q n+l oq n+l 


Ff (On41; Qn+1) S 0, Ay Pat 0, Ay f (On41, Qn+1) ars 0, 


which coincide with equations (3.2.1). 

Before addressing the formulation of general solution techniques for the dis- 
crete optimization problem (3.2.1), in the following two sections we consider the 
particular and important case of Jz flow theory. Historically, the first numerical 
algorithms for rate-independent plasticity, notably the radial return method of 
Wilkins [1964], were formulated in the context of J, flow theory. Only recently a 
general methodology has emerged for solving the general case. This is the subject 
of Section 3.6. 


3.3 Example 3.1. J Plasticity. Nonlinear 
Isotropic/Kinematic Hardening 


The algorithm developed herein is a particular instance of equations (3.1.2) and 
applies to both the three-dimensional and plane-strain cases. The simplicity of the 
von Mises yield condition — a hypersphere in stress deviator space — enables one 
to obtain essentially a closed-form solution of equations (3.1.2) resulting in the 
so-called radial return method, originally proposed by Wilkins [1964]. This simple 
return-mapping strategy, however, does not hold for the plane-stress situation, as 
discussed in Example 3.2. 


3.3.1 Radial Return Mapping 


We recall from Section 2.3 that the plastic internal variables are g := {a, J}. 
Further, recall that the relative stress is defined as € := dev[o] — G. Now let 
Navi = e4 be the unit vector field normal to the Mises yield surface at the end 


of a typical time step [t,, t,41]. In view of (2.3.4)2, the general equations (3.2.1) 
take the form 


ery, = ef + Aynayi, 
O41 = A, + fz Ay, (3.3.1) 


Bn+1 = Bn a J 2 AAneiMn4+; 
where AH,41 := H(an41) — H(a,). In addition, the trial state becomes 


trial .__ 
stil -— 5, + 2uAens, | 


trial = gttial _ Bn. (3.3.2) 


n+1 °° “n+l 


3.3. J> Plasticity. Nonlinear Isotropic/Kinematic Hardening 121 


where e := dev[e] is the strain deviator s := dev[o] is the stress deviator, and 
ju is the shear modulus. Next we show that the solution of (3.3.1) reduces to the 
solution of a scalar equation for the consistency parameter Ay. In view of of the 
relationship s;4; = Sa — Ay2uny+1, we see that €,+) is expressed in terms of 

trial according to the expression 


n+1 
Ent = Sn41 — Bn+i 
as 
=> oa = [2uAy + ./ 7AAn+1] Ny+1- (3.3.3) 
Next, to arrive at the algorithmic counterpart of the consistency condition (2.3.8), 
we note that by definition, €,4; = |[§:41[|"n+1. Hence, from (3.3.3) the unit 
normal n,,,1 is determined exclusively in terms of the trial elastic stress an as 
Msi = Sei/ Ie (3.3.4) 


By taking the dot product of (3.3.3) with n,,; and noting that ||€,+1|| — 
/ 3 K (Qn41) = 0, we obtain the following scalar (generally nonlinear) equation 
that determines the consistency parameter Ay 


g(Ay) = JFK ni) + Er I 
— {2uAy + J3 [H@ni1) — Han)|} = 0, (3.3.5) 
Ont] = An + /2 Ay. 


Equation (3.3.5) is effectively solved by a local Newton iterative procedure since 
g(Ay) is a convex function, and then convergence of the Newton procedure is 
guaranteed. Details of the local Newton procedure are summarized for convenience 
in BOX 3.1. 


Remark 3.3.1. If the kinematic/isotropic hardening law is linear of the form 
(3.3.6), equation (3.3.5) is amenable to closed-form solution that results in the 
generalizing the radial return algorithm in Krieg and Key [1976]. Set 


fret = WSneill — VFlov + BA’, (3.3.6) 


where 6 € [0, 1], oy > Ois the flow stress in pure tension, and H' > Oisa given 
material parameter that characterizes the hardening response. Substituting (3.3.6) 
in (3.3.5), 


trial 


QuAy = eee: : (3.3.7) 


Since AH = ./2(1—8) H’ Ay, the update procedure is completed by substituting 
(3.3.7) in formulas (3.3.1). 
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BOX 3.1. Consistency Condition. Determination of Ay. 


. Initialize. 
Ay® = 0 
0 
On = "On 
. Iterate. 


DO UNTIL: |g(Ay)| < TOL, 


k<k+1 


2.1. Compute iterate Ay“* : 


k ‘4 
g(Ay®) = —/2 K(@®,) + [er 


- [away fs V3 [Hee - - H1a)}} 


Hf] + Kfar] | 
3u 


I 


Dg(Ay™) := —2u f + 


slAy™] 
Dg[Ay®] 
2.2. Update equivalent plastic strain. 


k+1 k+1 
allt? — oy + [Zaye 


Ay) = Ay = 


For convenience, a step-by-step description of the algorithm discussed above is 
summarized in BOX 3.2 below. The geometric interpretation of the algorithm is 
contained in Figure 3.2. Next, we obtain consistent elastoplastic tangent moduli 
by linearizing the two-step, return-mapping algorithm. These moduli relate in- 
cremental strains and incremental stresses and play a crucial role in the overall 
solution strategy of a boundary-value problem. Their significance becomes appar- 
ent in Chapter 5, where the variational structure of plasticity and its numerical 
implementation are discussed in detail. 


3.3.2 Exact Linearization of the Algorithm 


By differentiating the algorithmic expression oy4) = «(tt [€n4i))1 + 2u (engi — 
Aymy+1) for the stress tensor, one obtains 


dons =C: dén41 _ 2uldAyn, me oe Aydn, + i] 


2uAy déns, 


= |C — 2un, 
| pee JEn+1 0En4 
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FIGURE 3-2. Geometric interpretation of the return-mapping algorithm for the von Mises 
yield condition and isotropic/kinematic hardening. 


where C := «1@1+4 2u(i— 7 1 @ 1) is the elasticity tensor. To carry out the 
computation further, the following result is used. 


Lemma 3.2. The derivative of the unit normal field n(§) := a is given by the 
formula 


on 
0g 
PROOF. The result easily follows with the aid of the directional derivative. First 
we note that, for an arbitrary vector h € R°, 


1 
= —[I- ‘ 3.3.9 
ig] I-n@n] (3.3.9) 


IE + Ch|| = sak =n-h. (3.3.10) 


a | 
Tay lél 


Then by the chain rule it follows that 
_h-(ja:hjy | | | = 
£=0 Ill 7 IIéll 


d 
ae + Ch) (3.3.11) 


so that (3.3.9) holds. 


As in the general case, the term dAy/dé,+; in (3.3.8) is obtained by 
differentiating the scalar consistency condition (3.3.5);. Accordingly, 


dAy K'(on41) + H'(On41) |! 
=/1 + Ny+1- 
OEn+1 3 


(3.3.12) 
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Substituting (3.3.9) and (3.3.12) in (3.3.8), after some manipulation, produces 


the expression summarized in BOX 3.2. 


BOX 3.2. Radial Return Algorithm. 
Nonlinear Isotropic/Kinematic Hardening. 


1. Compute trial elastic stress. 


Cn+1 = Ent+l — 3 + (trlengi))1 
‘al 

Sntl = 24(€n+1 — ef) 

trial gitial 

n+1 — Snti — Bn 


2. Check yield condition 


fiat = eee — [2 Kn) 
IF fi) < 0 THEN: 
Set (@)n41 = (@)i"*| & EXIT. 
ENDIF. 
3. Compute n,+; and find Ay from BOX 3.1. Set 


trial 
n+l 


ial ’ 
ereill 


Ant] = An + /34y 


4. Update back stress, plastic strain and stress 


Any = 


Brot = Bn tf ¥ [H@nst) — H(an)| most 


D 
ny =e + Aytny 


ial 
Ont = Ktrlen4i)1 ae Sati = 2uAYNn+1 


5. Compute consistent elastoplastic tangent moduli 


Chat =«kl ® 1+ 2HOn41 [1 i il ® 1] a 216n41Mn41 ® An+1 


2A 
Ont. 2 = 1 — a 
Sana 
Ona i= ; 1-6 
n+1 a (a [K’ Ws ( +1) 
Remark 3.3.2. 


1. For the case of perfect plasticity, 8 = 0,./2o0y = R =constant, and the algo- 
rithm summarized in BOX 3.2 reduces to the classical radial return of Wilkins 
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[1964]. The case of linear isotropic/kinematic hardening rules corresponds to 
the extension of the radial return algorithm proposed by Krieg and Key [1976]. 
The extension to nonlinear hardening rules and the development of the consis- 
tent tangent moduli were considered in Simo and Taylor [1985]. The origin of 
the notion of consistent tangent moduli is found in Hughes and Taylor [1978] 
Nagtegaal [1982]. 

2. The backward Euler method can be replaced by the generalized midpoint rule 
in the derivation of the discrete equations (3.2.1), as in Ortiz and Popov [1985] 
or Simo and Taylor [1986]. For J flow theory this results in the return map pro- 
posed in Rice and Tracey [1973] which is second-order accurate. However, the 
overall superiority of the radial return method relative to other return schemes 
is conclusively established in Krieg and Krieg [1977]; Schreyer, Kulak, and 
Kramer [1979]; and Yoder and Whirley [1984]. The same conclusions hold 
for other plasticity models, see Loret and Prevost [1986] and Ortiz and Popov 
[1985]. 

3. Note that, according to the algorithm in BOX 3.1, the values (ey, 41 are cal- 
culated based solely on the converged values (@), at the beginning of the time 
step t = t,. The (nonconverged) values (0), at the previous iteration play no 
explicit role in the stress update. In fact, if the elastic trial stress gual? at the 
(k + 1)th iteration were computed from the nonconverged stresses se at the 
previous iteration (rather than from converged stress S, as in BOX 3.2), then the 
“continuum” elastoplastic tangent moduli (2.3.0) is the consistent tangent for 
this particular algorithm. However, use of an iterative scheme based on inter- 
mediate nonconverged values is questionable for a problem which is physically 
path-dependent. In addition, if “unloading” within the iterative process occurs, 
a new iteration is necessary starting from the converged stresses Sj. 

4. The expression for the consistent tangent moduli in BOX 3.2 should be com- 
pared with equation (2.3.0) for the “continuum” elastoplastic tangent. As a 
result of the radial return algorithm, the shear modulus jz enters into the “‘con- 
sistent” tangent moduli scaled by the factor 6,,;. Observe that 0,,; < 1 and 
that, for large time steps, ta may be far outside the yield surface so that 6,41 
is significantly less than unity. In addition, since 0,4; = Ay + O41 — 1, 
the bound Ay — 1 < n+ < Ay. Therefore, for large time steps, the consis- 
tent tangent moduli may differ significantly from the “continuum” elastoplastic 
tangent (2.3.0). Note, however, that as At — 0, Ay — 0, and the consistent 
and continuum tangent moduli coincide. This result is a manifestation of the 
consistency between the algorithm and the continuum problem. 


3.4 Example 3.2. Plane-Stress J2 Plasticity. 
Kinematic/Isotropic Hardening 


For the plane-stress case, a simple radial return violates the plane-stress condition 
and thus is no longer applicable. The basic idea in the algorithm discussed below, 
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proposed in Simo and Taylor [1986], is to perform the return mapping directly 
in the constrained plane-stress subspace by using equations (2.4.10). Thus, by 
construction, the plane stress condition is identically satisfied. From a computa- 
tional standpoint, the proposed procedure is a particular instance of the general 
closest point projection iteration, discussed in Section 3.6, for solving the discrete 
equations (3.2.1). It is seen that for plane stress, the Jz flow theory solution of 
(3.2.1) reduces to the iterative solution of a simple nonlinear equation of the form 
(3.3.5). In addition, the exact linearization of the algorithm is obtained, leading to 
a closed-form expression for the consistent tangent moduli. 


3.4.1 Return-Mapping Algorithm 


For the case at hand, starting from equations (2.4.10), a backward-Euler difference 
scheme yields the following approximation to the plastic return mapping: 


ery = ef + AyPéns1, 
= tn + Ay JV? fatis (3.4.1) 
a Bn oF 2 Ay H'En41, 


An 
Bn 


where €,,4; and Fa are defined as 


| 


T 
= 


bn 1°= Ons — Bri, 


; (3.4.2) 
Sn+1 = y an af | : 


Using the elastic stress-strain relationships, 04; = C[en41 — € 


n+1 n+1 
CAe? ,1 yields the following sequential update procedure: 
En41 = En + Vou, 
ont = Cleans — €2], 
met = Ont — Bas 
1 = 1 atric 
Enu1 = [tayo Sap (3.4.3) 
3 
Bn+t i Bn + Ay 2 Hens, 
Onl = En+1 + Bis 
Ont = An + J FAY fast 


Here, = (Ay) plays the role of a modified (algorithmic) elastic tangent matrix and 
is defined as 


ar 
(Ay) := fe . a | ; (3.4.4) 
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The update formulas (3.4.3) depend parametrically on the plastic Lagrange multi- 
plier Ay which is determined by enforcing the consistency condition at time ty+1, 
1e., 


fP(Ay) = 4 — t[Kant+ JFAvfan] = 0, (3.4.5) 


where f,+1 is defined by (3.4.2). with € = &,41. Note that €,,; is a nonlinear 
function of Ay as defined by (3.4.3)4 and (3.4.4). Therefore, the discrete consis- 
tency condition (3.4.5) furnishes a nonlinear scalar equation which is to be solved 
for Ay. For the case of isotropic elasticity, condition (3.4.5) has a particularly 
simple form because of the structure of matrices P and C, and is easily solved by 
elementary methods, as shown below. 


3.4.2 Consistent Elastoplastic Tangent Moduli 


Tangent moduli consistent with the integration algorithm are developed by lin- 
earizing the algorithm (3.4.3). Although in the limit, as the step size h — 0, one 
recovers the classical elastoplastic moduli defined by (2.4.16), for finite values of 
h, use of the consistent tangent moduli is essential to preserve the quadratic rate 
of asymptotic convergence that characterizes Newton’s method. The methodology 
parallels that followed in the continuum problem. By differentiating the algorithm, 
we obtain the formulas 


don+1 = Cldens1 —_ dAyP€n41 —_ AyP(don41 —_ dBn+1)], 


dons: = J? [fnsidAy + Ayd fas], 
2 ! 


y H 
ABn+1 = —___. (dAyEny1 + Aydonsi), 


(3.4.6) 


where f,,,1 is defined by (3.4.2)2 and d f,,; is computed by differentiating this 
expression. From (3.4.6), and (3.4.6)3, it follows that 


= dAy 
dOn41 = E (Ay) dEn41 = — 5 _—— Péni1 ’ 
1+ 2AyH' 
(3.4.7) 
d6S == —_ [gag = 2H dihy |: 
g T+ 2 ay +1 a bn+1 y| 


Differentiating the consistency condition (3.4.5) at t,41 by using (3.4.2) yields 
the consistency equation 


dfn+i =0> (1 ia 2 K'ni Av) EF Pdén41 = = K' nai fey AY = 0. 
(3.4.8) 
By using (3.4.6)3 and (3.4.7), we solve (3.4.8) for dAy to obtain the following 
expression: 


> 0; ca Peden. 
~ (1+ Bost) €2, PEPE | 


dAy (3.4.9) 
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where 
Oo :=1t+ 2H'Ay, 
0 = 1— SK’ ny Ay, 
5 1 ay [K'n410) + HO] 
Bagi c= 3 Lnakk T = 
0 PSP€,.1 


n+l 


(3.4.10) 


Finally, from (3.4.9), (3.4.10);, and (3.4.7);, we obtain the expression for the 
consistent elastoplastic tangent matrix as 


d Nn Nn 
ual Eg pee bn (3.4.11) 
de ntl 1+ Bn+i 
where we have set 
EPé, 
Nn Sn (3.4.12) 


a ——————— 
(er PEPEns. 


Remark 3.4.1. Observe that, as the time step — 0, Ay — 0. Fromexpressions 
(3.4.9)s and (3.4.10)2, it follows that 0; — 1 and @) — 1, ash — O. Hence 


h>0-> &(Ay) > Cand Bri, > B, (3.4.13) 


where f is given by (2.4.15). Therefore, the “consistent” elastoplastic moduli 
(3.4.11) reduce to the classical elastoplastic moduli given by (2.4.16), ash — 0. 
This shows that algorithm (3.4.3) is consistent with problem (2.4.10). 


3.4.3 Implementation 


For isotropic elastic response, implementation of the algorithm discussed above 
takes a remarkably simple form. Employing the same notation as in Section 2.4, 
we define 


T 
T Ei + 2 = 811 + &20 
=o go. (3.4.14) 
7:=Q We Fi 5 
where @ is given by (2.4.12b)). In addition, we define an elastic trial state given 
by of, £2) and nit4\, by setting 
One = Clen+1 = EP], 
ere = ott — Bn, (3.4.15) 


ial. T trial 
fae =@Q Se 


Using relationships (2.4.12b,c) the basic update formula (3.4.3). takes the form 


eof, tS 7 
fui = [+ 2AvH I+ AyApAg] eH) = Taye, 3.4.16) 
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where I'(Ay) is a diagonal matrix given by 
1 1 
1+ (shy + 3H) avy 14 (2+ 3H") Ay 


’ 


(Ay) := Diag] 


Tae. 
1+ (2 + 3H’) Ay 
(3.4.17) 
In terms of the 77 variables, the consistency condition (3.4.5) takes a simple form. 
For convenience, we set 


fi 1 (nitial 2 (n pale ae 2? 
PAY) = a 2 

: [1+ (soa + 34) ay] [1+ (20+ 3H’) ay] 
R(Ay) = 4K? [a, + VT Ay F(Ay)| « 


(3.4.18) 
where /2R(Ay) is the radius of the yield surface defined in terms of the hardening 
tule (2.4.10)5. With this notation at hand, now equation (3.4.5) reads 


PP (Ay) = 5 f*(Ay) — R*(Ay), Ay = 0. (3.4.19) 


It is readily shown that the function f?(Ay) monotonically decreases for Ay € 
[O, co) and further that 


2 d - 
li *(Ay) = lim —— f?(Ay) =0. 3.4.20 
A) an Fe y) ( ) 
Thus, for the physically meaningful case of a monotonically increasing hardening 


law, (3.4.19) has a unique solution Ay > 0. In particular, linear and saturation 
laws of the exponential type are often used, i.e., 


K (a) = oy + Ka + (Koo — Ko) [1 — exp(—6a)]. (3.4.21) 


Here, oy > 0, K > 0, Kx > Ko, andé > 0 are material constants. 


Remark 3.4.2. Equation (3.4.19) is ideally suited for a local iterative solution 
procedure employing Newton’s method. Note that in most realistic applications 
for which the hardening law is nonlinear, such as (3.4.21), a local iterative solution 
is always necessary. As shown in Example 3.1, this is the case even for plane 
strain with the von Mises yield condition; see BOX 3.1. Thus, the additional effort 
required to solve (3.4.19) because of the presence of f?(Ay) is negligible. 


A step-by-step implementation of the algorithm discussed above is summarized 
for convenience in BOX 3.3. 


BOX 3.3. Return Mapping Algorithm for Plane Stress. 


1. Update strain tensor. Compute trial elastic stresses 
Entl = En + Vru 
om = Clensi = e?] 
gna = oitial 2 Bn 


2. IF fii < 0 THEN: EXIT. 


ELSE: Solve f(Ay) = 0 for Ay (Consistency) 
f(Ay) = 3 f? (Ay) — R’(Ay) = 0 
1 ; 5 (etal + gmial)2 5 5 (eal — Ua + 2g ye 


2 2 
{1+ (s&s ee 3H") Ay} [1+ (20+ 3H’) ay] 


1K? E ee ar Far] 


3. Compute modified (algorithmic) elastic tangent moduli 


“4 
= es Ay 
aces 1 
© wide 2 oa a? 
3 AY 


4. Update stress, plastic strain, back-stress and equivalent strain 


PP (Ay) = 


R’(Ay) : 


1 ; 
eae eee — 7, Cc! trial 
En+1 Te 2 AyH (Ay)C€ 


Bn4t = Bn + Ay z H’ Ens 
Ongt = Engi + Beis 
Ont] = Ay + | 2 Ar Flay) 


ena = EF + AyPEns1 
5. Compute consistent elastoplastic tangent moduli 
do [SP é,41][ [SP é,41] E 
dé |nyy Tiger ets + Bri 


II 


0 := 14+ FH Ay & :=1- 2K ni Ay 
R 3 2 al / , Tr: P 
Bn+t = 3 0 (K nt1O1 + H 02) Er 41 En41 
6. Update ¢33 strain 
awd P P 
E33n41 = E (Cina a 022,41) — (E11, + Ey.) 


ENDIF 
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3.4.4 Accuracy Assessment. Isoerror Maps 


Next, attention is focused on assessing the accuracy of the proposed algorithm 
by numerical testing. For this purpose, isoerror maps are often developed based 
on a strain-controlled homogeneous problem. The procedure is employed by a 
number of authors, e.g., Krieg and Krieg [1977]; Schreyer, Kulak, and Kramer 
[1979]; Iwan and Yoder [1983]; Ortiz and Popov [1985]; Ortiz and Simo [1986]; 
and Simo and Taylor [1986]. Although this technique usefully assesses the overall 
accuracy of the algorithm it should not be regarded as a replacement of a rigorous 
accuracy and stability analysis. In the present context, we restrict our discussion 
to an outline of constructing isoerror maps. (See also Schreyer, Kulak and Kramer 
[1979].) 

Three points on the yield surface are selected which represent a wide range of 
possible states of stress. These points, labeled A, B, and C in Figure 3.3, correspond 
to uniaxial, biaxial, and pure shear stress, respectively. To construct the isoerror 
maps, for each selected point on the yield surface we consider a sequence of 
specified normalized strain increments. Then the stresses, corresponding to the 
(homogeneous) states of strain prescribed in this manner, are computed by applying 
the algorithm. At each point the normalization parameters are chosen as the elastic 
strains associated with initial yielding. Without loss of generality, the calculation 
is performed in terms of principal values of the strain and stress tensors, i.e., it is 
assumed that €;2 = 0. Results are reported as the relative root mean square of the 
error between the exact and computed solution, which is obtained according to the 


E = 30,000 Ksi 
yp =0.3 
¢ =1/V2\|s||-—R=0 
R=V3 


O12 =0 


FiGuRE 3-3. Plane-stress yield surface. Points for isoerror maps. 
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expression 


_ V(o — 0%): (6 — o*) 
Vo* : o* 


Here, o is the result obtained by applying the algorithm, whereas o* is the exact 
solution corresponding to the specified strain increment. The exact solution for any 
given strain increment is obtained by repeatedly applying the algorithm with in- 
creasing numbers of subincrements. The value for which further sub-incrementing 
produces no change in the numerical result is taken as the exact solution. 

The isoerror maps corresponding to points A, B, and C are shown in Figures 
3.4 through 3.6. The values reported here were obtained for a von Mises yield 
condition with no hardening and a Poisson’s ratio of 0.3. Observe that Figures 3.5 
and 3.6 exhibit a symmetry which may be expected from the location of points B 
and C on the yield surface. From these results, it may be concluded that the level 
of error observed is roughly equivalent to that previously reported in the literature 
for other return-mapping algorithms. As a rule, good accuracy (within 5 percent) 
is obtained for moderate strain increments of the order of the characteristic yield 


Py 
y) 
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Ficure 3-4. Isoerror map corresponding to point A on the yield surface. 
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FIGuRE 3-5. Isoerror map corresponding to point B on the yield surface. 


strains. It is also noted that exact results for any strain increment are obtained for 
radial loading along both symmetry axes, as expected. 


3.4.5. Closed-Form Exact Solution of the Consistency 
Equation 


Simo and Govindjee [1988] noted that for Jinear kinematic hardening and certain 
forms of isotropic hardening the discrete consistency equation (3.4.19) reduces 
to a quartic equation that can be solved in closed form. Because of the practical 
importance of the resulting algorithm in large scale computations we discuss below 
details pertaining to this exact solution. In particular, we show the following: 


a. There is one and only one positive root of the discrete consistency equation. 
As shown below, this follows at once by inspecting an appropriate graphical 
interpretation. 

b. The unique positive root is determined directly by a modified version of a 
classical solution procedure for quartic equations. The resulting closed-form 
algorithm involves only real arithmetic. 
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FIGURE 3-6. Iso-error map corresponding to point C on the yield surface. 


3.4.5.1 Pure kinematic hardening. 
For the case of pure kinematic hardening the shape of the yield surface remains 


unchanged, i.e., R(Ay) = constant. By defining 


trial trial) 2 
2 (ny +735") 


A 
6R2 
? _ 5 (nv Pes Aye a PACs tae a 
R2 
z 1, oe (3.4.23) 
~ 3(1—v) 3E 
and 
2 2H’ 
wae BE? 


problem (3.4.18)—(3.4.19) is reduced to finding the positive zeros of the following 


very special quartic equation 
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54 4 Peet 53 4 4 BE 1-A? | _, 
Co Be ep? ae cz |” 
Riss LeBF las _ 1-A?-B ; 
CD? DC? C?D? 
(3.4.24) 
In this equation y is a nondimensional variable defined as y := E Ay, where E is 


Young’s modulus. Further insight into the nature of equation (3.4.24) is obtained 
by letting 


& 
II 


14+ Cy, 
and (3.4.25) 
y=1+Dy, 


so that (3.4.24) (or (3.4.19)) reduces to finding the intersection of a quartic and a 
straight line, i.e., 


A> B? 
a (3.4.26) 
D D 
y= Ga +d - rahe 
Note that (3.4.26); has orthogonal asymptotes x = +|A| and y = +|B|. Further, 
observe that by introducing the change of variables 
x = Ar cos(@) 
and (3.4.27) 
y = Br sin(@), 
equation (3.4.26), takes the following simple form: 
r? sin?(20) = 4. (3.4.28) 


This is illustrated graphically in Figure 3.7. Since (3.4.25). always has positive 
slope and passes through the point (1,1), direct inspection of Figure 3.7 reveals that 
problem (3.4.26) (or, equivalently, (3.4.24)) has one negative root, one positive 
root (the one of interest), and a pair of complex conjugate roots. Keeping the 
above observation in mind, one has the following algorithm, summarized in BOX 
3.4, which derives from Galois theory (see, for example, Hungerford [1974] or 
Herstein[1964]). 


3.4.5.2 Isotropic hardening. 


The standard formulation of /inear isotropic hardening, on the other hand, leads to 
a reduced plane-stress problem with no closed-form solution. To elaborate, recall 
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FIGURE 3-7. Geometric view of the consistency problem in xy phase plane. 


that the linear isotropic hardening model is given as 


R(a) = J Blov Ras (3.4.29) 


where a is the equivalent plastic strain, with equation of evolution 


a = y,/ 2é7PE - (3.4.30) 


The discrete version of this hardening law yields 


R(Ay) := V2 (oy + K(on + [2 Av F(AY)))- (3.4.31) 
Substituting (3.4.31) in (3.4.19) leads to a transcendental equation which does not 
admit a closed-form solution. 

Nevertheless, forms of the isotropic hardening law that lead to a closed form 
solution are possible. As an example, consider the internal hardening variable q 
governed by the equation of evolution 


gq = zyé'PE , (3.4.32) 


and define 


R2(q) = 2 (67 ca Kq) (3.4.33) 
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It easily follows that 
R(Ay) := (363 4 £ Kan) + $RAyP2(Ay). (3.4.34) 


Substituting (3.4.34) into (3.4.19) again yields a quartic equation with the following 
form: 


=. 2 F(A? D? + B?C?) a 
‘ CD2y Dale 
% 4 2F(A*D + B?C) A’ Bel ss 
D + ep C2D2y Cyr py” 
re 2C+D) A*2QD—F)+ B°2C— F) | - 
CD? C2D2J 3 
4 = iat 0 (3.4.35) 
a aa: i; 
where J = Sof + 5K qn and F = SE . Equation (3.4.35) possesses the 


same properties as (3.4.24) and, therefore, it is also solvable in closed form by the 
algorithm in BOX 3.4. 


Remarks 3.4.1. 

1. A word on computational effort is in order. Our implementation of the al- 
gorithm in BOX 3.4 is approximately equivalent to four to six Newton 
iterations without line search. The comparisons were made on a CONVEX 
C-1 superminicomputer running under CONVEX UNIX 6.1. No attempt 
was made to optimize our implementations (written in C and executed in 
scalar, and not vectorized mode). We note, however, that the algorithm in 
BOX 3.4 is amenable to vectorization, a fact which constitutes the main ad- 
vantage of this closed-form procedure. By contrast, local Newton iterative 
procedures are typically not amenable to vectorization, and vectorized im- 
plementations typically rely on stipulating a fixed number of iterations, as in 
the DYNA codes, Hallquist [1988]. Although, in the present situation, New- 
ton’s method is guaranteed to converge regardless of the initial trial state, the 
required number of iterations depends crucially on the location of the trial 
stress. 

2. The procedure discussed above is also applicable to more general plasticity 
models with a quadratic strain-energy function and yield conditions. 


BOX 3.4. Solution Algorithm for the Quartic Equation. 


Solve : 


pi+apt+by+cep+d=0 


for its only positive root. 


. Let 
eo) eee ie 
p:= 3 3 ac 
_ (bY — bac=4d) , ad —4bd +? 
FN A 6 2 
. Ifq? — p>? = O then let 


, b 
ymyqtVve—ptya Se aaet aee 


Else let 
1 b 
yrs 2peos| wins (1) + 3 
. Let 
2 
O:=,/ = = b+y 
S:= clad = Ops 07 
4 
. If Q? > TOL** then let 
= 4ab — 8c — a3 
40 


Else let 
T: 


2V/ y? — 4d 


. If 7 + S > O then let the desired root 


a a VS + T 
pee Se 
4 2 2 
Else let 
- 4 Q VS —T 
ae ee 2 


1—B? 1—A? 
+ ), 


* For convenience, we define a := (2 + z), b:= ( ae + 


1-A?—B? 
C?D? 


1—B? 
CD? 


c= 2 + 14°), and d = 


D2 C2 


“* TOL is chosen to approximate machine zero for the word size employed. 
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3.5 Interpretation. Operator Splits and Product Formulas 


The examples developed in the preceding two sections constitute specific illustra- 
tions of the general equations (3.2.1). These discrete equations may be viewed as 
a two-step-algorithm: 


1. an elastic trial predictor defined by formulas (3.2.3), followed by 
2. a plastic corrector that performs the closest point projection of the trial state 
onto the yield surface. 


In this section we show that the above two-step algorithm may be interpreted 
as a product formula algorithm emanating from an elastic-plastic operator split of 
the elastoplastic constitutive equations. This interpretation is particularly useful 
in analyzing and developing algorithms. In Section 3.6, for instance, the general 
notion of return mapping is exploited to develop the cutting-plane algorithm. To 
motivate the basic methodology we consider the following elementary example. 
For a detailed account of product formulas and operator split methods we refer to 
Chorin et al. [1978] and references therein. 


3.5.1 Example 3.3. Lie’s Formula 


Consider the following linear initial-value problem governing the evolution of 
x(t) € R, 


: = — fal 2 
x(t) = Ax(t) = [A'+A | on 


X(ty) =X, 
where the (linear) operator A : R” —> R% admits the additive decomposition 
A = A! + A’. Of course, the exact solution of (3.5.1) at time tho. = th +A, 
h > 0, is given by x(t,41) = exp[(A! + A’)h]x,. To approximate this solution, 
we proceed as follows. Consider the split problems: 


Problem 1 Problem 2 
x(t) = A'x(t) X(t) = A2x(t) (3.5.2) 
X(tn) = Xn X(tn) = X(tn41)- 


Note that the solution of problem | is taken as the initial condition for problem 
2 and that both problems do indeed add up to the original problem (3.5.1). This 
sequential solution scheme defines a product-formula algorithm of the form 


Xn41 = exp[A'h] exp[A7h]x, ; (3.5.3) 


where exp[A‘h], (k = 1, 2), are the (exact) solutions of problems | and 2, respec- 
tively. Of course, the product-formula algorithm (3.5.3) does not furnish the exact 
solution to the initial problem (3.5.1) (unless A! and A? commute). However, it is 
easily shown that (3.5.3) defines a first-order accurate algorithm: 


|| exp[A'h] exp[A7h] — exp[(A! + A”)h]]] = Ch? + Oh’), (3.5.4) 
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where C > 0 is a constant (in fact, the commutator or Lie bracket of A! and A”). 
Furthermore, repeated application of formula (3.5.3) with a decreasing time step 
yields the exact solution: 


im, [expa'n {n) exp(a?h/n) | = exp [a + Ah] (3.5.5) 


This is the so-called Lie’s formula, see Abraham, Marsden, and Ratiu [1984]. One 
can show that the above results essentially carry over for the case in which A is 
a nonlinear operator and the “exact algorithms” that solve problems 1 and 2 are 
replaced by (first-order accurate) consistent algorithms. 


3.5.2 Elastic-Plastic Operator Split 


Now we apply the basic idea illustrated in the example above to the elastoplastic 
problem of evolution (3.1.2). To this end, we introduce the following additive split: 


Total Elastic predictor Plastic Corrector 
é= V*(Au) é = V*(Au) ée= 0 
e= yicoflo.gt = e =0 tT P= ye f(a, q) 
q =—yvh(o,q) q=0 q = —yh(o,q) 
(3.5.6) 


Conceptually, a product-formula algorithm is constructed as follows. The elastic 
predictor problem is solved with the initial conditions (3.1.2b) which are the con- 
verged values of the previous time step. This produces a trial elastic state which, 
if outside of the yield surface, is taken as the initial conditions for the solution 
of the plastic corrector problem. The objective of this second step is to restore 
consistency by “returning” the trial stress to the yield surface. This is pictorially 
indicated in Figure 3.8. 


3.5.3 Elastic Predictor. Trial Elastic State 


First we observe that the elastic predictor problem admits an exact solution which 
merely reduces to a geometric update 


Ent = En + V* (Au) 


er =e? (3.5.7) 


nr 


trial 


Gni+1 =n, 


where Aw is the specified displacement increment over the time step [t,, t)+1]. In 
addition, the stress tensor associated with this trial elastic state is computed by 
functional evaluation simply by using the elastic stress-strain relationships, i.e., 


om = VWeng1 — €2). (3.5.8) 
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trial Ons = P Cnty 
Closest point projection 
He in the metric defined 


a by C yf 


FiGuRE 3-8. Conceptual representation of the elastic predictor—plastic return-mapping 
algorithm for perfect plasticity (no hardening). 


In fact, these are the equations defining the trial state in Section 3.2. There, it was 
shown that, assuming f(e, e) is convex, if f (ons; Qn) < 0, the process is elastic 
and the trial state is the final state. On the other hand, if f Gu »Gn) > 0, the Kuhn— 
Tucker loading/unloading conditions are violated by the trial state which now 
lies outside the yield surface. Then consistency is restored by the return-mapping 


algorithm. 


3.5.4 Plastic Corrector. Return Mapping 


Dividing by Ay, the plastic corrector problem is rephrased as 


de’(A 
AY = anf {VWlens — €”AY)}. (A7)] 
Y 
dq(Ay) (3.5.9) 
ge =e {VWlensi — e?(Ay)]. q(Ay)} 
subject to 
fe? (Ay), QAY)}| yao = {Ens Qn}. (3.5.10) 


For associative plasticity, by using the elastic stress-strain relationships and the 
hardening relationships, problem (3.5.9) is formulated in terms of the stress and 
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the internal variables as 


ee = —-C(Ay) : def {o(Ay), q(Ay)} 
MUAY) _ _Diay)a,f{o(Ay), a(Ay)] ire 
dAy 7 ; 
subject to 
{o(AY), (AY) 4-9 = (Ontt dn}, (3.5.12) 


where C(Ay) := V-Wle — e?(Ay)] is the elasticity tensor and D(Ay) := 
[vo (q(Ay)] is the tensor of generalized plastic moduli. Form (3.5.11) is pre- 
ferred when the elasticity tensor and the plastic moduli are constant (the usual 
case). The solution of (3.5.11)-(3.5.12) isa curve Ay € R, > [o(Ay), q(Ay)] 
which starts at the trial state. Consistency is enforced by determining the intersec- 
tion of this curve with the boundary dE, of the elastic domain, equivalently, by 
solving the following problem: 


Find Ay € R, such that 


a (3.5.13) 
f(Ay) := fla(Ay), q(Ay)} = 0. 


Remarks 3.5.1. To gain further insight into the nature of problem (3.5.11) and 
nonlinear equation (3.5.13), we examine the return map Ay b {o(Ay), g(Ay)} 
under the assumption of associative plasticity. Multiplying (3.5.11); by 0, f and 
(3.5.11)2 by dg f, adding the result, and using the chain rule, we obtain 


d 
inp 1 7 O aay) —dgf :C: dof — gf :D: dgf 


II 


-lefle- ltl <0 = G54 


where y > 0. Here, || ¢ ||¢ and || ¢ || pp denote the norms induced by the (Rieman- 
nian) metrics C(Ay) and D(Ay), respectively. Equivalently, (3.5.14) is the norm 
induced by the block-diagonal metric G defined by (3.2.13). Since the function 
J (a, q) is convex, it follows that the system (3.5.11) is dissipative. In addition, 
the function f (Ay) == f{a(Ay), q(Ay)} is monotonically decreasing with the 
shape indicated in Figure 3.9. Note that f(Ay) = 0 is ideally suited to a solu- 
tion by Newton’s method which becomes a globally convergent algorithm for the 
present case. 


Conceptually, once Ay > 0 is determined, the stresses and internal variables 
are obtained by setting 0,4; = o(Ay), and so on. The algorithms developed 
in Section 3.3 and Section 3.4 may, in fact, be regarded as particular examples of 
numerical schemes that approximate the flow Ay —> {a(Ay), q(Ay)} associated 
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FiGuRE 3-9. Shape of the function f(Ay) := f[o(Ay)]. 


trial 


with problem (3.5.11) and starting at (o,""|, @n) for Ay = 0. The general situation 
is considered next. 


3.6 General Return-Mapping Algorithms 


In what follows, motivated by the examples discussed in Sections 3.3 and 3.4 and 
with the background provided by Section 3.5, we present two general algorithms 
for numerically solving the plastic corrector problem (3.3.2). We emphasize that 
these two algorithms apply to the case of a general yield condition, flow rule, and 
hardening law. 


3.6.1 General Closest Point Projection 


This algorithm is the extension of the procedure discussed in Example 3.2 to the 
general case governed by equations (3.2.1). Conceptually, the underlying idea is 
rather simple and is explained below in the simpler context of perfect plasticity. 
The general case is summarized in BOX 3.5. 


1. Assume plastic loading, that is, | sy > 0 so that, by Lemma 3.1, Ay > 0. 


144 3. Integration Algorithms for Plasticity and Viscoplasticity 


trial 
Ons+1 


Ficure 3-10. A geometric interpretation of the closest point projection algorithm in stress 
space. At each iterate (e), the constraint is linearized to find the intersection (cut) with 
f = 0. The next iterate (e)“*", located on level set fou > 0, is the closest point of that 
level set to the previous iterate (e) in the metric defined by the elasticities C. 


Define the plastic flow residual R,4; and yield condition: 


Ryy c= —é) + eP + AV Ie fn+i 
(3.6.1) 
P44 = St (On41) 
where oy4; = C: [En41 — era 
2. Linearize the above equations. Since €,,; is fixed during the return-mapping 


p® 1 (k) a ‘? . 
=-C:Ao and one is led to the linearized 


stage, it follows that Ae, 41 pier 


problem 


(k) mk) 7-1. (k) 2,, (k) (kK) __ 
Rigi + En Aang FAM of = 


(k) (k) (kK) 
Suvi + Do f+ : Aon 44 =0 


(3.6.2) 


= = -l, E : 
where & := [Cc ee Ayo, f]| is the exact Hessian matrix. 
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3a. Solve the linearized problem to obtain Dy and Ae”: 


(k) ne , = © 
ae ROE a 


A2y® pera a 
n+l k mk k 
Bonet? Ent “of 
(kK) tk) és 2. (k) (k) 
Aone = Fre tL Rng — An 8 fag] (3.6.3) 
and 
pe = (k) 
Aen +1 =-C AOniy 


(k) 


3b. Update the plastic strain €,, and consistency parameter Ay 


and 


Ay shy A (3.6.4) 


The procedure summarized above is simply a systematic application of 
Newton’s method to the system of equations (3.6.1) that results in the com- 
putation of the closest point projection from the trial state onto the yield 
surface. A geometric interpretation of the iteration scheme is contained in 
Figure 3.10, and the general case is summarized for convenience in BOX 
3.5. From a physical viewpoint, the algorithm is a systematic procedure for 
finding the intermediate configuration, which is defined by e? 4, and g,41 for 
a given strain €,41. 

For comparison with the the cutting-plane algorithm developed below, we 
summarize the basic characteristics of the closest point projection algorithm. 

4. It is an implicit procedure that involves solving a local 6 x 6 system of 
equations. 
5. Normality is enforced at the final (unknown) iterate. 


3.6.2 Consistent Elastoplastic Moduli. Perfect Plasticity 


An important advantage of the algorithm summarized in BOX 3.5 lies in the fact 
that it can be exactly linearized in closed form. This leads to the notion of consis- 
tent — as opposed to continuum — elastoplastic tangent moduli. The former are 
obtained essentially by enforcing the consistency condition on the discrete algo- 
rithmic problem, whereas the later notion results from the classical consistency 
condition on the continuum problem. In what follows, we illustrate the derivation 
of these algorithmic tangent moduli. For simplicity, attention is restricted to perfect 
plasticity. An identical but more elaborated computation applies to the general case 
summarized in BOX 3.5. (The concept of consistent linearization was introduced 
in Hughes and Pister [1978], and consistent alogrithmic moduli were first derived 
in Hughes and Taylor [1978] for viscoplasticity.) 
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BOX 3.5. General Closest Point Projection Iteration. 


eo: a (0) 
1. Initialize: k = 0, Eig Sen a? = An, Aya = 0. 


2. Check yield condition and evaluate flow rule/hardening law residuals 


(k) 
a) = VWeng — 2,1) 
k k) 
ge = -VH(a), 
(kK), (k) (k) 
Fai = Fp Wnt) 
(k) 
(k) Er + En ky | Pefn+1 eo 
Riyi ~~ (k) +A n+l 
On.) 1 An Oq fn+i 
IF: f), < TOL; and ||R“) || < TOL, THEN: EXIT. 
3. Compute elastic moduli and consistent tangent moduli 
k (k) 
oe = V?WEnt1 _ Eri) 
dD”), = -VH(a\") |) 
[Aa® Pt a [Cot + Avn41 835 fr+t] A Yn41824 fat | 
sa AYn+1 996 Sn+1 [Dos + AYn+19gq fn+1] 


4. Obtain increment to consistency parameter 


(k) (k) (k) IT p® p& 
A2 (kK). Jntl [90 fn n 194 n+ i A, | Rk, t1 


a ® paw | befars | 
[ek eat 4 Ans | be fas 
qJn+1 


5. Obtain incremental plastic strains and internal variables 


) 3 (k) (k) 
Agni | _ [Cn OF a® [RO 4 a2y ©, | Pe fnst 
Aa), 0 Dd, n+1 nt+1 n+l Dg Sat 


a 


6. Update state variables and consistency parameter 


(k) 


(k+1) 
P — oP P 
n+1 ~~ “n+l Ag, +1 
(k+l) __ tk) (k) 
On = n+l oc AQ +1 


k+1 k k 
Ay SA PO 


Setk <— k+1andGO TO2. 


By differentiating the elastic stress-strain relationships and the discrete (algo- 
rithmic) flow rule (3.6.1), (with attention restricted to the case of perfect plasticity), 
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we obtain 
donq = C,,4 » (dén41 — de? ) 
i oe ee (3.6.5) 
and dé 44 am AVnt1 9ooF (n+1) : don+1 + dAAYn+100 f (On41) : 
Thus, one obtains the algorithmic relationship 
dOnv1 = ns: [den ti — €AYn4 100.f (n+1) | > (3.6.6) 


where &,,,; are algorithmic moduli defined as 
= = -1 
Baar = [Cr + Amn8e¢f (On) - (3.6.7) 


On the other hand, differentiating the discrete consistency condition f(a) = 0 
yields 


Oo f (On41) : dons = 0. (3.6.8) 
Thus, from (3.6.6) and (3.6.8), 


Oo f : Fn4i : dén41 
Oo fntl > Ent Oo fnti 
Finally, substituting (3.57) into (3.6.6) yields the expression for the algorithmic 
elastoplastic tangent moduli 


dAYna1 = (3.6.9) 


d 
7A = Bai — Nn41 @ Nn4i 
nt = (3.6.10) 
N we ntl: Oo f (On+1) 
ee Mie F Gnu) | Snut | Oo F (Oni) 


Note that the structure of (3.6.10) is analogous to expression (3.4.11) derived in 
Example 3.2 (see subsection 3.4.2). The preceding derivation shows that all that 
is needed to obtain the algorithmic tangent moduli is to replace the elastic moduli 
C,,.1 in the expression for the continuum elastoplastic moduli by the algorithmic 
moduli &,,,; defined by (3.6.10). 


Remarks 3.6.1. 

1. It should be noted that symmetry of the generalized moduli A depends crucially 
on the choice of variables employed and the potential relationships (3.1.3) 
connecting q anda. 

2. The main drawback associated with the closest point iterative procedure sum- 
marized in BOX 3.5 is the need for computing the gradients of the flow rule 
and hardening laws, that is, 


a2, f (a, q) a2 f(a, 4 


This task may prove exceedingly laborious for complicated plasticity models. 
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(0) _ trial 
On+1 = nti 


Elastic predictor 


Cuts 
Tangent (limiting) cut 


Ne f = 0 (Yield surface) 


FiGure 3-11. Geometric interpretation of the cutting-plane algorithm in stress space. At 
each iterate (e)“ the constraint is linearized about (e). The intersection of the plane 
normal to f“ = 0 with the level set f+! determines the next iterate (e)*+!), 


3.6.3 Cutting-Plane Algorithm 


The main goal of this algorithm, proposed in Simo and Ortiz [1985] and further an- 
alyzed in Ortiz and Simo [1986], is to bypass the need for computing the gradients 
(3.6.11). The algorithm falls within the class of convex cutting-plane methods of 
constrained optimization; see Luenberger [1984, Sections 13.6 and 13.7]. The ba- 
sic idea relies crucially on the notion of operator splitting, as discussed in Section 
3.5, and involves the following steps: 


trial 


1. Assume plastic loading so that f7") > 0 so that, by Lemma 3.1, Ay,+1 > 0. 
Then integrate explicitly the return-mapping equations (3.5.11) over an interval 
of length A?y as yet undetermined. 

2. Linearize the constraint equation (3.5.13), and solve for the length Ay. 

3. Update Ay and the state variables, and check for satisfaction of the consistency 
condition (3.5.13). Return to step 1 if the constraint is violated. 


The procedure is summarized in BOX 3.6. It should be noted that convergence of 
the algorithm toward the final value of the state variables is obtained at a quadratic 
rate. A geometric interpretation of the algorithm is contained in Figure 3.11. The 
return path Ay  {a(Ay), q(Ay)} is approximated by a sequence of straight 
segments on the space S x R” of stresses and internal variables (o, q). 

To some extent the basic characteristics of the algorithm are opposite those of 
the closest point projection algorithm and are summarized below: 
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4. It is an explicit procedure that involves only functional evaluations. 
5. Normality is enforced at the initial (known) iterate. 


BOX 3.6. General Convex Cutting-Plane Algorithm. 


oy Ag. (0) 
. Initialize: k = 0, e44 = efq®, = Gn, Ay® _ 0. 


. Compute stresses, hardening moduli, and yield function 


(k) 


a) = VWlensi — €7,1] 


n® = hla) (k) ] 


n+l? Mn+ 
(k) (k) (k) 

faa — fleas Grit] 

IF £2, < TOL THEN: EXIT. 


n 


ELSE: 
3. Compute increment to plastic consistency parameter 
(k) 
25,0. Fn 
A Vat 7 


P = ip 2. (k) (k) 
Eng = Engr t MVM 90h 


(kK+1) __ _(k) 2, (kK) z (k) 
Wnt = Anti — A Yat ent 


(kK+1) __ (k) 2, ,(k) 
AVng1 = AVng FAM 


Setk <— k + 1 andGOTO2. 
ENDIF 


(ky . Aw. (k) (k) (k) 
Do fn ( Cr s Io fn + Do fit his 


4. Update state variables and consistency parameter 
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Remark 3.6.2. Although the simplicity of the algorithm in BOX 3.6 leads to a 
very attractive computational scheme for large scale calculations, it appears that 
exact linearization of the algorithm cannot be obtained in closed form. Thus global 


solution strategies involving quasi-Newton methods are required. 


For further reading on return-mapping alogrithms, see Ortiz and Martin [1989]. 


3.7 Extension of General Algorithms to Viscoplasticity 


The general algorithms developed in the precedings section are readily modified to 
accommodate classical viscoplasticity. As motivation, we start with the important 


case of classical Jz viscoplasticity. 
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3.7.1 Motivation. J>-Viscoplasticity 


To develop the extension of the algorithm presented in Section 3.3.1, we recall that 
classical viscoplasticity is obtained from rate-independent plasticity by replacing 
the consistency parameter y > 0 with the constitutive equation 


_ (fe) 
Ui 


, né (0,0). (3.7.1) 


For Jz viscoplasticity the flow potential in BOX 3.7 has the expression 
f = Wléll — V3 [oy + BH'a| where, for simplicity, we have assumed linear 
isotropic/kinematic hardening. As in the rate-independent theory, 6 ¢€ [0, 1] isa 
material parameter. Assuming that aca > 0 so that viscoplastic loading takes 
place, then an implicit backward-Euler difference scheme yields the counterpart 
of the algorithmic equations (3.3.1): 


Er = eyP + Inst Atnyn+1 
Ui 
One] = Oy +f? Sut py (3.7.2) 
UT] 
_ 2 an 
Bn+1 = Bn oh 3 dd — —H Atnn+1 > 
where Nyy) ?= §n41/l|€:+1||. An argument identical to that presented in Section 
3.3.1 leads to the result 
Nnwi = ser trial || (3.7.3) 
along with the condition 
oe 8 H' 
lEnsill = ee] - (ft) [ +(1- az | (3.7.4) 


where £741 := On+1 — Bn41, and se is defined by (3.3.2). From an algorith- 
mic standpoint the only difference with the rate-independent case concerns the 
enforcement of the counterpart of the consistency condition. Now it follows from 


(3.7.4) that 


Ar (fil) /2u 
Ayn = (fart) — = HR ois oF (3.7.5) 
u aoe [! + £] M 


where pace is defined by (3.2.3) and t is the relaxation time (see (2.7.12)). The 
preceding analysis easily extends to the case of nonlinear kinematic/isotropic hard- 
ening by considering a local iterative procedure analogous to that summarized in 


BOX 3.1. 
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3.7.1.1 Linearization. 


By differentiating the algorithm along the lines discussed in Section 3.3.2, one 
obtains the algorithmic consistent viscoplastic tangent moduli. In particular, for 


AYVn+1> 


a trial aA , Nn 
etl a ee — se ; ze. =. (3.7.6) 
n+l n+l Tie + [! + i] 
Pp 


Moreover, since On4) = «K tr[én4)]1 + 2W(En 4) — e? — AynsiMns1), Lemma 
3.2 and (3.7.6) yield the expression recorded in BOX 3.7, which also includes a 
step-by-step summary of the algorithm. 


Remark 3.7.1. From expression (3.7.5), 


At trial 2 
Kien Fas pe ees at li: (3.7.7) 
n iene 


which coincides with expression (3.3.7) for y,4 in the rate-independent case. This 
illustrates the fact that, as the ratio of the relaxation time over the time step goes to 
zero, i.e., T/At — 0, one recovers the rate-independent limit; in agreement with 
the conclusions obtained in Section 1.9.1 in analyzing the continuum problem. 


3.7.2 Closest Point Projection 


The iterative procedure is analogous to that for the rate-independent case. One 
simply needs to observe the following: 


1. For perfect viscoplasticity, Ay,+1; = Atfiai/n, where fr41 = f(On41). 
2. Since Rry = ey) +e +4 AyntiV fn4i, the linearization yields 


ORn+1 


At 
Fo HON + Ami fori] + — [Vir @ Vins] 78) 
On+l1 n 


where, for simplicity, we have restricted our attention to perfect viscoplasticity. 
The general case is handled along similar lines. With these observations in 
mind, for convenience the iterative scheme is summarized in BOX 3.8. 


3.7.3 A Note on Notational Conventions 


In order to minimize confusion, we wish to review our notational conventions. The 
symbol A is used to denote an incremental quantity, such as the increment over a 
time step, or an increment between successive iterations. We typically do not use 
separate notations to distinguish between these two cases, relying on context to 
make the intent clear. On the other hand, we often encounter situations in which the 
rate-of-slip, y, appears in both incremental forms within an alogrithm, and even a 
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single equation; see, e.g., Box 3.5. In these cases, we adhere to the following con- 
ventions: Ay = y At denotes the increment of y over atime step, and A”y denotes 


BOX 3.7. J;-Viscoplasticity. 
Linear Isotropic/Kinematic Hardening. 


1. Compute trial elastic stress: 


Cn+1 = Ent+1 — $(trlengi/)1 


5 trial 


n+1 


trial __ 
n+l —~— 


= 2u(eny1 — e?) 


gitial 
Srqi 


— Bn 


2. Check viscoplastic flow potential 


fi = |etel| — 2 toy + Bia) 
IF: tal < 0 
Set (@)n41 = (0) & EXIT 
ENDIF 
3. Compute n,+1 and Aynii = frei At/n 
Mv = Sri /Ees | 
trial 
2 
AYn4ii = Sear ML : 
a 
Tee 1 [! a i 


4. Update back stress, viscoplastic strain, and stress 


Bn+ — Bn + =(1 B)H' Ayn iNn+1 

Ant] = Ay + 24m 

one = e,P + An 41a 41 

Ont41 = K trlen4i]1 =F Cae _ 2HAVn41Mn41 


5. Compute consistent viscoplastic tangent moduli 


Cri = K1@14 2 ui[T— 5181] — 2u6,41Mn41 @ M41 


QUA 
On-1 i = [- an 
n+ 
- 1 2HAVn+1 
Onv1 = ; He jer] 
IpAt + (1 + #) n+1 


3.7. Extension of General Algorithms to Viscoplasticity 


the increment of Ay between iterations. For example, we write 
Ay ®t) = Ay® ah Ary® 
where k is the iteration number. 


BOX 3.8. Perfect Viscoplasticity. 
Closest Point Projection Iteration. 
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(3.7.9) 


ELSE: 
2. Return mapping iterative algorithm 


2.a. Compute residuals 


(k) 


mit 1 (k) 2 (k) 
ant t= lez! + Ani V fon) 


mvp | eek)! At (k) (k) 
“n+l °— Ee oP GY St ® V fad 


2.c. Compute kth increments 
(k) (k) 


vp’ al. eye’. p\&®) 
Agha = Cra? Fat Ra 


2.d. Update viscoplastic strain 
(k+1) (k) 
vp") _ vp vp 
net = Spy FAS 


Setk —k+1&GOTO2.a. 


1. Initialize: k = 0, Boy = ¢,?, on = VW(V'tne1 — En). 
0 
IF: f(a) < 0 
Seten, = en & EXIT 


a) = VW(V uns — 6551) 
k k) 
fo = fla) 
k) 
Ayn = Athy /n 
(kK), (k) (k) (k) 
Ruy = —en alg ey a0 Ayn VS (On) 
2.b. Check convergence 
IF: ||R), || < TOL, THEN: 
Sete? = eV) & EXIT 
ELSE: 
2.b. Compute consistent (algorithmic) tangent moduli 
(k) 
Cr = WW (Vunst — Ent) 


. 


4 


Discrete Variational Formulation and 
Finite-Element Implementation 


In this chapter we address in detail the variational formulation and numerical 
implementation of classical plasticity and viscoplasticity in the context of the finite- 
element method. As noted in Chapter 2, the variational setting of classical plasticity 
leads naturally to a variational inequality typically formulated in stress space. This 
is the framework adopted by several authors, notably Johnson [1976a,b, 1978]. On 
the other hand, our formulation transforms this inequality into a variational equal- 
ity by introducing a Lagrange multiplier at the outset which is interpreted as the 
consistency parameter. Furthermore, the yield condition is formulated in strain 
space. We show that these steps are in fact crucial to obtain a variational frame- 
work suitable for the implementing the strain-driven, return-mapping algorithms 
examined in detail in Chapter 3. 

By now it is well established that displacement-based, finite-element methods 
may lead to grossly inaccurate numerical solutions in the presence of constraints, 
such as incompressibility or nearly incompressible response; see e.g., Hughes 
[1987, Chapter 4] for a review and an illustration of the difficulties involved in 
the context of linear incompressible elasticity. As first noted in Nagtegaal, Parks, 
and Rice [1974], the classical assumption of incompressible plastic flow in metal 
plasticity is the source of similar numerical difficulties. Finite-element approxima- 
tions based on mixed variational formulations have provided a useful framework 
in the context of which constrained problems can be successfully tackled. A large 
body of literature exists on the subject, which has its point of departure in the 
pioneering work of Herrmann [1965], Taylor, Pister, and Herrmann [1968], Key 
[1969], and Nagtegaal, Park, and Rice [1974]. Review accounts of several aspects 
of this exponentially growing area are in several textbooks, e.g., Ciarlet [1978, 
Chapter 7], Oden and Carey [1983, Chapter 4], Carey and Oden [1984, Chapter 
3], Girault and Raviart [1986, Chapter IIT], Hughes [1987, Chapter 4], Johnson 
[1987, Chapter 11], Zienkiewicz and Taylor [1989, Chapter 12], and others. See 
also Taylor et al. [1986]. 

To retain the simplicity and computational convenience afforded by strain- 
driven, return-mapping algorithms and, at the same time, properly account for 
nearly incompressible response, a class of methods, called assumed-strain meth- 
ods, has gained considerable popularity in recent years. Direct precedents of this 
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methodology are in the work of Nagtegaal, Parks, and Rice [1974] and the reduced 
and selective-reduced integration techniques, introduced by Zienkiewicz, Taylor, 
and Too [1971] and Doherty, Wilson, and Taylor [1969], which are equivalent to 
certain mixed methods as shown in Malkus and Hughes [1978]. For the nearly 
incompressible problem, the structure of assumed-strain methods widely used 
nowadays was originally proposed in Hughes [1980] and is commonly referred to 
as the B-bar method. For linearized and finite strain elasticity and plasticity, Simo, 
Taylor, and Pister [1985] showed that B-bar methods result from finite-element 
approximations constructed on the basis of a three-field variational formulation. 
The fact that general assumed strain methods can be made consistent with a three- 
field variational formulation of the Hu-Washizu type was first pointed out in Simo 
and Hughes [1986]. 

The preceding remarks motivate our development in this chapter of a varia- 
tional formulation of plasticity suitable for constructing three-field, finite-element 
approximations of the elastoplastic boundary-value problem. In this development, 
the variational counterpart of the notion of plastic dissipation introduced in Chap- 
ter 2 plays a central role. In particular, we show in Section 4.2 that a suitable time 
discretization of the dissipation function leads to a discrete Lagrangian whose 
Euler-Lagrange equations produce the weak forms of the momentum balance 
equation and the strain-displacement relationships. In addition, the weak form of 
the closest point projection algorithm is obtained as an Euler-Lagrange equation 
that constitutes the discrete counterpart of the the plastic flow rule and the hard- 
ening law. Finally, the discrete Kuhn—Tucker loading/unloading conditions also 
appear as Euler-Lagrange equations. 

In Section 4.3 we show that one recovers the computational architecture of 
assumed strain methods within this variational framework by assuming that the 
flow rule and loading/unloading conditions hold strongly (pointwise). As already 
pointed out, the implementation of plasticity models in a finite-element method be- 
comes particularly simple in the context of an assumed-strain method. Essentially, 
the procedure reduces to testing independently at each quadrature point of the ele- 
ment whether the elastic trial state violates the yield condition. If this is the case at 
a particular quadrature point, one simply applies a local return-mapping algorithm 
at the quadrature point level to restore consistency. The validity of this simple 
scheme relies crucially on the statement of the yield criterion in strain space. For a 
given yield condition in stress space, a strain-space formulation is obtained merely 
by using the pointwise stress-strain relationships. (In way of contrast, see Hinton 
and Owen [1980] for earlier approaches to integrating constitutive equations of 
plasticity.) 


4.1 Review of Some Basic Notation 
In this section we introduce some of the notation necessary for our subsequent 


developments. Our presentation is informal and technical details are omitted. We 
illustrate the basic definitions needed with a few elementary examples and refer the 
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reader to standard textbooks for further details and the proper functional analysis 
setting. See, e.g., Vainberg [1964], Mikhlin [1970, Part If], Gelfand and Fomin 
[1963], Luenberger [1972], Oden and Reddy [1976], and Troutman [1983]. Read- 
ers familiar with elementary calculus of variations may proceed directly to Section 
4.2. 


4.1.1 Gateaux Variation 


Let V denote an appropriate function space, typically a Banach space with dual 
V*, and duality pairing (e, e)y : V* x V > R. Given a functional 7 : V > R 
and a point up) € V, one defines the Gateaux variation at Ug € V in the direction 
7 € V as the following limit (whenever it exists) 


T(up +a) — TT (uo) _ d 
a ~ da 


51T(wo, n) = lim I (up + an)| 


a=0~ 


(4.1.1) 

This definition generalizes the notion of the directional derivative of functions 

in Euclidean space. However, it does not imply the stronger notion of (Fréchet) 

differentiability. We recall that a functional 7 : V — R is Fréchet differentiable 

atuo € Vif there exists a linear functional, denoted by D/T (ug) and called Fréchet 
derivative, such that 


(ug + 9) — L1(uo) — DI uo) «0 
II7ally 


where || e ||\y denotes the norm in V. One refers to DIT(up) - 1 as the (Fréchet) 
derivative at ug in the direction 7. The Gateaux derivative 5/7 (ug; 7) coincides 
with DIT(uo) - 7 if the following two technical conditions hold (see Troutman 
[1983]): 


> 0, asiniy > 0, (4.1.2) 


i. 517 (uo, 1) is linear and continuous inn € V. 
ii. |67(u, n) — 617 (uo, n)| > 0 asu — uo, uniformly for u in the unit ball 
about uo in V. 


Geometrically, DIT(ug) determines the best linear approximation to IT at uo, 


as the following example illustrates. 


EXAMPLE: 4.1.1. Let 77 : B C R* > R be areal function of two variables 
x = (x, x2) € B, assumed to be continuous and differentiable. Then, the best 
linear approximation to IT(x) at xo is the tangent plane, L,, /7 (x) at xo, defined as 


Ly [I(x) := I(x) + DIT(xo) - (x — Xo), (4.1.3a) 
where DIT (xo) is the vector with components 


dIT (xo) — AIT (x0) 


(4.1.3b) 


’ 


DIT (xo) := | 


Ox, 0X2 
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Ly) (a) = H(xo) + DII (apo) - [x — £0} 


FiGure 4.1. Illustration of the Fréchet derivative as the best linear approximation for a real 
function of two real variables (i.e., a surface). 


See Figure 4.1 for an illustration. 


Formally, we shall always assume the stronger condition of Fréchet differentia- 
bility. However, in practical calculations, the Gateaux derivative formula furnishes 
the most convenient tool for calculating the Fréchet derivative. 


EXAMPLE: 4.1.2. Consider curves u : [a, b] — R which are continuous and 
differentiable with a continuous derivative in [a, b] C R, and have fixed ends such 
that u(a) = u(b) = 0. Following standard notation, we write u € Ch(La, b], R).* 

The arc-length of such curves is a functional JT : CA ([a, b], R) — R defined 
by the familiar expression 


b 
T(u) = i V1 + [w’@)Pdx. (4.1.4) 


*This is a Banach space with the norm ||u||c¢1 := SUP [|u(x)| + |u’(x)|I. 
xe[a,b] 


158 4. Discrete Variational Formulation and Finite-Element Implementation 


Then the Gateaux variation at curve ug € Ch ({a, b], IR) in the direction n(x) € 
Ch ({a, b], R) is given by 


éIT(u, n) 


b 
< / V1 + lw) + an! (x) Pdx 


a=0 


sx 
/ aan + [u'(x) + an! (x)Pdx (4.1.4b) 


= b u'(x) 
da JT + WOOP 


In the classical literature on the calculus of variations (see, e.g., Gelfand and 
Fomin [1963]), the function ug(x) + an(x), fora > 0, is called a variation of uo. 
See Figure 4.2 for a graphical illustration. 


a=0 


n' (x)dx. 


4.1.2 The Functional Derivative 


Given a functional JT : V — R, the functional derivative of II atu € V is an 
element of V*, denoted by oa (u) € V*, which satisfies the relationship 


él1 
6l7(u, 4) =: (= (u), nh, : (4.1.5) 


a b 


FicurE 4.2. A geometric illustration of the variation uo(x) + an(x) of a function ug € 
Ci({a, 6], R) for n € C)([a, b], R). 
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In applications, (4.1.5) boils down to integration by parts of the expression for 
the Gateaux derivative, as the following example illustrates. 


EXAMPLE: 4.1.3. Consider the same setting as in Example 4.1.2. Integration of 
(4.1.4b) by parts yields 


b ! : ! 4 
ee al w(x) Jc u'(x)n@x) 


4.1.6 
1+ (w(x)? 1+ [w'(x)P ars 


a 


We note that the boundary terms vanish since, by assumption, n(a) = n(b) = 0. 
In the present situation, the duality pairing (e, e)\ reduces to integration over the 
interval [a, b] (L2-pairing). Thus, from (4.1.6) and (4.1.5), 


(Sr) . [ ae oni 
a hy de | ew | 


= éT(u) ul (x) 
bu LT +P 


The notion of functional derivative of a given functional provides the abstract 
version of the classical Euler-Lagrange equations. These equations constitute 
necessary conditions for a function to be an extremal, as shown below. 


(4.1.7) 


4.1.3 Euler-Lagrange Equations 


In applications, the interest in the functional derivative is the direct consequence 
of the following classical result which represents the extension of the standard 
calculus test for extremal points of a function to the calculus of variations. 


Proposition 4.1. The necessary condition for a functional IT : VY — R to have 
a local extremum (maximum, minimum, or saddle) at a point ug € V is that 


élT 
— (up) = 0. (4.1.8) 
ou 


These are the so-called Euler-Lagrange equations. 


PROOF. Consider the real-valued function ¢ : V — R defined for fixed but 
otherwise arbitrary 7 € V by 


o(€) := Muy + €n). 


By hypothesis, @(€) has an extremal point for € = 0. From elementary calculus, 


d 
¢'(0) = qe [i (uo + em) =0. 
E e=0 
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By definition (4.1.1) of the variational derivative and definition (4.1.8) of the 
functional derivative, 


51 
¢ (0) = 6/7 (uo, 0) = (SF wo n) =0. 
u V 


Since 7 € Visarbitrary, the result follows by the properties of duality pairing. 


In the classical literature of the calculus of variations, the fact that ( oi (uo), my 


implies that oi (u) = 0 for arbitrary functions in C°[B, R?] is called the Dubois— 
Raymond-—Lagrange lemma; see Gelfand and Fomin [1963], or Troutman [1983]. 


EXAMPLE: 4.1.4. From (4.1.7), the Euler-Lagrange equation for the problem 
considered in Examples 4.2 and 4.3 is expressed as 


1+ [w'(x)P 


Thus, u(x) = Ax + B, where A, B are constants. Since u(a) = u(b) = 0, it 
follows that u(x) = 0 for x € [a, b], that is, the solution of the Euler-Lagrange 
equation is a straight segment connecting points (a, 0), and (b, 0) (the shortest 
distance between a and b). 


Pecod =0 => w(x) = constant. (4.1.9) 


As a final illustration, consider the following important example. 


EXAMPLE: 4.1.5. Let the functional J7 : V — R be defined by the expression 


IT(u) =f wee Vu(x)] — b(x) - u(x)} dx, (4.1.10a) 
B 


where B C R?, and u(x) = 0 forx € 3B (the boundary of B). Application of the 
Gateaux derivative formula yields 


dx 


d 
611 (u, 7) = ae {W[x, Vu + an)]-—b-u+an)} 
Be e=0 (4.1.10) 


=| [VWx, Vu): Vn —b- ndx, 


so that application of Green’s formula results in 


5IT(u, n) := -[ {a [VWo, Vu)] +6} - ndx 
& (4.1.10c) 
+f n-[V’ Wo, Vu)n|dr, 
0B 


where n(x) denotes the unit normal field to 058. The boundary term vanishes 
because of the homogeneous boundary condition 7|33 = 0. Thus, the functional 
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derivative takes the form 


ot (u) = —div {VW[x, Vu(x)]} — d(x). (4.1.10d) 


If W(x, Vu) is the strain energy and b(x) is the body force, then the Euler-Lagrange 
equations 6/7/5u = 0 are simply the equilibrium equations of elastostatics; see 
Gurtin [1972] for a detailed discussion. 


4.2 General Variational Framework for Elastoplasticity 


In this section we examine the variational formulation of classical elastoplasticity. 
Our objective is to define a discrete functional whose associated Euler-Lagrange 
equations yield the discrete equations of elastoplasticity, as summarized in Section 
3.2 of Chapter 3. The construction of this discrete functional relies crucially on the 
notion of plastic dissipation discussed in detail in Section 2.6 of Chapter 2, and 
proceeds as follows. 

i. We discretize the time interval [0, 7] € Rx of interest in nonoverlapping 
intervals [0, T] = Ur, [tn, tn4i]. In a typical interval [t,, t,41], we assume that 
the initial data at ¢,, are given. 

ii. We express the total energy available at time t,, in terms of the state variables at 
t,+1 as the sum of the potential energy at time f,,, and the incremental dissipation 
in the interval [t,, t,41] computed by a backward Euler difference scheme. This 
leads to a discrete functional (Lagrangian) in terms of the unknown state variables 
at tn41- 


iii. We show that the Euler-Lagrange equations associated with this discrete La- 
grangian produce the equilibrium equations, the discrete versions of the flow rule 
and hardening law, and the discrete form of the loading conditions in Kuhn—Tucker 
form. We recall that the discrete flow rule and hardening law are the mathemat- 
ical expression of the closest point projection algorithms discussed in detail in 
Chapter 3. 


To carry out the program outlined above, we start by recalling some further 
notation. We let V denote the space of kinematically admissible variations (or 
virtual displacements), defined as 


Vi= {n : B > Ram | ne [H' (B)y"= ; 70,8 = 0} ; (4.2.1a) 


where “gim < 3 is the spatial dimension and H! (B) denotes the Sobolev space of 
functions with square-integrable first-order derivatives.". Further, we recall from 
Chapter 2 that 0,8 C 06 and 0,6 C 0B are the parts of the boundary 0B where 


*Note that V = V*. The duality pairing for the computation of functional derivatives is simply the 
Ly inner product, i.e., (1, 72) := te m-mdv. 
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displacement and stresses are respectively prescribed according to 
ula,B = U, 

and (4.2.1b) 
on\a,B = t. 


Finally, we let [0, T] C Rx be the time interval of interest and denote the current 
time by t € [0, T]. In the exposition that follows, we shall designate the value 
of the variable at time € € [0, t] by a subscript &. In addition, to simplify the 
notation, explicit indication of the spatial argument x € 6 is often omitted. 


4.2.1 Variational Characterization of Plastic Response 


With the preceding notation in hand, we proceed to define the following functionals. 


4.2.1.1 Free energy functional 


We introduce the notion of total free energy available at current time t, by the 
following three-field functional of the Hu—Washizu type: 


P(r, €1 — €7,q, 01) = [we — ef, qvt+oa;: (Vou, — €)}dV 
B 


1 Pext (u;). 


(4.2.2) 
Here, W is the free energy defined in terms of the stored-energy function W and the 
contribution of the hardening variable 7 by (2.6.22b). For simplicity, we assume 
that 7/(q) is quadratic so that, by the Legendre transformation, we trivially express 
H as a function of g. Therefore we set 


— 5q° D-'g, 


(4.2.3) 
We —€?,g): = Wle—e”) + +q -D-'g. 


Identical developments hold for a general form of H. In addition, Pex,(u;) de- 
notes the potential energy of the external loading at current time, which, under the 
assumption of dead loading, is given by 


Pexty) 2= -[ pb-u,dV — / t-u,dr. (4.2.4) 
B d¢B 


In (4.2.2) we have assumed that {u,, €;, o;, q;} are independent variables. Then in 
this context, 0, may be regarded as a Lagrange multiplier that enforces (weakly) 
the constraint V°u, — €, = 0. The generality afforded by the three-field functional 
(4.2.2) is warranted by the class of mixed, finite-element methods considered in 
Section 4.3. 
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4.2.1.2 Plastic dissipation functional 


In addition to the free energy functional (4.2.2), we introduce the Lagrangian 
functional associated with the plastic dissipation over the entire body up to current 
time t € R,. Recall from Section 2.6 that plastic dissipation is given by 


DE = éf : VW(eg — ef) — ge -D' gs = 0, (4.2.5a) 


where the variables {€;, ee , J} are constrained to lie in the closure of the elastic 
domain. This constraint can be removed through the standard method of Lagrange 
multipliers, by considering the following functional associated with the the total 
dissipation up to time f¢ 


LP = i i [DE — ve f[VWlee — ef), q:]| dVdé. (4.2.5b) 


Here, & +» ye € K? is the Lagrange multiplier to be interpreted as the plastic 
consistency parameter. K? is the set (a positive cone) defined as 


K? := {y lye lob), y= 0} F (4.2.6) 


and f[VW(éz — er), gz] = 0 defines the plastic yield surface at time € € [0, f]. 
Although the yield function is given in stress space, it should be noted that L? 
is formulated in strain space by replacing the stress tensor with the expression 
VW (ex — e7). Note further that we use VW(ezg — €7), not o¢, as one would 
expect, in this transformation to strain space. This observation is crucial for the 
developments that follow. 


4.2.2 Discrete Lagrangian for elastoplasticity 


Next, we proceed to discretize functionals introduced above and focus our attention 
on a typical time interval [t,, t)41]. 


4.2.2.1 Discrete plastic dissipation functional 


We consider a discrete plastic dissipation functional obtained from its continuum 
counterpart, defined by (4.2.5), by means of a backward Euler difference scheme. 
Let t = f,4, be the current time, and let t,,; = t, + At, where At > 0 is the 
time step. Then from (4.2.5) 


t+ 
Le =L7 +/ [le : VW(ez — ef) —qe- Do'g: |dVdé 
th 


= / 7 [ vs f[VW (ee — €2), qe]aVa8. (4.2.7) 
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For convenience, in what follows, we use the following notation 


Xn 1:= {Un+1, Ent, On4+1> eis Goats AVY, 
Wr+t = W(En+1 = ers (4.2.8) 
foi = f(VWeny — Cones Qn41)- 


In addition, we assume that the history of the state variables up to time t,, which 
is collectively denoted by xz for € € [0, t,], is given and remains fixed through 
the developments that follow. Then, with this observation in mind, evaluation of 
(4.2.7) by a backward Euler algorithm results in the following expression: 


ye 0 be Sie [tetas — 68]: VWrsi — Ay fnti 
B (4.2.9) 


= dni Do! (Gni1 — Qn) }dV, 


where interchange of spatial and time integration is allowed by the assumed 
smoothness of the integrand, and we have set Ay := yAt. The functional 
L?(Xn+1) furnishes the algorithmic approximation to the plastic dissipation L? 
up to time t = f,41. 


4.2.2.2 The discrete Lagrangian 


Now a discrete variational formulation of classical elastoplasticity is obtained by a 
functional denoted by Py (Xn+1), and defined as the the total free energy available 
at time ty expressed in terms of the state Xn41 at tn41. Accordingly, the discrete 
functional P,, (Xn+1) is obtained as the sum of the energy Pp+1(Xn+1) at try, and 
the incremental dissipation in [f,, tr+1]: 


Total free energy| = Total free energy| , sat Dissipation|"*! .| (4.2.10) 


In view of this definition, it follows that P, (Xn+1) is given by the relationship 


Pu(Xn41) = Pri (Xner) +L (xXn41) — LP. (4.2.11) 
Then substituting of (4.2.9) into (4.2.11) yields the explicit expression 


Plead) = / Ln(Xn-1)dV + Pext(Un+1); (4.2.12a) 
B 


where Li, (Xn+1) is the discrete Lagrangian associated with P,, (Xn+1) — PextUn+1)> 
which is given by 


LilXn+1) = n+l + $n+1 : Do gn+i + On4q1: [Vouns1 — En+1] 
— AY fai + [er = a] > VWast — Anti - Dnt — Qn). 
(4.2.12b) 


Below we show that the Euler-Lagrange equations associated with this func- 
tional furnish the discrete equations of elastoplasticity. To carry out the standard 
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variational argument, we shall formally assume thatg € Vg,a € V,,andeé € Ve, 


Ve :={o:B>S | oj; €L,(B)}, 
Ve:={eBoS | a; € lB}, (4.2.13) 
Va :={¢:B> R" | gi € Lo}. 

Since our calculations are formal we shall not elaborate on the significance of this 


functional setting and refer to Temam [1985] for an in-depth discussion of these 
and related topics. 


4.2.3 Variational Form of the Governing Equations 


Formally, the Euler-Lagrange equations associated with the functional (4.2.12) 
yield (i) the equilibrium equations, (11) the strain-displacement relationships, (iii) 
the elastic constitutive equations, (iv) the closest point projection algorithm, and (v) 
the discrete Kuhn—Tucker conditions. The explicit result is given in the following. 


Proposition 4.1. The stationarity conditions of the time-discretized functional 
(4.2.12) result in the following weak forms of the governing equations: 


/ [On41 :V'n — pb- njdVv = i t- nd 
B d¢B 


= 0, (4.2.14a) 


SPa(Xn41: T) = i T: [Voun+1 = Ens jdV = 0, (4.2.14b) 
B 


SP, (Xn41 ’ 7) 


II 


BP (Xn. g) [é : {[ — Ont + VWn+1| 


+ Cust [Engr — 2 — Av de fnsi]}dV 


=i (4.2.14c) 
SP (Xnt €?) = -[ E? : Casi: [68 — e? — AvdefnsildV 
26" (4.2.14d) 
B.Ceuup) == i p (Dnt — an) + Ay ag fas ]€V 
=0, (4.2.14e) 
BPu(Xnt1, A) = [ AfaridV = 0, (4.2.14 f) 


for arbitrary displacement variation n € VY, stress variations T € Vg, strain 
€£ € Vz, €? € Vz, and variations p € Vg, 4 € K?. In these equations, Cr+, := 
V*W,,41 denotes the (generally nonconstant) tensor of elastic moduli. 


PROOF. The first two equations follow by a straightforward argument analogous 
to that employed in Example 4.1.5. The proof of the remaining equations is based 
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on the following relationships obtained by applying the chain rule: 


d 

ae VWEnt1 + a€ — ena) gp = Crit 2 &, 
& VWEn+1 — €2,,; — a€?) =—Cii i 
da n+l a=0 


f[VWEn+1 oe = eis In+i] Wis Do fn? Crs : &, 


f[VWEn41 _ cae — GE? ), Qn+1] gO: —0efnti * Crt a ae 
(4.2.15) 


da 

d 

da 
Using relationships (4.2.15)9 4, from (4.2.14b), 


SPa(Xn41, e) so fe : [—VWh+i ae VWi+1) 
B 


+6? 2 Cyayi : (et, — 2 — AydefntiljdV 
=) (4.2.16) 


which reduces to (4.2.14d) after cancelling like terms. A similar calculation yields 
the remaining equations. 


Corollary 4.1. The Euler-Lagrange equations associated with the discrete 
Lagrangian (4.2.12) take the form 


BPulXns1) _ | — div on41 — pb = 0, inB eree 
bUn+1 on—t=0, ond,B, 
8Pi(Xn+ 
SOG) gets a ey =, (4.2.17b) 
bEn+1 
8Pi(Xne 
OP OG). ote 3 ey gy (4.2.17c) 
bOn41 
Pr (Xn+1) D 
be? ; = ery + eP + AV 06 fn+1 = 0, (4.2.17d) 
8Pa(Xn+ ! 
5Pn(Xn+1) _ _p Mqnu1 — an) — AYdqfasi =0, (4.2.17) 
OGn+1 
5Py(Xn41) 
wa n = 0, 
Ay fn+1 
iyi: (4.2.17 f) 
AV fn+1 => 0. 


PROOF. This follows immediately from variational equations (4.2.14a—f) by 
integrating by parts and standard arguments. 
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Remark 4.2.1. Assume that C := V?W is constant. Combining (4.2.17c) and 
(4.2.17d), 


oe [= Cc : [En41 = e?], (4.2 18) 
Onl = oni — AVC 3 86 fn+1- 


which coincides with the expression of the closest point projection algorithm, as 
discussed in Chapter 3. 


4.2.4 Extension to Viscoplasticity 


The variational formulation of viscoplasticity follows along the same lines as the 
rate-independent case discussed above, and is based on the viscoplastic regulariza- 
tion of maximum plastic dissipation considered in Section 2.7. First, since Ay > 0 
is no longer an independent variable, we set 


Nats t= {Units Ents Ontty E43 Qntt} (4.2.19) 


Next, we recall from Chapter 2 that the viscoplastic regularization of the dissipation 
function takes the form 


Dy. = €P : VWer — €) — ge -D'G: 


ie = (4.2.20) 
er {rome —e, |. 


where 7 > 0 is the viscosity coefficient and Ve : R > R, is defined by (2.7.4). 
Therefore, the viscoplastic counterpart of the time-discretized functional (4.2.9) 
takes the following form 


t+! 
LY (Xn41) = LAP + / / DY.dVdé 
ty B 


P J At 
— [tert re ©?) : VWr+t a Sp Yn Inst) 


= Invi Dns — n)}dV. (4.2.21) 
Then for viscoplasticity, the counterpart of the discrete functional (4.2.11) becomes 
Pu(Xn41) = Pas i(Xngt) +L? (Xn41) — LPI, (4.2.22) 


which, in view of (4.2.21), can be written as follows 


PrlXn+1) = i {Wr + $n+1 z Do Gn+1 + On41: [V*unq1 — €n+1] 
B 


At 
ae [ena = ed > VWast — Sp Yet (Int) 


= qn4i°D"Gnii —Qn)}dV + Pex (4.2.23) 


Finally, the first three Euler-Lagrange equations remain unchanged and are given 
by (4.2.17a—c) (or by (4.2. 14a—c) in weak form). Now the next two Euler-Lagrange 
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equations, which are given in the rate-independent case by (4.2.17d,e), are replaced 
by 


OP (Xn+1) = —eP £ eP ai: At( fn+1) 9 ; ee 0 
bey n+l n n oJjn > 
ae (4.2.24) 
oP, (Xn41) At( fn41) 


= —D'@n41 Qn) Og Sn+1 = 0, 


bQn+1 


where frit 7= f[VWens1 _ es Qn+i]- 


4.3 Finite-Element Formulation. Assumed-Strain Method 


To develop the class of assumed-strain methods considered in this section, 
we shall assume in what follows that the flow rule, the hardening law, and 
the loading/unloading conditions hold pointwise. Accordingly, we assume that 
(4.2.17d—f) hold, so that the variables {e? 41 AY, Qn+1} are determined from the 
strain tensor €,, by the closest point projection algorithm. The manner in which 


this is accomplished in the finite-element method is explained below. 


4.3.1 Matrix and Vector Notation 


Following common usage in the finite-element literature, in the exposition that 
follows we abandon tensor notation in favor of matrix and vector notation. The 
following standard conventions are used: 


1. Second-order tensors in three-dimensional Euclidean space are mapped 
into column vectors according to a convention which distinguishes V, 
(contravariant) from V, (covariant): 
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41,1 
u2,2 


s U3,3 
Vou = ? ; 4.3.la 
Uy +U21 ( ) 


U13 +31 
U2,3 + 3,2 


and 


023 


. Fourth-order tensors are mapped onto matrices. Of particular importance is the 
elasticity tensor C = V?W which in matrix notation takes the explicit form 


Cris Ci122 C1133 Cre Ciii3 Ci123 


Cap99 C933 Co912 C913 C93 


C3333 C3312 C3313 Ca323 
C= is aan 4.3.1b 
Ciao Cizi3- Cr223 ‘ y 

Crisis C1323 

Cy323 


. According to the preceding conventions, the fourth-order unit tensor I and the 
second order unit tensor 1 become 


1 


oooccoco 

ooooro 
ooorcoe 
cooroc$o60 
oroocoeo 
re ooco°o 


and (4.3.1c) 


oor eS 


0 


. Contraction between second-order tensors is replaced by a dot product, and 
application of a fourth-order tensor to a second-order tensor reduces to a matrix 
transformation; for instance, 


(4.3.1d) 


O:€=0;j6) <> o-e=oa'e, 
a0=C:& <> ao =Ce°. 
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Similar conventions apply to plane-strain, plane-stress and axisymmetric 
problems. 


4.3.2 Summary of Governing Equations 


According to the preceding ideas, the relevant set of variational equations, repeated 
below for convenience, is the following: 


SP(Xn41,9) = i (ons Vn — pb - n)dV — i i. nd = 0, (4.3.2a) 
B 0¢B 


6P(Xnt1,T) = i T+ (Vung — Engi)dV = 0, (4.3.2b) 
B 


OP (Xn+1; g) = / gE . [- On+1 + VW (En41 ~~ e” )|dV =0 ’ (4.3.2c) 
B 


where vector notation is used. These equations are supplemented by the local 
Euler-Lagrange equations (4.2.14d—/)) that define e? ay Ay, and qn+1 in terms of 
E,+1- In what follows, for simplicity we restrict our attention to perfect plasticity. 


Accordingly, 


II 


eh = el + Avde f[VWEnsi — €F41)], (4.3.2d) 


> 
= 
Vv 


>0, f[VWleni — €24)] <0, | (4.3.2e) 


Ay f [VW (én+1 — €n4,)| = 0. 


The treatment of viscoplasticity follows the same lines as rate-independent 
plasticity, and therefore we shall omit further details. 


4.3.3 Discontinuous Strain and Stress Interpolations 


The finite-element formulation discussed below is based on discontinuous inter- 
polations of stress and strain over a typical element 6° C R”“ of a discretization 
Bx Ul, B’. Our goal is to recover a displacement-like, finite-element archi- 
tecture. We start by introducing a finite-dimensional, approximating subspace for 
stresses vi, defined as 


Vi c= {o" € Ve lo"lz = Sec, ce € R"}. (4.3.3) 


Here, S(x) is a6 x m matrix of prescribed functions, generally given in terms of 
natural coordinates. Explicit examples are given below. Similarly, one introduces 
a strain, finite-element approximating subspace yi defined as 


Vi = fet e Vel e"lge = E(x)a., a, € R”}, (4.3.4) 


where E(x) is a6 x m matrix of prescribed functions. In general, S(v) # E(x). 
In what follows, for notational simplicity, the superscript h is omitted. Since the 
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approximations (4.3.3) and (4.3.4) are discontinuous over the elements, the vari- 
ational equations (4.3.2b,c) hold for each element B°. Substituting (4.3.3) and 
(4.3.4) in (4.3.2b) and solving for the element parameters a, € R” yields the 
representation 


ge = Vou = E@)H! | S'V'udv, (4.3.5) 
Be 


Ent+1 


where 
H:= | S'Edv. (4.3.6) 
Be 
Similarly, by substituting (4.3.3) and (4.3.4) in (4.3.2c), we find the following 
representation for the stress tensor 


On+1 


ne = S@)HT i E’VW(ens1 — €?,,)dV. (4.3.7) 


Note that by virtue of interpolations (4.3.3) and (4.3.4), we obtain a discrete ap- 
proximation to the symmetric gradient operator V°(e), which we denote by V*(e) 
in subsequent developments. This discrete gradient is crucial in the formulation 
described below. 


4.3.4 Reduced Residual. Generalized Displacement Model 


The structure of the preceding strain and stress interpolation has the remarkable 
property that only the discrete gradient operator enters in the resulting expression 
of the discretized weak form (4.3.2a). Moreover, the stress representation (4.3.7) 
does not appear explicitly in the formulation and is relevant only in the stress 
recovery phase. The explicit result is contained in the following 


Proposition 4.2. The momentum balance equation in the assumed-strain ap- 
proach is identical in form to a displacement model, provided the gradient operator 
V*(e) is replaced by the discrete gradient operator V*(@) defined by (4.3.5): 


pe | (4.3.8) 


bP! (Xn) = i VW(Vounsi — €2,,)- VindV — Gex 
Be 


where Gext| pe is the restriction to a typical element B® of external virtual work: 


Cao) -Pata aS i away’ i: iemar. 439) 
B Oo 


PROOF. Using of (4.3.5), (4.3.6) and (4.3.7), equation (4.3.2a) is rewritten as 
follows: 


5P! (Xn41, ") = i ven * On+1 dV — Gext 
Be 


Be 
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=} V'n: [sa [ E'VW(En41 — etaav | dV — Gexe 


Be 
= / VWEns1 — Engi) * [ew f SV’ av| dV — Gext| pe 
= / VW (Vung — €24,) > VindV = Gext| pe- (4.3.10) 


4.3.5 Closest Point Projection Algorithm 


Expression (4.3.8) becomes completely determined once e? 1 18 defined in terms 
of ef and the discrete strain Ent) t= V*Uyn+ . This is accomplished at each 
Gauss point by solving the local equations (4.3.2d,e) that define the closest point 
projection algorithm in strain space. For this purpose the general closest point 
projection iteration summarized in BOX 3.5 is employed. Notice that this al- 
gorithm is identical to the return-mapping algorithms developed in Chapter 3 
except that now the strain tensor is evaluated by the discrete gradient operator as 
En+1 = V°uUn41. Consequently, the implementation of return-mapping algorithms 
in an assumed-strain method is identical to the implementation of a displacement 
model. 

For completeness, a step-by-step summary of the computational procedure for 
the case of ideal plasticity is contained in BOX 4.1. A derivation of the expression 
for the consistent, discrete, tangent stiffness matrix is given in the next subsection. 


Remarks 4.3.3. 

1. The process summarized in BOX 4.1 determines the plastic strains e? 4, and 
plastic consistency parameter Ay for given strains €,,, = V°u. From a phys- 
ical viewpoint, this is equivalent to determining the unloaded configuration 
defined by e? , 1: However, observe that the intermediate configuration is deter- 
mined only up to an infinitesimal rotation w? 4 1(), since only the symmetric 
part e? 1 of the local plastic displacement gradient is defined. This situation is 
analogous to that found in finite-strain plasticity. 

2. In particular, as shown in Chapter 9, the interpretation in the closest point 
projection algorithm in strain space of finding the unloaded configuration for 
a given strain history, has its counterpart in the finite deformation case within 
the context of a multiplicative decomposition of the deformation gradient. 

3. The algorithm summarized in BOX 4.1 is performed at each Gauss point. Hence, 
consistency and loading/unloading conditions are established independently at 
each Gauss point of the element. Recall that, for a von Mises yield condition 
(not subject to the plane-stress constraint), convergence is attained in one itera- 
tion, and the algorithm reduces to the classical radial return method of Wilkins 
[1964]. 


4.3. Finite Element Formulation 


BOX 4.1. Closest Point Projection 
Iteration at Each Gauss Point. 


1. Compute elastic predictor a = VW(V ny — e?) 


IF f(6©,) < 0 Elastic Gauss point 


Set ery = e! and EXIT. 


ELSE [f (6) > 0] Plastic Gauss point 
Set Ay = 0GO TO 2. 
ENDIF 
2. Return-mapping iterative algorithm (closest point projection) 


2a. Compute residuals 


- p® 
oY) = VW[V uns — €?,1] 

(kK), = (k) 
Fut _ flor] 
k Me k 
r= er, — eh — Ay®v fla, #) aa 
2b. Check convergence 


IF |r“), || > TOL, or f[a,] > TOL, THEN 


Fn41 


2c. Compute consistent (algorithmic) tangent moduli 


(k) 


(ones = VW[Vtn+1 - e.4] 


n+ 


-l 
—(k) c,! -(k 
= HI = +1 yPV77(e8)))| 


2d. Compute kth increments 


() 7 eth) 0 
Fae [veo Srp nti 


(k) alk) (k) 
[VA] Sn V Si 


p® -1 
— alk) atk) 2. (k) (k) (k) 
Agr =C, ErilA ON Fa rt] 


Ay® : = 


2e. Update plastic strains and consistency parameter 


Ay®D = Ay®) +4 Ary 


ae = ei ab her 
Setk <— k+ 1 and GO TO 2a. 
ELSE 


Sete? =e 
ENDIF 
EXIT. 


173 


174 4. Discrete Variational Formulation and Finite-Element Implementation 


4.3.6 Linearization. Consistent Tangent Operator 


The expression for the tangent stiffness operator associated with the residual 
(4.3.8) remains to be determined. Here, the notion of consistent tangent moduli 
introduced in Chapter 3 and obtained by exact linearization of the closest point pro- 
jection algorithm, plays an essential role. The derivation is based on the following 
observations: 


1. The discrete gradient operator V°u,,,, defined by (4.3.5) is a linear function of 
Un+1; We write 


Vong) = E(Un41)- (4.3.11a) 


2. The plastic strain e? ,, and the consistency parameter Ay are nonlinear func- 
tions of €,4; and the plastic strain €? defined by the algorithm in BOX 4.1. Since 
ef is regarded as a fixed given history variable, the only remaining independent 
variable is u,4,. Therefore we write 


Chat = ©? Ung1), AY = AP (Uns) - (4.3.11b) 


3. In view of expression (4.3.8), from the two preceding observations, the residual 
becomes a function of u,4;, and we write 


SP (xnt1 1) = Gna. mM, NEV. (4.3.11¢) 


Now the objective is to obtain the linearization of (4.3.1 1c) about an intermediate 
state un? ,» for a given incremental displacement field Au“) e V. Here, the 
superscript refers to the global iterative scheme, typically a Newton or quasi- 
Newton method, and not to the local constitutive iterations in BOX 4.1. To simplify 


the notation, however, superscripts are omitted in what follows. 


4.3.6.1 Linearization of the discrete-gradient operator 


It is clear from expression (4.3.5) that €(Uj+1) = V Unit is linear in Uy+1. 
Therefore, 


d&(un41, Au) = V°(Aun). (4.3.12) 


However, as noted in Simo, Taylor, and Pister [1985], this simple result no 
longer holds in the finite-strain case since V*(e) becomes a nonlinear function of 
the configuration. 
4.3.6.2 Linearization of the closest point projection algorithm. 

To simplify the notation, we set 
de? = 5€? (Un4i1, Au) ’ 

and (4.3.13) 
dAy := SAP (Uns, Au). 
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Now the derivation follows the same steps already discussed in Chapter 3. First, 
we take the derivative of (4.3.2d) to obtain 


be? , = AvV? fag Cngi[V (Anyi) — de?,;] + dAvV fag. (4.3.14) 


Next, we introduce the algorithmic tangent moduli defined as 


Uy 


= (Cy DV fel 6 (4.3.15) 


and rephrase equation (4.3.14) as 
C,.41[V* (Anns) es de? | = Fh + i[V* (Au, t 7) =~ bAYV fn t 1] ° (4.3.16) 


On the other hand, by taking the directional derivative of the constraint condition 
(4.3.2e),, we obtain the differentiated version of the consistency condition as 


[V frst]” Cusi[V8(Auns1) — 6e?,,] = 0. (4.3.17) 


Now the expression for dAy is obtained by combining (4.3.16) and (4.3.17). A 
straightforward manipulation yields 


V fori! Bnt1V > (Attn 
say = Wiel — (Abn +i) (4.3.18) 
[V fn4il Eni V fot 


Substitution of (4.3.18) in (4.3.16) leads to the expression 


Cry i[ Vous _ de). | = [ S41 ~~ Nn+iNnis]V*(Aun+1) 
EnV fot (4.3.19) 
Nii = TS 
VIV fn+t] EnsiV fot 


4.3.6.3 Consistent linearization of the residual. Tangent moduli. 


Finally, we obtain the linearization of the reduced equilibrium equation (4.3.11c) 
in the direction of the incremental displacement Au € V, as follows. By applying 
the chain rule, from (4.3.2a) we obtain 


SGE (Uns, Au) = i [Vig]? Cn41[5E(ng1, Aw) — SE? Uns, Au) dV . 
Be 


(4.3.20) 
Then substituting (4.3.12) and (4.3.19) in (4.3.20) produces the desired result: 


Ta]Vi(AudV.| (4.3.21 


SG2(Ung1, Au) = | [Von] [Sia — NnaiN 7D 
Be 


Expression (4.3.21) has the following noteworthy features. 

1. Recall that for perfect plasticity the elastoplastic tangent moduli are given by 
C—nn", wheren := CV f/V/ [Vf] CV f. Expression (4.3.21) shows that, in 
an algorithmic context, the consistent (algorithmic) elastoplastic tangent moduli 
are obtained from the continuum moduli by replacing the elasticity tensor C 
with the algorithmic tangent elasticities =,4,, defined by (4.3.15). 
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2. Expression (4.3.21) is identical in structure to a displacement model with the 
gradient operator V*(e) replaced by the discrete gradient operator V*(e). 


4.3.7 Matrix Expressions 


To illustrate expressions (4.3.8) and (4.3.21) for the residual and tangent operator 
in a familiar context, let N,(x), a = 1, ..., Men, denote the shape functions of a 
typical element B° C R"*™ with nen nodes. 


Nen 


Be = 3 Nada > V'u"|,. = Yo Bada , (4.3.22) 


a=1 a=1 


u! 


where B, is the matrix expression of the symmetric gradient of the shape functions 
Na. By (4.3.5), 


= 5 h en = 
Vou" | ge = > Bada 
a=1 
B, . = E@O)H™! / S™B,dV (4.3.23) 
Be 


H:= i: S'EdV. 


Then the contribution of node a in element 5° to the momentum equation (4.3.10) 
is given by 


re =) BT [VW (Wena -ef,,)}av, (4.3.24a) 


where e? 4, 1s computed from the algorithm in BOX 4.1. Finally, the contribution 
to the tangent stiffness matrix associated with nodes a and b of element B° is 


obtained from (4.3.21) as 


kip (= / Bll East — NnsiNjy,|BodV , (4.3.24) 
Be 


where =; is given by (4.3.15). 


4.3.8 Variational Consistency of Assumed-Strain Methods 


The preceding arguments show that a variational formulation based on the Hu— 
Washizu principle is equivalent to a generalized displacement method in which 
the standard discrete gradient operator B, := V°N, is replaced by an assumed 
B, given by (4.3.23). Here, we shall be concerned with the converse problem and 
consider the conditions for which an assumed-strain method with B, givena priori, 
and not necessarily by (4.3.23), is variationally consistent. 

The question of variational consistency is relevant because of the following two 


reasons. 


4.3. Finite Element Formulation 177 


i. The convergence analysis of assumed-strain methods is brought into correspon- 
dence with the analysis of mixed methods for which a large body of literature 
exists. In particular, the convergence of certain assumed-strain methods, such 
as the B-method for quasi-incompressibility discussed in the next section, is 
automatically settled once the variational equivalence is established. 

ii. As illustrated in the next section, by exploiting the variational consistency of 
the method, one can develop expressions for the stiffness matrix which are 
better suited to computation. 

To simplify our presentation, attention focuses on linear elasticity. However, 
our results carry over to the nonlinear situation by straightforward linearization. 
Consider an assumed-strain method in which strains and stresses are computed 
according to the following expressions 


"|g = Bd’, 
and (4.3.25) 
o" | ge = CBd’, 
where B is given a priori, and we have employed the following matrix notation: 
B= [Bi Bes Bo 
(a°)" = [(di)" 3)" ... Gi)" ]. 

Assumption (4.3.25) leads to admissible variations €" € vi and 7 
by 


(4.3.26) 


h hess 
e€ V, given 


gh 


for arbitrary w® € R’"*"‘™,) where ngim < 3 is the spatial dimension of the 


problem. Then substituting (4.3.25) and (4.3.27) in the Hu—Washizu variational 
equations, (4.3.2) yields 


x = Bw’, "|,. = CBw*, (4.3.27) 


G':=w. / B’CBdVd° — G*., |p. 
0O=w. ) B'C[B — Bldvd° (4.3.28) 


O=w. i; B"[ — CBa° + CBa‘Jav. 
Be 


The third equation is satisfied identically. The second equation, on the other hand, 
is satified if the following condition holds: 


[ srepav = [ B'CBdV. (4.3.29) 
e Be 


This orthogonality condition, first derived in Simo and Hughes [1986], furnishes 
the requirement for an assumed-strain method to be variationally consistent. Note 
that the right-hand side of (4.3.29) yields an equivalent expression for the stiff- 
ness matrix which is better suited to computation than the standard expression 
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for assumed-strain methods furnished by the left-hand side of (4.3.29) since 
B is usually a fully populated matrix, whereas B is sparse. Further details on 
implementation are discussed below. 


4.4 Application. B-Bar Method for Incompressibility 


As an important application of the ideas developed above, we examine the so- 
called B-bar method, proposed by Hughes [1980] for extending the methodology 
in Nagtegaal, Parks, and Rice [1974] and reformulated in the context of a Hu— 
Washizu type of variational principle in Simo, Taylor, and Pister [1985]. This 
class of finite-element procedures is the most widely used presently in large scale 
inelastic computations, for instance, the Livermore codes, see Hallquist [1984]. 
Because of its practical relevance, we present an outline of this methodology and 
discuss two possible implementations. The basic idea is to construct an assumed- 
strain method in which only the dilatational part of the displacement gradient is the 
independent variable. The main motivation is the development of a finite element 
scheme that properly accounts for the incompressibility constraint emanating from 
the volume-preserving nature of plastic flow. The situation is analogous to that 
found in incompressible elasticity. 


4.4.1 Assumed-Strain and Stress Fields 


According to the preceding ideas, one introduces a scalar volume-like variable 
© € L,(B) and then considers the following assumed-strain field: 


€ := dev[V°u] + sO1, (4.4.1) 


where, as usual, dev[e] := (e) — str [e]1 denotes the deviator of the indicated 
argument. Similarly, one introduces a mean-stress variable p € L2(B), so that the 
assumed-stress field takes the form 


o := dev[VW(e — €”)] + pl. (4.4.2) 


For subsequent developments, it proves convenient to rephrase (4.4.1) and (4.4.2) 
in an alternative form in terms of projection operators as follows. Define the 
following fourth-order tensors 


P dey = IT- zl ® 1 
and (4.4.3) 
Py 2= il @1. 


In matrix notation, (4.4.3) takes the form 


Pay =I- 4117 
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and (4.4.4) 


Pas it' |, 


We note the following properties: 


PaeyP yor = Py oP acy =0 , 


Pay + Pyot =I ’ 
ats (4.4.5) 
dev — Fdev> 
P?., = Pyot ’ 


which are easily checked by direct calculation and make Pye, and Po) orthogonal 
projections. Their physical meaning should be clear. Paey and P,.1 are orthogonal 
projections that map a second-order tensor into its deviatoric and volumetric parts, 
respectively. Then the assumed-strain and stress fields (4.4.1) and (4.4.2) read 


e= Pyey[ Vu] + 501 


4.4.6 
o = Pay[VW(e — €”)] + pl. on 


4.4.2 Weak Forms 


In the present context, the variational structure of the assumed-strain method takes 
the following form. Let 


Xn+1 = (lns1, On41, Pasi} (4.4.7) 


be the set of independent variables. As before, assume that the plastic variables 
{e? 4, Ay} are defined locally in terms of X41 and the history of plastic strain 
e!, up to time ¢,, by the local equations (4.3.2d,e). We have the following result. 


Proposition 4.3. For the assumed-strain and stress fields defined by (4.4.6) the 
weak forms (4.3.2a,b,c) reduce to 


G(Xn415 7) i= [ [Von : dev[ VW (En41 _ e) 1) | + p div n| dV 


- [ob nav — [ i-ndr =0, (4.4.82), 
B 0,8 


(X41, Q 1= / g{div Un+1 — OndildV = 0, (4.4.8D), 
B 
and 
HOxn = fb (-pasr + See [VWlen — ef ]) dV =0, 4.4.80 
B 


for any n € V, q € L2(B), and @ € Lo(B). 
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PROOF. The proof follows by application of properties (4.4.5). In particular, from 
expressions (4.4.3) and (4.4.6), we observe that 


Puevl = 0, 
(4.4.9) 
Paey[V°Uny1 — Engil = 9. | 
By using these relationships along with properties (4.4.5), 
T [Vung — Engi] =(PadevT) » (W°Ung1 — Ent) 
+ (Pwo) + (Vn = En+1) 
=T + (Paey(Voung1 — Ent1)) 
+ fte[r]d- (Vouns1 — Ens) 
= ftr[r]tr[Veuns1 — ens] 
=q (div Uy+1 — Oni), (4.4.10) 
where qg := i tr [7]. This proves variational equation (4.4.8b). A similar argument 


holds for (4.4.8a) and (4.4.8c). 


Remark 4.4.4. Assuming that the discrete plastic flow rule and discrete Kuhn— 
Tucker conditions (4.3.2d,e) hold pointwise, one can easily show that (4.4.8a,b,c) 
are the Euler-Lagrange equations of the three-field variational principle 


Plxnet) = f [Ween — eas) + p (div toss — On) dV 
Xn+1 .t +1 41 P +1 +1 | (4.4.11) 


+ Pext(Un+1); 


where €n41 = Paev[Vounsil + 4 Ongil. 


4.4.3 Discontinuous Volume/Mean-Stress Interpolations 


As in Section 4.3 we consider discontinuous interpolations of the assumed-stress 
and strain fields, and introduce the following approximating subspace for both the 
volume and the mean-stress fields 


Vij = {0" € LB) | Ole = I™@)O*; Of ce R"}, (4.4.12) 


vol *— 


where I? (x) := [I\(x), ... , Mn(x)] isa vector of m-prescribed local functions. 
Then substituting in (4.4.8b,c) and omitting the superscript h yields 


Ono, = div Uns) = I’ (x)H"! / Pdiv tn41dV, 
Be 


Prt = rrayH | Pit [VWen — €?,)]av, (4.4.13) 


H:= TT'dv. 
Be 
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On the basis of these interpolations, two alternative implementations of the method 
are possible, as discussed next. 


4.4.4 Implementation 1. B-Bar Approach 


As in Section 3, the first implementational procedure within the present variational 
framework hinges on the following result. 


Proposition 4.4. The mean-stress term in the weak form (4.4.8a) can be expressed 
in the alternative form as 


/ p div ndV = / Ftr[VW(Eny1 — €?,,)|div ndV, 
Be e 
Ens = dev[V'unsi] + 3 div ani), (4.4.14) 


divin): =I'@)A! | Pdivu,. dv. 
Be 


PROOF. This is analogous to Proposition 4.2. 


To complete the implementation, we use matrix notation and set 


Nen 


div Un) = > Bi dant; 
a (4.4.15) 
div Un+1 = So bi dan+1 . 
a=1 
From (4.4.13a), 
b’ :=T'H' | Wola, 
Be 
BY! := 5 1b7, (4.4.16) 
pvol . 1477 
By = 71b,, 
By := [Ba — BY") + Be. 
where B, := V°N,(x) is the standard, discrete, symmetric gradient matrix. 


Furthermore, by orthogonality 
B. {dev[ VW (En41 ~ e) 1) |} = B, {dev[ VW (En41 - e? 1) } . (4.4.17) 


By using (4.4.14), the contribution of node a of element 6° to the momentum 
equation (4.4.8a) takes the form 


re =a) BUVW(V ung: — €?,,) fav, (4.4.18) 
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which is the same result obtained in Section 4.3, equation (4.3.24a). Then the 
tangent stiffness matrix is given by the same expression (4.3.24b). 


4.4.5 Implementation 2. Mixed Approach 


An alternative implementation of the present assumed-strain method can be de- 
veloped directly from the mixed formulation (4.4.8a,b,c). As shown below, the 
main advantage over the previous implementation is that computations are per- 
formed with the standard discrete gradient matrix B,, which is sparse, instead of 
the B,-matrix, which is fully populated. 
The main steps involved in the present implementation are the following. 
1. In addition to computing div u,4;, one also computes p,+, by using (4.4.13). 
2. Now the contribution to the momentum balance equation of node a of a typical 
element B° is computed by setting 


a i Bt | Posil + Peey[W(Wtny1 — ef.) dV.| (4.4.19) 
Be 


3. Setting Een := Ena. — NisiNt 41> the contribution to the tangent stiffness 
matrix of nodes a, b of a typical element 6° is computed according to the 
expression 


oan =< BI [Pacy ZepPacv]Bnd V 
Be 


ua I Br (Pocy Zep] 4b, dV 


(4.4.20) 
a [ bal" SepP icv Bod V 
+ i [baby 15 (A! SepldV 
This expression follows by noting that 
Ba = PaeBa + 4167 (4.4.21) 


and using properties (4.4.5). 


Remark 4.4.5. The advantages of this second implementation are apparent in 

the common case encountered in most applications for which elasticity is linear, 

with uncoupled mean-stress/deviatoric response, and plastic flow is isochoric. The 

reasons for this observation are as follows. 

1. Evaluation of p,+1 is trivially accomplished once ©,) is computed from 
(4.4.13), since 


Poti = KO@n41, K = bulk modulus. (4.4.22) 
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Note that no additional computations are involved with respect to implemen- 
tation 1 since only the evaluation of by is needed, which is also required in 
implementation 1. 

2. No coupling terms appear in the calculation of the stiffness matrix. This 
follows by noting that plastic flow is uncoupled from volumetric response. 
Consequently, 


Sel =«k1 > PayvFenl = 0. (4.4.23) 
Therefore, (4.4.20) reduces to 


= / Br | Ep — K11" |BydV + « / [b.b; lav (4.4.24) 
Be Be 


3. Because of the linearity of the mean-stress/volume elastic response, the calcu- 
lation of the second term in (4.4.24) reduces to a mere rank-one update. This 
follows from (4.4.16); and definition (4.4.13)3 of H, since 


T 
cf [b.bj |dV = «| he reporav | H if repbtay |. 
(4.4.25) 


4.4.6 Examples and Remarks on Convergence 


Typical examples of the formulation discussed in this section include the following: 

i. A four-node quadrilateral element with bilinear isoparametric interpolation 
functions N, for displacements and I = [1] constant over 6°. Essentially, this 
is the mean dilatation formulation advocated by Nagtegaal, Parks, and Rice 
[1974]. This is a widely used element known not to satisfy the LBB condition. 
However, application of a mean-stress filtering procedure renders the discrete 
mean-stress field convergent; see Pitkaranta and Stenberg [1984]. 

ii. A nine-node element with biquadratic isoparametric interpolative functions N, 
for displacements and I = [1 x y]’, where (x, y) are defined in terms of 
natural coordinates by the standard isoparametric mapping. This is an optimal 
element known to satisfy the LBB condition, see Oden and Carey [1983]. 

We emphasize that the convergence properties of this class of assumed-strain 
methods is the direct consequence of their variational consistency and follows 
at once from the convergent characteristics of the corresponding mixed, finite- 
element formulations. 


4.5 Numerical Simulations 


A number of numerical simulations are presented that illustrate the performance of 
the return-mapping algorithms and the practical importance of consistent tangent 
operators in a Newton solution procedure. These simulations exhibit the significant 
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loss in rate of convergence that occurs when the elastoplastic “continuum” tangent 
is used in place of the tangent consistently derived from the integration algorithm. 
The overall robustness of the algorithm is significantly enhanced by combining the 
classical Newton procedure with a line search algorithm. This strategy is suggested 
by anumber of authors, e.g., see Dennis and Schnabel [1983] or Luenberger [1984]. 
The specific algorithm used is a linear line search which is invoked whenever 
a computed energy norm is more than 0.6 of a previous value in the load step 
(see Matthies and Strang [1979]). Computations are performed with an enhanced 
version of the general purpose, nonlinear, finite-element computer program FEAP, 
developed by R.L. Taylor and described in Chapter 24 of Zienkiewicz [1977]. 
Convergence is measured in terms of the (discrete) energy norm, which is computed 
from the residual vector R(d,+4,) and the incremental nodal displacement vector 
Ad,,+1 as 


AE (dy 


) = [aa ]"R(a 


n+l 


). (4.5.1) 


Alternative discrete norms may be used in place of (4.5.1), in particular the Eu- 
clidean norm of the residual force vector. In terms of the energy norm (4.5.1), our 
termination criteria for the Newton solution strategy takes the following form 


AE(d),) < 10-°AE(d‘),). (4.5.2) 


Although it would appears that this convergence criterion provides an exceedingly 
severe condition difficult to satisfy, through the numerical examples it is shown 
that criterion (4.5.2) is easily satisfied with a rather small number of iterations, 
when the consistent tangent operator is used. 


4.5.1 Plane-Strain Jy Flow Theory 


Two simulations are considered that employ the return-mapping algorithms in 
BOX 3.1 and BOX 3.2, along with a four-node bilinear isoparametric quadrilateral 
element with constant mean-stress and volume fields, as described above. 


EXAMPLE: 4.5.1. Thick-Walled Cylinder Subject to Internal Pressure. An in- 
finitely long thick-walled cylinder with a 5-m inner radius and a 15-m outer radius 
is subject to internal pressure. The properties of the material are E = 70 MPa, 
v = 0.2. The isotropic and kinematic hardening rules are of the exponential type, 
defined according to the expressions 


h(a) := Koo — [Koo — Ko] exp[—da] + H'ax 
K(a) := Bh(a) (4.5.3) 
H'(a) := (1— B)h(a), B € [0, 1]. 


Note that 8 = 0 and 6 = | correspond to the limiting cases of pure kinematic 
and pure isotropic hardening rules, respectively. The values for the parameters in 
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TABLE 4.1. Example 4.5.1. Iterations 
for Each Step. 


Step 1 2 3 4 5 


State el el-pl el-pl pl pl 
Continuum 2 6 9 10 6 
Consistent 2 5 7 O63 


(4.5.3) are 
Ko = 0.2437 MPa, 
Kyo = 0.343 MPa, 
6=0.1, 
H' = 0.15 MPa, oe) 
and 
p=0.1. 


The internal pressure is increased linearly in time until the entire cylinder yields. 
The finite-element mesh employed in the calculation is shown in Figure 4.3. The 
size of the time step is selected to achieve yielding of the entire section in two time 
steps involving plastic deformation. The position of the elastic-plastic interface in 
these two time steps is depicted in Figure 4.4. 

The calculation is performed with both the “continuum” and the “consistent” 
elastoplastic tangent, and the results are shown in Table 4.1. In spite of the better 
performance exhibited by the “consistent” tangent, no substantial reduction in the 
required number of iterations for convergence is obtained except in the fully plastic 
situation because of the extreme simplicity of this boundary-value problem. The 
next example confirms this observation. 


EXAMPLE: 4.5.2. Perforated Strip Subject to Uniaxial Extension. We consider 
the plane-strain problem of an infinitely long rectangular strip with a circular hole. 


€ 
an! 10m t 
lll p= 


FiGuRE 4.3. Thick-walled cylinder. Finite-element mesh. 
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STEP 2 STEP 3 


FIGURE 4.4. Thick-walled cylinder. Elastic-plastic interface. 


subjected to increasing extension. The elastic properties of the material are taken 
as E = 70 MPa, v = 0.2, and the parameters in the saturation type of hardening 
tule (4.5.3) are Ko = Ky, = 0.243 MPa, H’ = 0, and B = 1 (perfectly plastic 
behavior). Loading is performed by controlling the vertical displacement of the top 
and bottom boundaries of the rectangular strip. The finite-element mesh employed 
is shown in Figure 4.5. For obvious symmetry reasons, only 1/4 of the strip is 
considered. 

The evolution of the elastic-plastic interface with increasing straining of the 
strip is shown in Figure 4.6. To plot these results, the stresses computed at the 
Gauss points of a typical element are projected onto the nodal points by bi- 
linear interpolation functions. Related “smoothing” procedures are discussed in 
Zienkiewicz [1977] (Section 11.5, and references therein), and are often used for 
filtering spurious pressure modes (e.g., Lee, Gresho, and Sani [1979] and Hughes 
[1987]). 

The calculation is performed with both the “continuum” and the “consistent” 
tangent operators. The number of iterations for convergence is summarized in Table 
4.2. The numerical values of the energy norm in a typical iteration are displayed 
in Table 4.3 and the values of the Euclidean norm of the residual for the same 
iteration in Table 4.4. 

The superior performance of the “consistent” tangent is apparent from these 
results. Note that the Euclidean norm of the residual lags behind the energy norm 
in the iterative process. 

This example also provides a severe test for the global performance of the 
Newton solution strategy. Although the calculation is completed successfully with 
atime step of At = 0.0125, the iterative procedure diverges for twice this value. 
However, when the Newton solution procedure is combined with a line search, as 


TABLE 4.2. Example 4.5.2. Iterations for 
Each Step. 


Step 1 2 3 4 5 


State el el-pl el-pl el-pl el-pl 
Continuum 2 13 23 23 22 
Consistent 2 5 5 4 5 
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TABLE 4.3. Example 4.5.2. Energy Norm Values for Step 4. 


Iteration 1 2 3 4 5 6 


Continuum 0.14E+2 0.80E-—2 061E-3 0.18E-3 0.89E—-4 0.47E—4 
Consistent 0.14E+2 0.11 E—-1 0.77E—4 0.10 E—9 - - 


Iteration 7 8 9 10 11 12 


Continuum 0.27E—4 0.16E—-4 0.97E—-5 0.59E—5 0.36E—5 0.22 E—5 
Consistent - - a es = = 


Iteration 13 14 15 16 17 18 


Continuum 0.13 E—-5 0.85 E—-6 0.52E—-6 0.32E—6 0.20E—6 0.12 E—6 
Consistent - - =a _ = 


Iteration 19 20 21 22 23 


Continuum 0.77E-—7 0.47E-—7 0.29E—-7 0.18 E-—7 0.11 E—7 
Consistent - — - - — 


Sm UY 


| Tr y 
Lea 


Ficure 4.5. Plane-strain strip with a circular hole. Finite-element mesh. 
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FiIGuRE 4.6. Plane-strain strip with a circular hole. Elastic-plastic boundary. 


described in Matthies and Strang [1979], global convergence is attained for a step 
size At = 0.1. 


4.5.2 Plane-Stress Jy Flow Theory 


Two numerical simulations are considered that employ the return-mapping 
algorithm summarized in BOX 3.3. 


TABLE 4.4. Example 4.5.2. Residual Norm Values for Step 4. 


Iteration 1 2 3 4 5 6 


Continuum 0.25E+3 0.74E+1 0.22E+1 O11E4+1 0.75E+0 0.55 E+0 
Consistent 0.25E+3 0.74E+1 0.84E+0 0.66E—-3 0.35 E—-8 - 


Iteration 7 8 9 10 11 12 


Continuum 0.41E+0 0.32E+0 0.25E+0 0.20E+0 0.15E+0 0.12 E+0 
Consistent - - ~ = = = 


Iteration 13 14 15 16 17 18 


Continuum 0.98 E—-1 0.78E—-1 0.61E—-1 O048E—-1 038E—-1 0.30E-—-1 
Consistent - = a = = = 


Iteration 19 20 21 22 23 
Continuum 0.23 E—-1 0O.18E—-1 0.14E—-1 O.11E—-1 0.91 E-2 
Consistent - a = = es 


TABLE 4.5. 
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Example 4.5.3. Error Norms for Time-Step 0.01. 


Energy Norm 


Iteration 


# 


1 


Step 


2 


3 


4 


CADNBWN 


0.112 E+01 
0.277 E—03 
0.218 E—04 
0.504 E—06 
0.142 E—08 
0.441 E—14 
0.690 E—25 


0.709 E—01 
0.597 E—04 
0.100 E—04 
0.494 E—07 
0.153 E—12 
0.396 E—22 
0.183 E—33 


0.716 E—O1 
0.248 E—03 
0.262 E—04 
0.139 E—07 
0.245 E—10 
0.201 E—19 
0.180 E—33 


0.725 E—01 
0.250 E—04 
0.336 E—05 
0.944 E—06 
0.302 E—08 
0.650 E—13 
0.334 E—22 
0.392 E—33 


Residual Norm 


Iteration 


Step 


# 


1 


2 


3 


4 


CADNHBRWN 


0.114 E+02 
0.388 E—01 
0.387 E—O1 
0.624 E—02 
0.215 E—03 
0.411 E—06 
0.155 E-11 


0.285 E+01 
0.263 E—01 
0.319 E—O1 
0.165 E—02 
0.237 E—05 
0.361 E—10 
0.175 E—15 


0.285 E+01 
0.450 E—01 
0.439 E—01 
0.942 E—03 
0.360 E—04 
0.135 E—08 
0.164 E—15 


0.285 E+01 
0.230 E—01 
0.963 E—02 
0.422 E—02 
0.279 E—03 
0.120 E—05 
0.276 E—10 
0.189 E—15 


EXAMPLE: 4.5.3. Extension ofa Strip with a Circular Hole. 
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The geometry and 


finite-element mesh for the problem considered are shown in Figure 4.7. A unit 
thickness is assumed and the calculation is performed by imposing uniform dis- 
placement control on the upper boundary. For obvious symmetry considerations, 
only one-quarter of the specimen is analyzed. A total of 164 four-node isoparamet- 
ric quadrilaterals with bilinear interpolation of the displacement field is employed 
in the calculation. It should be noted that no special treatment of the incompress- 
ibility constraint is needed for plane-stress problems. A von Mises yield condition 
with linear isotropic hardening is considered. The elastic constants and nonzero 
parameters in hardening law (4.5.3) are E = 70, v = 0.2, Ko = Koo = 0.243, 
H’ = 2.24, and B = 1. 

The problem is first solved using prescribed increments of vertical displacement 
on the upper boundary of 0.04 followed by three subsequent equal increments of 
0.01. The resulting spread of the plastic zone is shown in Figure 4.8. Note that the 
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spread of the plastic zone across the entire cross-section is achieved in the third 
load increment. The values of the H'-energy norm and the Euclidean norm of the 
residual for the entire calculation are shown in Table 4.5. These results exhibit an 
asymptotic rate of approximately quadratic convergence. No line search is required 
for this time step. 

To demonstrate the robustness of the solution procedure, the problem described 
above was also solved using two equal increments At = 0.07. 

The values of the energy and residual norms for the entire iterative process are 
shown in Table 4.6. An approximately quadratic rate of asymptotic convergence 
is again exhibited. Finally, to demonstrate the possible range of application of 
the proposed procedure, the problem was solved using two increments of At = 
0.5. Nonconverged solutions corresponding to the first two iterates are shown in 
Figure 4.9, and the converged solutions for the two time steps, labeled 1 and 2, 
are shown in Figure 4.10. These results demonstrate that, even with the entire 
specimen plastified in the first two iterations, the solution procedure still produces 
a meaningful converged solution. 

The values of the energy and residual norms for the entire iterative process along 
with the number of line searches performed in each iteration are shown in Table 
4.7. For this very large loading step an approximately quadratic rate of asymptotic 
convergence is still exhibited. 


EXAMPLE: 4.5.4. Bending of a Strip with a Circular Notch. The problem 
considered is pure bending of a strip of finite width with two symmetric circular 
notches, as shown in Figure 4.11. By noting symmetry and asymmetry, only one 
quarter of the region need be modeled. The finite-element mesh, also shown in 
Figure 4.11, consists of 252 four-node isoparametric elements with bilinear inter- 
polation functions. Loading is applied by prescribing the boundary condition as a 


TABLE 4.6. Example 4.5.3. Error Norms for Time-Step 0.07. 
Iteration Energy Norm Residual Norm 
# Step | Step 2 Step | Step 2 
1 0.344 E+01 0.355E+01 0.199E+02 0.199 E+02 
2 0.149 E—01 0.139E—-02 0.123 E+00 0.102 E+00 
3 0.997 E-01 0.287 E—03 0.880E+00 0.612 E—01 
4 0.162 E—01 0.103 E—04 0.718E+00 0.109 E—01 
5 0.386 E—02 0.300 E—07 0.385 E+00 0.646 E—03 
6 0.716 E—05 0.707 E-12 0.150E—01 0.317 E—05 
7 0.608 E-06 0.497 E—21 0.407E—02 0.693 E—10 
8 0.973 E—08 - 0.547 E—03 - 
9 0.480 E—13 - 0.163 E—05 - 
10 0.325 E—23 - 0.147 E—-10 - 
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TABLE 4.7. Example 4.5.3. Error Norms for Time-Step 0.5. 
Energy Norm Residual Norm 
Step (Line Search) Step 
1 2 1 2 

0.175E+03 (0) 0.182E+03 (2) 0.142E+03 0.142E +03 
0.438E +00 0.434E —01 0.546E +00 0.207E +00 
0.502E+01 (7) 0.344E —02 0.133E +01 0.141E +00 
0.877E —O1 0.182E —03 0.115E+01 0.393E —01 
0.207E +01 (8) 0.172E —05 0.155E+01 0.576E —02 
0.244E —01 0.154E —09 0.113E+01 0.433E —04 
0.113E —01 0.186E —17 0.732E +00 0.505E —08 
0.228E —01 (2) 0.103E —30 0.545E +00 0.347E —14 
0.172E —02 0.284E +00 

0.358E —03 0.176E +00 

0.122E —04 0.196E —01 

0.119E —04 0.943E —02 

0.279E —06 0.191E —02 

0.135E —09 0.525E —04 

0.512E —16 0.302E —07 

0.717E —29 0.136E —13 


FIGURE 4.7. Plane-stress strip with a circular hole. Finite-element mesh. 
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Ficure 4.8. Plane stress strip with a circular hole. Elastic-plastic interface. 


WY 


Ls 


FiGurE 4.9. Plane-stress strip with a circular hole. Non-converged solution for time step 
At = 0.5 corresponding to the first two iterations. 
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Ficure 4.10. Plane-stress strip with a circular hole. Converged solutions for the first two 
time steps. 


linear-varying, vertical displacement along the upper boundary, that is, 


VOY: Dyag = Ft OS x <b, (4.5.5) 


where b is a constant given by b = 10 — 2.5,/2. Four loading increments of equal 
size, corresponding to At = 0.1, are considered. For the geometry described 
above, two sets of material parameters were analyzed. 

Case (a): Linear isotropic hardening. The nonzero material parameters are 
chosen as 


E = 100, v=03, Ky = Ky = 1.0, H’ = 5.0, B=1. (4.5.6) 


The results of the numerical simulation are shown in Figure 4.12. To provide 
an idea of the computational effort involved in the calculation, the error in the H!- 
energy norm and the Euclidean norm of the residual for each iteration are given in 
Table 4.8. 

Case (b): Combined linear isotropic-kinematic hardening. The nonzero material 
parameters are chosen as 


E = 100, v=0.3, Ko = Ky = 1.0, H’ =5.0, B=1/5. (4.5.7) 


The results of the numerical simulation are shown in Figure 4.13, and the corre- 
sponding values of the energy and residual norms for each iteration are summarized 
in Table 4.9. 

Again the quadratic rate of asymptotic convergence of the Newton iterative 
scheme is exhibited by these results. Note that although included in the solution 
scheme, no line searches are required during the iterative process. 
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TABLE 4.8. Example 4.5.4. Error Norms for Pure Isotropic 
Hardening. 
Energy Norm 

Iteration Step 
# 1 2 3 4 
1 0.403 E+01 0.409E+01 0.417E+01 0.296 E+01 
2, 0.148 E—02 0.127E—01 0.228 E—02 0.109 E—02 
3 0.155 E—03 0.658 E—02 0.695 E—04 0.359 E—04 
4 0.178 E—06 0.213 E—04 0.616E-—07 0.429 E—07 
5 0.467 E-12  0.134E—-06 0.415 E—09 0.755 E—13 
6 0.152 E—22 0.647E—-12 0.143 E-17 0.517 E—24 
7 - 0.793 E—22 0.180 E—31 - 

Residual Norm 

Iteration Step 
# 1 2 3 4 
1 0.205 E+02 0.205E+02 0.205E+02 0.170 E+02 
2 0.977 E-O1 0.234E+00 0.186E+00 0.112 E+00 
3 0.153 E+00 0.535E+00 0.729E—01 0.382 E—01 
4 0.358 E—02 0.557 E—01 0.185 E—02 0.186 E—02 
5 0.614 E—05 0.345 E—02 0.208 E—03 0.273 E—05 
6 0.354 E—-10 0.883 E—-05 0.131 E-—07 0.716 E-—11 
7 - 0.967 E-10 0.179 E-14 - 
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FiGcure 4.12. Bending of a plane-stress strip with a circular notch. Elastic-plastic interface 


for pure isotropic hardening. 
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Ficure 4.13. Bending of a plane-stress strip with a circular notch. Elastic-plastic interface 
for combined isotropic-kinematic hardening. 


TABLE 4.9. 
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Example 4.5.4. Error Norms for Combined Isotropic- 
Kinematic Hardening. 


Energy Norm 
Iteration Step 
# 1 2 3 4 
1 0.403E +01 0.409E+01 0.417E+01 0.296E +01 
2 0.148E —02 0.128E—01 0.214E —02 0.719E —03 
3 0.155E—03 0.659E—02 0.716E—04 0.136E —04 
4 0.178E —06 0.213E—04 0.221E—06 0.110E —07 
5 0.467E —12 0.134E—06 0.388E—09 0.202E —14 
6 0.1S2E —22 0.642E—12 0.153E—17 0.201E —27 
7 - 0.779E —22 0.166E —31 - 
Residual Norm 
Iteration Step 
# 1 2 3 4 
1 0.205E +02 0.205E+02 0.205E+02 0.170E +02 
2 0.977E —0O1 0.233E+00 0.191E+00 0.120E +00 
3 0.153E +00 0.536E+00 0.761E—01 0.261E —01 
4 0.358E —02 0.557E—01 0.420E—02 0.941E —03 
5 0.614E —05 0.345E—02 0.202E—03 0.449E —06 
6 0.354E —10 0.880E—05 0.133E—07 0.143E —12 
7 - 0.958E —10 0.172E —14 - 
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5 


Nonsmooth Multisurface Plasticity 
and Viscoplasticity 


In this chapter we address the formulation and numerical implementation of the 
classical plasticity and viscoplasticity models discussed in Chapter 2 extended to 
accommodate elastic domains whose boundaries 0E, are nonsmooth. In particular, 
we are concerned with the case in which dE, is composed of several smooth yield 
surfaces which intersect nonsmoothly, leading to the presence of singular points 
or “corners” in the boundary of the elastic domain. 

Plasticity models possessing nonsmooth yield surfaces are used in many engi- 
neering applications, especially in soil and rock mechanics, see e.g., Nemat-Nasser 
[1983], Desai and Siriwardane [1984] and Chen [1984]. The Cam—Clay and Criti- 
cal State models, the Cap model, and Mohr—Coulomb models are familiar examples 
that arise in soil mechanics. Representative algorithmic treatments of these and re- 
lated models are in Aravas [1986]; Loret and Prevost [1986]; DiMaggio and Sandler 
[1971]; Sandler, DiMaggio, and Baladi [1976]; Sandler and Rubin [1979]; Resende 
and Martin [1986]; and Simo, Ju, Pister, and Taylor [1987]. In metal plasticity, the 
classical Tresca yield criterion (see Hill [1950]) furnishes another example of a 
model in which the the boundary of the elastic domain is nonsmooth. In structural 
mechanics, yield conditions formulated in terms of stress resultants often exhibit 
comers. Typical examples include /llushin’s yield condition for shells and lower 
bounds to the Mises yield condition for beams of the type considered by Neal 
[1961] and Simo, Hjelmstad, and Taylor [1984]. Finally, J. corner theories of the 
type considered by Christoffersen and Hutchinson [1979] play an important role 
in some recent numerical studies of localization of deformation, as in Tvergaard, 
Needleman, and Lo [1981], Triantafyllidis, Needleman, and Tvergaard [1982], 
and Needleman and Tvergaard [1984]. Alternative formulations of Jz flow theory 
that exhibit a corner-like effect and are suited for large-scale computation have 
been proposed in Hughes and Shakib [1986] and Simo [1987b]. These models 
agree with certain experimental results on tangential plastic loading reported by 
Budiansky et al. [1951]. 

The extension of classical plasticity models to accommodate nonsmooth yield 
surfaces goes back to the fundamental work of Koiter [1960], and Mandel 
[1964,1965]. Modern formulations of plasticity employing convex analysis, as 
in Moreau [1976], Suquet [1981] or Temam [1985], encompass these classical 
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treatments as a particular case. (See also, Matthies [1979].) Here, we follow the 
classical approach and formulate multisurface plasticity models as direct exten- 
sions of the models discussed in Chapter 2. Since all the notions introduced in 
that chapter extend straightforwardly to multisurface plasticity, our developments 
here serve largely as a review in a slightly more general context of ideas already 
discussed. 

The algorithmic treatment of multisurface plasticity also follows the same lines 
already discussed in Chapter 3. The only crucial difference lies in the algorithmic 
characterization of plastic loading by the trial elastic state. In the present context, 
the classical Kuhn—Tucker complementarity conditions, which are closely related 
to loading/unloading conditions discussed by Koiter [1960], again provide the only 
useful characterization of plastic loading. However, in contrast with the situation 
encountered in single-surface plasticity, the actual implementation of these con- 
ditions is not straightforward and an iterative procedure must be adopted. Our 
treatment here follows the approach advocated in Simo, Kennedy, and Govindjee 
[1988] which is inspired by classical ideas of convex mathematical programming. 


In contrast with rate-independent plasticity, the extension of Perzyna-type mod- 
els considered in Chapter 2 is, in general, not meaningful for nonsmooth multiple 
loading surfaces. However, the notion of closest point projection underlying mod- 
els of the Duvaut—Lions type is immediately generalizable to the case in which the 
boundary of the elastic domain is nonsmooth. Moreover, we show that the algorith- 
mic treatment of this class of models is remarkably simple. In fact, a closed-form, 
unconditionally stable algorithm can be constructed from the trial state and the 
rate-independent solution. In a sense, this methodology opposes the view taken in 
standard computational treatments of viscoplasticity where the rate-independent 
solution is obtained from the viscoplastic solution as the inviscid limit; see e.g., 
Zienkiewicz and Cormeau [1974]; Cormeau [1975]; Hughes and Taylor [1978]; 
or Pinsky, Ortiz, and Pister [1983]. 


5.1 Rate-Independent Multisurface Plasticity. Continuum 
Formulation 


As in Chapter 2, B C R?° denotes the reference configuration with smooth 
boundary 0B, and u : B — R? is the displacement field of particles x € B. 
Further, ¢ = V*u denotes the strain tensor, {€”, g} the plastic-strain tensor and 
the hardening variables, respectively, and o € S denotes the stress tensor. 


5.1.1 Summary of Governing Equations 


As usual, the elastic response is characterized by a strain-energy function W(eé — 
€?) leading to stress-strain relationships of the form 


o = VWle —€?), 
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where (5.1.1) 
C := V’We - ?), 


is the tensor of elastic moduli, typically assumed constant. The essential feature of 
multisurface plasticity is the characterization of the elastic domain E,. We assume 
that E, is a convex subset of S x R? defined as 


ei {(o,q. €Sx R’| falo,g) < 0, for alla € [1,2,...,m]}, 


(5.1.2) 
where fy(o, gq) arem > 1 functions intersecting possibly nonsmoothly; see Figure 
5.1. Accordingly, the boundary dE, of E, is generally nonsmooth and is given by 


dE, := {(o,g) € Sx R"| fulo, gq) = 0, for somea € [1,2,...,m]}. 


(5.1.3) 

In what follows, attention is restricted to the case in which the m > 1 functions 
ta(o, q) are smooth and define independent (nonredundant) constraints at any 
(o, q) € 0E,.* With this definition of the closure of the elastic range, the evolution 
of plastic strain is governed by the following flow rule, often referred to as Koiter’s 
rule (see Koiter[ 1953], Mandel [1965] and the review articles of Koiter [1960] and 


Naghdi[1960]): 


Ee? =) Oe fale, 9), (5.1.4) 
a=1 


q@-constraint 
Salo, QD =0 


Ficure 5.1. Illustration of the elastic domain in multisurface plasticity. Note the possible 
presence of “corner points” on the boundary of the elastic domain defined by the yield 
surface. 


*The fact that dimE, = 6 + q is finite, limits the number of independent surfaces which can 
intersect at one point (o,q) € dE, so that the vectors {dg fa(o, q)} (and {09 fa(o, q)}) remain 
linearly independent. For example, if g = 0 and dim E, = 6 then at most six independent surfaces 
can intersect at one point. 
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where, for simplicity, attention is restricted to the associative case. Here y® are 
m > 1 plastic consistency parameters, which satisfy the following Kuhn—Tucker 


complementary conditions for a = 1,2,...,m,* 
y° 20,  falo,q) <9, 
and (5.1.5) 
v* fala, 4) =0, 


along with the consistency requirement 


VY" fale, gq) =0. (5.1.6) 


Conditions (5.1.5) and (5.1.6) are essentially the multisurface plasticity counterpart 
of those in Koiter[1960, equation (2.19)], and have been employed by several 
authors, notably, Maier[1970] and Maier and Griegson[1979]. 

Similarly, the generalization of the general evolution equations to multisurface 
plasticity for the hardening variables takes the form 


m 


q=-)_y"h(o, 4), (5.1.7) 


a=1 


whereas now the associative or potential form of this hardening law is written as 


a := —D'g => vag fp(o. 9). (5.1.8) 
p=1 


As in Chapter 2, we refer to D as the matrix of generalized hardening moduli. For 
simplicity throughout our exposition, we assume that D € R’ x R? is a constant, 
symmetric, positive-definite matrix. The same arguments discussed in detail in 
Chapter 2 show that the evolutionary equation (5.1.8) is the result of the principle 
of maximum plastic dissipation. 


5.1.2 Loading/Unloading Conditions 


The crucial aspect of multisurface plasticity concerns the statement of the load- 
ing/unloading conditions in a form suitable for algorithmic implementation. To 
this end, let maam < m be the number of constraints active at a given point 
(o,q) € dE,, and let Jigm be the set of magm indices associated with these 
constraints. By definition, 


Jaam = {8 € {1,2,...,m}| fe(o, q) = O}. (5.1.9) 


*The summation convention on repeated indices is not enforced in this chapter. 
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To proceed further, we make an additional explicit assumption which is the 
counterpart in multisurface plasticity of Assumption 2.1 in Chapter 2. 


Assumption 5.1. It is assumed that the flow rule (5.1.4) and the hardening law 
(5.1.8) obey the following inequality at any (0, qg) € dE,: 


8ap(O.) *= [Do fa: C2 ofp + 04 fa + Dy fp] 


bD ~~ E“gup(o, EF > 0, for E* E R. (5.1.10) 
ae Jaam B € dagen 


For perfect plasticity recall that this assumption follows from the standard re- 
quirement that € : C : € > O for all £7 = €. In the present situation, this 
assumption amounts to requiring that the matrix [gyg] be positive-definite. Now 
let a € Jagm-. By the chain rule along with (5.1.4) and (5.1.8), the value of fy is 
given as 


Fi = Oo fou :C:é- > [ o fe :C: Oo Sp + Og fu : Da, fs |v? 
B € Jaam 


= Io fa : C:é- ss Bap (o, gy? 
B € Jaam 
(5.1.11) 
where gyg(o, q) are defined in (5.1.10). Now the same argument employed in 
Section 2.2.2 (see equation (2.2.16)) shows that 


If (o, g) € OE, anda € Jagm, then fy(o, q) < 0. (5.1.12) 


With this background, we formulate the loading/unloading conditions as follows. 


Proposition 5.1. Let é be given. The Kuhn—Tucker conditions (5.1.5), the consis- 
tency requirement (5.1.6), and Assumption 5.1 imply the following (strain-space) 
loading conditions 


Tf Jaam = Y, then €? = Vandq = 0. 
Tf Jaam 4% Y, then 
i. if Oe fy: C:é <0, foralla € Jaam = €? = 0, andq = 0; 
ii. if Oo fy 1 © : € > Ofor at least onea € Jig = €? 4 0, andg # 0. 
6.1.13) 


ProoF. First, if Jagan = @, then fy < 0 for alla = 1,2,...,m, so that, by 
(5.1.5)3, y* = 0. Thus, (5.1.13); holds. Next, consider the case Jaam ~ Y. 
i. Leta € Jaam 4 WB. Since y* fy = O and y®* > 0, from (5.1.11), 


S> y*sapy? = Sy efa:C:é@<0, (5.1.14) 


ae Jaam B € Jaam aE Jaam 
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since, by hypothesis, 0, fo : © : € < 0 for alla € Jag. However, by 
assumption, 2yg iS positive-definite. Thus y* = 0 for all a € Jaam, and i 
holds. 

ii. Leta € Janam 4 @ be such that 0, fo : © : € > 0. Suppose it were possible 
that €? = 0 and q = 0. Then, (5.1.11) would imply that 


fald,Q) = Io fy: C:é>0, (5.1.15) 
which contradicts (5.1.12). Thus ii holds. 


It should be noted that if plastic loading takes place at (o,q) € OE, and 
several yield surfaces are active, then the condition 0g fy : © : € > 0 does not 
guarantee that fy is ultimately active. This observation is central to our subsequent 
developments and is examined in detail in Section 5.1.4 below. 


BOX 5.1. Infinitesimal Multisurface Plasticity. 


(i) Elastic stress-strain relationships 
o = VWle - €?”), 
where € := V*u. 


(ii) Associative flow rule 


m 


é?P = > VY" Ie fala, q)- 


a=1 


(iii) Hardening law 
a = -D'g =) y'aqfg(o, 9). 
p=1 
(iv) Yield and loading/unloading conditions 
ye = 0 
falo,q) <0 
Vv" fa(o,q) = 0 
y* faulo, q) = 0. 
(v) Tangent elastoplastic moduli 


CP=C- )° g*[C: a, fa] @[C : a. fs], 
a, BE Jact 
Sap (O,q) = [Io fa: C: Iofp + fa - Dag fe], 


Y> g*(o,4) 86(0,9) = 8. 
B € Jact 
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5.1.3 Consistency Condition. Elastoplastic Tangent 
Moduli 


As in the preceding chapters, we assume that the strain history is given so that 
the strain rate € is known at time t. Then, conditions (5.1.5) and (5.1.6) determine 
whether a constraint is active. In expanded form, these conditions read as follows: 
i. if fu(o, q) < Oor fu(o,q) = Oand fx(o, q) < 0, then y* = 0; 
ii. if fu(o, q) = Oand f,(o, q) = 0, then y% > 0. 

Conditions i and ii are a restatement for multisurface plasticity of classical 
conditions; see Koiter[1960, equation (2.19)]. Now let mace be the number of 
constraints at a given point for which ii holds. Set 


Dect = {B € Jaam | fe(o,q) = 0}. (5.1.16) 


Then, since y® is nonzero only fora € Ja, it follows from (5.1.11) that 


fale, D=0> Yo gaplo.gy’ = Iefa Ce, (5.1.17) 
B € Jaam 


for alla € J,4. This leads to a system of ma equations with maam > Mact 
unknowns. Then conditions y? = 0 if fp(o,q) < 0 provide the remaining 
Madm — Mact CQuations that render (5.1.17) a determinate system. 


In summary, 


y? =NV, if B ¢ Jact , 
v= Yo g*(o,qQ)[defplo.g):C:é], ifae Tan, 2htS) 
B € Dact 


where g(a, q) = [gag(o, g)]~' and gug(o, q) is defined by (5.1.10). By substi- 
tuting (5.1.18) in the rate form of the stress-strain relationships (5.1.1);, we obtain 
o =C* : é, where C® is the tensor of elastoplastic tangent moduli given by the 
expression 


C- YO g*lC: def] @[C: aofs] iff Jan #9, 
c? — a, BE Sact 
Cc iff Jay =O. 
(5.1.19) 
For convenience, the basic equations governing classical multisurface, rate- 
independent plasticity are summarized in BOX 5.1. 


5.1.4 Geometric Interpretation 


We give a geometric interpretation of the loading conditions (5.1.6) and illustrate 
the fact, alluded to above, that a constraint fy may be active; i.e., y* > 0 and, 
nevertheless, one may have 0g fy : © : € < 0. For simplicity, we consider perfect 
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plasticity. At each o € OE,, the vector space 


M := span[ga := 0cfu, fora € Vetie| : (5.1.20) 


We equip M with the inner product induced by C* according to (5.1.10) and 


define the dual vectors (co-vectors) {g° } a € Jag in the standard fashion, 1.e., 
aqm 


Sup = 8a: C:gg,andg*= ggg. (5.1.21) 
B € Jaam 


Given é, conditions (5.1.13) define the accessible elastic region as the cone 


M = {€eS|€:C:g, <0}, (5.1.22) 


whereas the plastic region is M — M~. The normal cone M* is given by (see 
Figure 5.2) 


Mt = {€€SIE= Diy cy, + 8a fora” > Of. (5.1.23) 


A straightforward computation yields the values of the coefficients A% in (5.1.23) 
as 


ae a eae fa Cs 6210. (5.1.24) 
BE Sact 
Therefore, for é ¢ M, y® and 4, fy : © : & may be interpreted as the con- 


travariant and covariant components of é relative to {g,}, respectively. The fact 
that 


v= 0. 6S fet Cre sO (5.1.25) 


is illustrated in Figure 5.3. 


FiGcureE 5.2. Illustration of the geometry at a singular point 0 € OE,, the intersection of 
two yield surfaces (J, = {1, 2}). 


*In the presence of internal plastic variables, the inner product is induced by DIAG [Cc ; Dj. 
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FiGurRE 5.3. Positiveness of the contravariant components y“ > 0 does not guarantee 
positiveness of the covariant components 05 fu : C : € = gupy?. 


5.2 Discrete Formulation. Rate-Independent 
Elastoplasticity 


In this section we outline the extension of the return-mapping algorithms developed 
in Chapter 3 to multisurface plasticity. As shown below, the crucial difference 
with the developments in Chapter 3 concerns determining the active surfaces. For 
this purpose, the elastic trial state no longer suffices and an additional iterative 
procedure is required. 


5.2.1 Closest Point Projection Algorithm for Multisurface 
Plasticity 


As in Chapter 3, we consider a time discretization of the interval [0, 7] C R of 
interest, and let {e,, €?, cv,} be the initial data at f, € [0, 7]. Given an incremental 
displacement field Au : B > R’, application of an implicit backward Euler 
difference scheme to the evolutionary equations in BOX 5.1 results in the following 


nonlinear coupled system for the unknown state variables {€,41, e? 41s Ont 1} at 
time t)44 
Ent = En + V* (Au) (trivial) , 
Ont1 = VW (Ent = ea) ’ 
m 
ef = eh + DAY %e fa(Ont1s Int) » 
a= (5.2.1) 


Any, = An + ~~ Ay" 0q fa(On 1, 9n ; 
a=1 


M41 = —Dan+1 ’ 
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where we have set Ay® := Aty®. Now the discrete counterpart of the Kuhn— 
Tucker conditions which define the appropriate notion of loading/unloading takes 
the form 


FulOn41, Qn+1) < 0 ry 
Ay* >0, (5.2.2) 


Ay” fu (On41; n+) = 0 Py 


fora = 1,2,...,m. Finally, recall that the trial state is obtained formally by 
“freezing” plastic flow in the interval [t,, t,41]. Accordingly, setting Ay® = 0 in 
(5.2.1), we obtain 


Ens = Entl — Eh 
one = VW(enyi) 
trial 
en = eh, (5.2.3) 
ra = Ay , 
Ine = —Doys , 
Fans = Fa(Onei Get) + 


The solution {0,41, Qn+1} to the discrete algorithmic problem (5.2.1)-(5.2.2) ad- 
mits the same interpretation discussed in Section 3.2.2 as the solution of the 
following minimization problem: 


Proposition 5.1. The solution to problem (5.2.1—2) is unique and is characterized 
as the argument of the minimization problem 


(On+1; Qn+1) = ARG MIN | [x (T, o]| ; (5.2.4) 
(T,q) ¢ E, 
where 
x(r.@) = sons ~The + 3m ~ alps 
Josh —-rf2 2 [ote — 7] sO: fort — 1], 625) 


Jan — algo = [an — 9] 2D! : [an — 4]. 


where © := V?W and D are assumed constant and positive-definite. 


PROOF. Positive definiteness of C and D implies that y : E, — R isa strictly 
convex function. Since E, is a closed convex set as a result of the convexity 
assumption on f,(e, e), uniqueness of the minimizer (0,41, Gn4i) follows by 
standard results in convex analysis (see, e.g., Pshenichny and Danilin [1978], 
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Section 3). To prove the equivalence of (5.2.4) and (5.2.1-2), as in Section 3.2.2, 
we consider the Lagrangian associated with the minimization problem (5.2.4): 


L(r, gq, 0%) = x(7,.g) + DOA fault. Q)- (5.2.6) 


a=1 


Now the corresponding optimality conditions now take the form (see Luenberger 
[1984, page 314] or Strang [1986, page 724]) 


0,£ = Sy a : [ora = On+1| + > Ay" Ie fa(Gn+1; Gri) = 9, 


a=1 


Og = An+1 — An + s Ay" 0 fu lOn+1; Qn+1) = 0 ey 


a=1 


OyeLl = font, Qnti1) <0, 
Ay* = 0, Ay fal On+1; Qn41) = 0 ry 
(5.2.7) 
which are equivalent to (5.2.1-2). 
Again the solution © := (041, Gn+1) to the minimization problem (5.2.4) 


can be interpreted geometrically as the closest point projection of the trial state 
(oa), gi*) onto the boundary of the elastic region JE, in the metric G defined 
by (3.2.13): 


ING = UG: L=o:C':atg- D-'g. (5.2.8) 


This interpretation is consistent with the work of Matthies [1978] and Halphen 
and Nguyen [1975]. 

Next we turn our attention to the discrete characterization of plastic loading in 
the context of multisurface plasticity. 


5.2.2 Loading/Unloading. Discrete Kuhn—Tucker 
Conditions 
Whether plastic loading or elastic response occurs in a time increment [f,, t)+1] 


can be concluded solely from the trial elastic state according to the following 
conditions. 


Proposition 5.2. Assuming that fy : Sx R! > R,a = 1, 2,..., m, are convex, 
one has the following algorithmic characterization of plastic loading: 


fait) <O forall a € (1,2,...,m) = elastic step , (5.2.9) 
fp; > Oforsome f € (1,2,...,m) = plastic step. . 


Mt 
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Proor. (i) If cont < 0 for alla € {1,2,..., m}, then (o/%"\, qn) is admis- 
sible. Thus, On41 = Bie Qn41 = Qn, AY® = O, for alla € {1,2,...,m} 
solves (5.2.1—2). Since the solution to (5.2.4) is unique, this constitutes the actual 
solution, and the step is elastic. 

(ii) Suppose that there exists at least one 6 € {1, 2,..., m} such that f, am > 


0. Then, cyl is not admissible; hence, the step is plastic: 


Remarks 5.2.1. 

1. Observe that, if only one yield surface is petiye (ic., Ay’ > 0 for only one 
B € {1,2,..., m}), then the condition oes n+. > 9 implies that Ay® > O;ie., 
the Bconsiaine is active, agreeing with the conclusions drawn in single-surface 
plasticity. 

2. However, if several yield conditions are active, then the condition rat > 0 
does not necessarily imply that Ay® > 0. Equivalently, it is possible to have 
; eae > 0 and, at the same time, fy.,4; < 0. This situation is illustrated in 
Figure 5.4 and can be explained as follows. In view of relationship (5.2.7)1, we 
can regard Ay® as the contravariant components of [ons — 6n+1] inS along 

the vectors {C : 0, fa.n4i}. Thus, conditions Ay* > 0,a = 1, 2, define a 

corner region in stress space, denoted by Iz, and spanned by {Cc : Oo font 1, 

Within this cone, fea > Oand fy pial. =O, IE eas € I\2, then o,41 is at 

the intersection of the two surfaces which defines the corner point. On the other 

hand, within fenons I, and I, conditions pierre > 0 and pee , > Oalso 
hold, but Ay? < O in region I, and Ay! < O in region I>. 


5.2.3 Solution Algorithm and Implementation 


Extending the closest point projection algorithm in BOX 3.5 to multisurface plas- 
ticity relies on its interpretation as an iterative solution technique for the constrained 
minimization problem (5.2.4), as discussed next. 


5.2.3.1 Motivation. Convex programming. 


To motivate the general solution strategy, we reformulate the algorithm outlined 
in Section 3.3.1 as a minimization procedure for problem (5.2.4) restricted to 
single-surface perfect plasticity. Then the Lagrangian (5.2.6) reduces to 


L(7, A) = X(T) + Af (7). (5.2.10) 
Observe that the derivatives of £(7, A) are given by 
O-L(T, A): = VX(T) + AVS (tT), 
0--L(7, A) =O '+AV f(r), (5.2.11) 
OnL(T, A) = V(r). 


Then we consider the following Newton algorithm: 
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C: ah 


(b) 


f,=0 


(c) 


FiGure 5.4. Geometric illustration of the geometry at a corner point o € dE, the intersec- 
tion of two yield surfaces (J,,., = {1, 2}). (a) Definition of regions I, I>, and I), (b) region 
I, is characterized by y! > 0, y? < 0, (c) region 7 is characterized by y! > 0, y? > 0. 


1. Define the residual at iteration (k) by 


-1 k ria k 
VLO = | ark | = i. :[o®, - ons] + Ay®v f®, | 
aL! i(o,4) 


2. Check whether convergence is attained. 
IF|| VL || < TOL, THEN: Exit. 
ELSE: Continue. 

3. Compute Hessian matrix. 


= k k 
v2 = ie i+ AyOV? frei] es 
= k 
(V fpr) 0 
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4. Solve the linearized system: 


Ao 
V2 | n+l) VL, 
A2y® 


that is, 
(k) (k) qT k)]7! k 
Ay = Sri = [Vfrsi] [a-rL' | aL 
‘a k) WT -1 k 
[VA fare) WA, 
-1 
aol), = —[22,£%] "ay V6, + 2,6] 
5. Update the solution and GO TO 2. 
sis k 
Ay" = ay® + A2y,®) 
k+l k) k 
ant = oe BE Ko, 
Remarks 5.2.2. 
1. Since E, is convex, the preceding algorithm is unconditionally convergent, 
regardless of the initial starting point out. (Technically, step-size adjustment 
is needed, see, e.g., Luenberger [1984, page 212], Dennis and Schnabel [1983, 
page 116], or Pshenichny and Danilin [1978, page 60]). 
2. Recall that the matrix 
B:=(C'+ayv’fy!, (5.2.12) 
the inverse of which appears in the Hessian matrix, is called the elastic 
algorithmic tangent moduli. 
3. Different optimization algorithms can be used to solve the constrained 


minimization problem (5.2.4); (see e.g. Luenberger [1984, Part II]), in par- 
ticular nonlinear versions of the conjugate gradient algorithm, such as the 
Polak—Ribiere method. See also Karmanov [1977]. 


The extension of the preceding algorithm to multisurface plasticity is straight- 


forward and is based on the following Lagrangian: 


Lir.g@x)=xrg+ D> M@falt. 9, (5.2.13) 
@ € Sact 


where x (7, q) is defined in (5.2.5) and Jay C {1, 2, ..., m} is the set of indices 


associated with the active constraints at the unknown solution point (On+1, Qn+1): 


Tact = {oe € {1,2,...,m} | fa(Onsts Inti) = 0}. (5.2.14) 


An added difficulty in multisurface plasticity lies in the fact that the set of active 
constraints defined by J,,; is not known in advance since, as noted in Remarks 
5.2.1, the condition fT, > 0 does not guarantee that the surface fo n4i is 


a,n+1 


ultimately active. We address this question next. 
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5.2.3.2 Determination of the active constraints. 


A yield surface fy.n+1 is termed active if Ay® > 0. The set of active constraints 
defined by J,,, is determined by an iterative procedure which starts from an initial 
set of trial constraints defined as 


De de S 2 asa ig =F (5.2.15) 


a, 


Clearly Jace S ye, The basic idea here is to modify this initial set by enforc- 
ing, iteratively, the Kuhn—Tucker conditions. At each step of the iterative solution 
procedure one constructs a working set of constraints, denoted by J we which is 
updated according to the following two alternative strategies: 
i. Procedure 1 (conceptual). In this method, the working set of constraints J ®) 
is held fixed during the iteration that restores consistency. Once the constraints 
roa = Oare satisfied for alla € J ee admissibility of the solution is checked 
by testing whether conditions Ay > 0 hold for alla € J o. Accordingly, 
the iteration proceeds as follows: 
1. For k = 0 solve the closest point projection iteration with J ©) = il eg to 
obtain (Gn41, En41, Qn+1), along with Ay, a € Ju, 

2. Check the sign of Ay®. If Ay’ < 0, for some B € lbs obtain a new 
working set of constraints J ie by dropping the £-constraint from Alper Set 
k < k + 1 and repeat step 1. Otherwise stop. 


ii. Procedure 2. In this method, the working set J!" is updated during the iterative 
process. Consistency is restored by enforcing the admissibility constraint A y" 
be nonnegative for alla € J ae Accordingly, the iteration proceeds as follows: 


1. Let J a be the working set at the kth iteration of the return mapping. Compute 


increments Aye”, € If, by solving the linearized return-mapping 
algorithm. 
a : —gQktD a) re) . 
2. Update Ay® by setting Ay = Ay®* + Ay”, and check the sign 
of Ape. If Aye” < 0 for some 6 € I drop the £-constraint from 


the set J Ke , and restart the iteration. Otherwise, set Aye” = Aye , and 
proceed to the next iterate. 


Asummary of the algorithm associated with Procedure 2 is given in BOX 5.2a-c. 


5.2.4 Linearization: Algorithmic Tangent Moduli 


The exact linearization of the algorithm developed above is accomplished by the 
same procedure discussed in detail in Section 3.6.2. For completeness we sketch 
below the main steps involved in the derivation for the case of perfect plasticity. 
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BOX 5.2a. Elastic Predictor. 


1. Compute elastic predictor 


ial Pp 
Ons l = VWEn+1 — Enzi) 
trial .__ trial trial 
4 = A Ccaareee ae fora € {1,2,...,m} 


2. Check for plastic process 
IF A Bee < Oforalla ¢€ {1,2,...,m} THEN: 
Set (©)n41 = ("4 and EXIT 
ELSE: 


SI 
Ss 
II 


{a € {1,2,...,m}| A, > 0} 


Ay 0 
Goto BOX 5.2b 
ENDIF. 


First, differentiating the elastic stress-strain relationships (5.2.1). and the 
discrete flow rule (5.2.1)3 yields 


donq = Cai: (dén41 — de?) 


i 2 (5.2.16) 
de? = > [Ay*3q fal(Ong1) dong + dAY* Be fa(On41))] - 


n4 
a=1 


By combining these two equations, one obtains the relationship 


a=1 


don+ — Ens : ten -— S day"ap flo) ’ (5.2.17) 


where =, are algorithmic moduli now given by the expression 


m 


Ena = [Cu + ys Ay*d2, falOns)] (5.2.18) 


Next, the coefficients dAy® are determined from the algorithmic version of 
the consistency condition obtained by differentiating fy(On+1) = 0. Explicitly, 
consider 


Oo fa lOn+1) : don+i = 0, ae Jact- (5.2.19) 
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BOX 5.2b. General Multisurface 
Closest Point Projection Iteration. 


3. Evaluate flow rule/hardening law residuals 


(k) : (k) 
On41 = VW (Ent = ePi) 
(ky (k) 
YP —Da,,; 
p® P m (k) 
(kK) —e_E 41 + En (k) do Sp 
Riv as ie (a + > Ay? 9 
ny) + On (kK) aSp n+l 
Be Jact 


4. Check convergence 
ee = a caaee aq.) fora € de 
IF: f00., < TOL, forall € JS! and |R® || < TOL: THEN: 
EXIT 
ENDIF 
5. Compute elastic moduli and consistent tangent moduli 


(Ko &) .,& . | Of i 
Ga = Osta Ope | SA: 
[Gules = [Bote Aefeltls ABs: | et 


= 
[a], == [Gap] 


n+ n+l 
= wm yo! 
[C8] = [VW (enn — eee) ] 
= Cc"! 0 (k) a2 f a2 f, (k) 
[A” | _ zi +4 Ss Ay? aoJB aq/ B 
one 0 D 02, 8 a2 Sp 
n+1 B EC j® q 19 n+l 
6. Obtain increment to consistency parameter 
@& apy) (k) 
ye SS [GA fe= [eats “Oats | ALR, 
Be Ix 


a) 


Aye = Ay®? + Aye 

IF: Ay; <0, w € J&, THEN: 
Reset J&*) = {a € ase | Aye” 
Goto 3. 

ELSE: 
Goto BOX 5.2c 


ENDIF 


> 0} 
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BOX 5.2c. (Cont’d) Closest Point Projection Iteration. 


7. Obtain incremental plastic strains and internal variables 


(k) -1 (k) m 
Ae? 1c 0 anh’. 2. p Oo Sp 
ee : | ae ee ey 


n+l 


(k) 


n+l k 
Be Jac i 
8. Update state variables and consistency parameter 
(k+1) (k) (k) 
met = Eng + AE na 
(k+1) (k) (k) 
n+l On + AQ 
(k+1) (ky (kK) k+1 
Ay“ = AYnal + Arye ae te } 
Setk <— k + 1 and Goto 3 
Then substituting (5.2.17) in (5.2.19) yields 
dAypy = s EA |CS eee re densi], (5.2.20) 


@ € Tact 


where ae = [8¢an+1] |, and ggo.n+1 is defined by (5.1.10) with C replaced by 
the algorithmic moduli =,41: 


cee = [gean+i] = [90 6.n-+1 > Engi: ite (5.2.21) 


Finally, substituting (5.2.20) in (5.2.17) gives the desired expression for the 
algorithmic elastoplastic tangent moduli: 


do ” 
ae = Sn+1 — Ne, > ght Nani ® Non+l> 

ur BE Jace & © Dace 6222) 
Nant 1= Ena: Oo fa lOn+1) : 


Note that the structure of (5.2.22) is analogous to expression (3.6.10). All that is 
needed to obtain the algorithmic tangent moduli is to replace the elastic moduli 
C,,41 in the expression for the continuum elastoplastic moduli by the algorithmic 
moduli 5,4; defined by (5.2.18). An analogous but more elaborate calculation 
applies to the case of hardening plasticity. 


5.3 Extension to Viscoplasticity 


In this section we consider extending the preceding developments to accommodate 
rate-dependent response governed by a suitable generalization of the Duvaut—Lions 
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viscoplastic model in Section 2.7.4. First, we show that models of the Perzyna type 
considered in Section 2.7.3, in general, do not admit meaningful generalizations 
to elastic domains bounded by multiple surfaces. 


5.3.1 Motivation. Perzyna-Type Models 


It appears that a straightforward extension of inviscid plasticity to the rate- 
dependent case is obtained by postulating a flow rule of the form 


er = )- see Oe fu(o) , (5.3.1) 


a=1 


where 7 € (0, 00) is a fluidity parameter, and (e) is the ramp function defined as 
(x) = (x + |x|)/2. Unfortunately, as 7 — 0, this model does not reduce to the 
rate-independent formulation in BOX 5.1, as the following example illustrates. 


EXAMPLE: 5.3.1. Consider the case in which two convex functions f;(o7) and 
j2(o@) intersect nonsmoothly as shown in Figure 5.5. In the limit, as 7 — 0, since 
both f; > Oand f2 > 0, equation (5.3.1) gives the relaxation path and viscoplastic 
strain rate shown in Figure 5.5a which corresponds to 7 — o. However, in the 
actual rate-independent solution shown in Figure 5.5b, only f; = 0 is active. 
Therefore we conclude that viscoplastic flow rules of the type (5.3.1) may not 
produce the correct rate-independent solution in the limit, as 7 > 0. 


The example above illustrates the fact, alluded to in Remark 5.2.1, that condition 
ta(o) > 0 does not imply that the a—constraint is necessarily active. By contrast, 
the evolution equation (5.3.1) activates the w—constraint whenever f, > 0. The 
model discussed below precludes this difficulty and properly reduces to the inviscid 
limit. 


C: df 


e0 


(b) 


FiGure 5.5. (a) Inviscid limit return path for Perzyna-type multisurface models, (b) actual 
inviscid return path. 
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5.3.2 Extension of the Duvaut—Lions Model 


A straightforward extension of the model discussed in Section 2.7.4 to the case of 
an elastic domain E defined by multiple yield surfaces fy : S x R’ — R and 
including internal hardening variables g may be constructed as follows. 

1. Let (Go, q) be the inviscid solution of the elastoplastic problem in BOX 5.1. 

2. Postulate constitutive equations of the form 


eP = telig — Gl, 

(5.3.2) 

a= -D'lq-q). 
n 


Equations (5.3.2) are amenable to a straightforward numerical implementation as 
suggested by the algorithm discussed below. 


Remark 5.3.1. More elaborate models may be constructed similarly. For example, 
let g : Ry > R, bea monotonic C! function. Then, one may consider 


1 - = = 
evP = = g(llo _ aloe soe [o - a| : 
' (5.3.3) 
a= = a(la—alp-)O'[a— a]. 
where Iolo :=o0:C!:cisthe energy norm and lalp= =q- D-'g. For 


metals, typical forms for g are exponentials and power laws. 


5.3.3 Discrete Formulation 


Let [t,, tr41] C Ry be the time-step interval of interest. Then the stress rate 


o=C:[é-—ée”?]=C:e “(a Cc), (5.3.4) 


may be integrated in closed form to obtain 


ate exp(—Ar/nant | Sa (7 +C: :) des 35) 


n 


Using the approximations 


Intl 
i expl—(tn41 — 5)/n]C : € ds 


tnt Ae, 
~ | / expl—(ni — 8)/7] is| cc, Att 
th 


_ La exp-At/n) a. 
= EG: ben (5.3.6) 
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1 tnt 
ij / exp[—(t41 — 5)/nla(s) ds 


n 


~ [1 — exp(—At/n)]Gn41, (53) 
and proceeding in the same manner with equation (5.3.2)2, one obtains the al- 
gorithm for viscoplasticity summarized in BOX 5.3. Note that, with g = —Da, 
(5.3.2) takes the form 

a el 2 
q= a lq a q| : (5.3.8) 


BOX 5.3. Closed-Form Algorithm for Viscoplasticity. 


1. Compute the closest-point projection (0,41, @n41) by BOX 5.2a-5.2¢ 


2. Obtain the viscoplastic solution by the formulas 


On+1 = exp(—At/n)o», oh [1 oa exp(—At/n)]On41 
1- —At 
+ eee! ey : AEn+1 
At/n 
Qn41 = exp(—At/n)q, + [1 — exp(—At/n)]4n41 
Any, = —D'qnsi 
Remarks 5.3.1. 


1. The elastic and inviscid cases are recovered from the preceding algorithm in 
the following limiting situations: 
a. Let At/n — 0. It follows that exp(—At/n) — 1 and 


[1 — exp(—At/n)]/(At/n) > 1. 


Hence on41 > On + © : A€ns1, and qn41 > Gn. Therefore, one obtains 
the elastic case. 
b. Let At/n — oo. It follows that exp(—At/n) — 0 and 


[1 — exp(—At/n)]/(At/n) — 0. 


Hence, On41 > On+i,Qn+1 — n+1, and one recovers the inviscid plastic 
case. 
2. Alternatively, from (5.3.2), by applying an implicit backward Euler algorithm, 
we obtain the first-order accurate formulas 


eos ony a5 (At/n)On+1 
P+ At/n (53.9) 
qu + (At/naina 
a  L+At/n  * 


Note that these expressions are identical to those in BOX 1.7 of Chapter 1. 
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Numerical Analysis of General 
Return Mapping Algorithms 


In this chapter, we present a rigorous, nonlinear, stability analysis of a class of time 
discretizations of the weak form of the initial boundary-value problem for both 
rate-independent and rate-dependent infinitesimal elastoplasticity. To motivate the 
notion of nonlinear stability appropriate for elastoplasticity, first we consider the 
simpler model problem of nonlinear heat conduction and give a rigorous proof of 
nonlinear stability for the generalized midpoint rule. The analysis that follows 
differs in several aspects from previous treatments of algorithmic stability; in 
particular: 

i. The stability analysis is performed directly on the system of variational 
equations discretized in time, not on the algebraic system arising from 
both temporal and spatial discretizations. The results carry over immedi- 
ately to the finite-dimensional problem obtained via a Galerkin (spatial) 
discretization. 

ii. Previous stability analyses employ either the notion of A-stability, introduced 
by Dahlquist [1963] in the context of linear, multistep methods for systems of 
ODEs or the concept of linearized stability; see, e.g., Hughes [1983] and refer- 
ences therein. The results given below prove nonlinear stability in the sense that 
arbitrary perturbations in the initial data are attenuated by the algorithm rela- 
tive to a certain algorithmic-independent norm associated with the continuum 
problem called the natural norm. See also Dahlquist [1975]. 

For nonlinear systems of ODEs, this notion of nonlinear stability reduces to 
the concept of A-contractivity or B-stability introduced by Butcher [1975] in 
the context of implicit Runge-Kutta methods. A-contractivity is widely accepted 
now as the proper definition of nonlinear stability; see, e.g., Burrage and Butcher 
[1979, 1980]; and Dahlquist and Jeltsch [1979]. For linear semigroups, the defini- 
tion of stability employed in this chapter coincides with the notion of Lax stability; 
see Richtmyer and Morton [1967]. 

A key step in the stability analysis given below is identifying the natural norm for 
the continuum problem relative to which the crucial contractivity property holds. 
For nonlinear heat conduction, this norm is a weighted L2—norm whose weighting 
factor is the specific heat capacity times the density. For the semidiscrete version 
of this problem obtained via a Galerkin spatial discretization, the natural norm 
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reduces to the matrix norm induced by the mass matrix. For infinitesimal elasto- 
plasticity, the natural norm is the norm induced by the complementary Helmholtz 
free energy function. A given algorithm is then said to be A-contractive if it inherits 
the contractivity property present in the continuum problem relative to the natural 
norm. For nonlinear heat conduction, the generalized midpoint rule is shown to be 
contractive (for a > 5 ) by crucially exploiting the convexity property of the heat- 
flux potential. It is well known that A-contractivity cannot hold for the generalized 
trapezoidal rule (see Wanner [1976] for a counterexample). 

For infinitesimal elastoplasticity and viscoplasticity, it is shown that the system 
of variational inequalities associated with a class of return mapping algorithms 
based on the generalized midpoint rule, proposed in Simo and Govindjee [1991], 
is nonlinearly stable (A-contractive) fora > 5 . This class of algorithms encom- 
passes the widely used return maps based on the implicit backward Euler method 
(“catching-up” algorithms in the terminology of Moreau [1977]), in particular, the 
classical radial return method of Wilkins [1964] and its generalizations to linear 
kinematic/isotropic hardening (Krieg and Key [1976]; Balmer et al. [1974]) and 
plane stress (Simo and Taylor [1986]). The nonlinear stability proof given below 
applies to the class of generalized midpoint rule algorithms in Hughes and Taylor 
[1978] (perfect viscoplasticity) and Simo and Taylor [1986] (plane stress elasto- 
plasticity), but does not cover the class of methods in Ortiz and Popov [1985], 
whose stability properties remain an open question. 


6.1 Motivation: Nonlinear Heat Conduction 


The steps in the stability analysis of the time discretization of the IBVP for nonlin- 
ear heat conduction by a generalized midpoint rule are analogous to those employed 
in analyzing the elastoplastic problem and can be summarized as follows: 

i. The nonlinear heat conduction equation is formulated in weak form as a 
variational problem of evolution. Assuming convexity of the heat-flux potential, 
the solutions of this problem are contractive relative to the natural norm defined 
as a weighted L2-norm whose weighting factor is the density times the specific 
heat capacity. 

ii. The time-dependent variational equality is discretized by a one-parameter 
family of generalized midpoint rule algorithms depending on the parameter a € 
[0, 1]. Then it is shown that this time-discrete problem of evolution inherits the 
contractivity property of the continuum problem provided that a > 5, hence 
proving unconditional stability relative to the natural norm. 

As pointed out in the introduction, the preceding analysis is performed without 
introducing any spatial discretization. An identical result holds for the semidiscrete 
problem of evolution obtained by a Galerkin finite-element projection. For this 
problem, the natural norm is the matrix norm defined by the positive-definite mass 
matrix (see Hughes [1983]). 
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6.1.1 The Continuum Problem 


Let 2 C R", with ngim < 3, be the reference configuration of a nonlinear heat 


conductor with smooth boundary 02 and particles labeled by x € 2. Further, let 
I Cc R, be the time interval of interest and denote by 


0:QxIoR, 
and (6.1.1) 
q:2x1-> RR 


the absolute temperature and the heat-flux vector, respectively. Assume that 0 (x, f) 
and q(x, t) are specified on parts of the boundary My and I, as 


o=donly xI 
and (6.1.2) 
q:n=-qonl, x I, 


respectively. Here 3: Ty x I —> R, is the prescribed temperature, g: lxIl—>R 
is the prescribed heat-flux, and n is the unit outward normal to the boundary. As 
usual, it is assumed that the conditions 


Ip NTy = G, 
and (6.1.3) 
ry OT, = 3n, 


hold. Further, denote the reference density by po: 2 — R4, assume that the 
specific heat capacity c is constant, and let f: 2 x 1 > R be the heat source per 
unit volume. Finally, the constitutive equation for the heat-flux vector is specified 
in terms of a heat-flux potential 


H:2 xR” > R, (6.1.4) 

depending on position and temperature gradient, by the potential relationships 
q(x, t) = -VH (x, Vow, t)), in 2 x I, (6.1.5) 
where V3 = a e; denotes the temperature gradient relative to a Cartesian ref- 


erence system with orthonormal basis {e;}. In components, constitutive equation 
(6.1.5) reads 


a 
q(x, t) = — = — H (x, V(x, 1)), in 2 x I, (6.1.6) 


with 3 j:= oo One makes the crucial assumption that the heat-flux potential 
H(x, -): R"*™ — Ris a smooth convex function for all x € 2. Accordingly, the 
following relationship holds 


H(-,u) — H(-,v) > [u—v]- VHC, v), Vu,v €¢ R™. (6.1.7) 
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f(r) - f(o) 
graph[f] 


FIGURE6-1. The convexity property (6.2.7) fora smooth, one-dimensional function f: R > 
R Mim = 1). 


This property is illustrated in Figure 6.1. 


6.1.1.1 Strong form and weak form of the IBVP 


With the preceding notation in hand, the strong form of the initial boundary-value 
problem (IBVP) is formulated as follows: 


Problem S,: Find 3: 2 x I — R, such that 


c 8 = —div[q] + 
” + fl oxL (6.1.84) 
q=—-VH 
subject to the boundary conditions 
v= 9 on TY xI 
s (6.1.8b) 
q:n=-q on I, xI1 
and the initial condition 
UGC, Ho = Yo) in LQ. (6.1.9) 


To formulate the weak form of this classical IBVP, one introduces a space V of 
admissible test functions defined as follows: 


V:i={neW?(2): n=0 on Fy}, (6.1.10a) 
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where W!? (2) is the standard notation for Sobolev spaces. The choice of the 
appropriate exponent p > | is dictated by growth and coercivity conditions on 
the heat-flux potential of the type 


H[x, Vd(x)]| < Ci[1 + |Vd|?] 
and (6.1.10b) 
H[x, VO(x)] = Cr|VOl?, 


where C, and C2 are constants; see e.g., Zeidler [1985, p.260]. In addition, for 
fixed time ¢ € I, the admissible solution space S; is given by 


& := {0690 € W722): 8HN=7-,0 on MH}. © (6.1.1) 


Then standard arguments in the calculus of variations lead to the following 
variational problem: 


Problem W,: Find 0(-, t) € S; such that 


(pc Bn) = —(VH, Vn) + (fn) + (Gmr, Vney, (6.1.12) 
subject to the initial condition 
(pocB(-, 0), n) = (pocto, n), Vn eV. (6.1.13) 


Here, VH: = a e;, (-, -) denotes the standard L»-pairing in 92, and (-, -) is the 
L2-pairing on the boundary 092. 

The following property of the solution of the IBVP (6.1.12)—(6.1.13) is crucial to 
the subsequent algorithmic analysis and motivates the notion of nonlinear stability 
for the problem at hand. 


6.1.1.2 Contractivity of the flow 


Given the variational IBVP (6.1.12)-(6.1.13), fix the source term f(x, t) and the 
boundary conditions in (6.1.12) while considering two different initial conditions 


Vo: 2—> R,, 


and (6.1.14) 
Bo :2—> R,. 


The solutions generated by the IBVP (6.1.12)-(6.1.13) for these two initial 
conditions are denoted by 


teIrP vines, 
and (6.1.15) 
relP vn ES, 


respectively. Under these conditions, the IBVP is said to be contractive if there is 
an inner product denoted by (., -)), with associated norm (called the natural norm) 
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given by 
I Mh e= V+), (6.1.16) 


such that the solutions (6.1.15) satisfy the following inequality: 


HG, 2) — OG, OM < MoO — HOM) Vee L (6.1.17) 


For nonlinear heat conduction, the following result is a direct consequence of 
the convexity assumption on the heat-flux potential (for completeness a proof is 
included) 


Proposition 1.1. The flowt € 1b v(.,t) € S; generated by (6.1.12)-(6.1.13) 
is contractive relative to the weighted Lz inner product ((-, -)) : = (poc -, +). 


PROOF. For convenience, introduce the following notation 


0 
VH := — Vd) e;, 
H a0, Hx, ye 
and (6.1.18) 
ee Hx, Vd) e; 
= a0, x, ej. 


By hypothesis, 7(-, f) and B(-, t) satisfy variational equation (6.1.12). Therefore, 
the difference &(-, t): = 0(-, 1) — 0G, £) satisfies the variational equation 


(poc E(-, 1), n) = -(VH-VH,n), VWne Vv. (6.1.19) 


In particular, for fixed but arbitrary t € I, one can choose 7 = &(-, f) in (6.1.19) 
since &(-, t) € V. Using the identity 


|x 


(6,0, €6.9) = 5 SINE OD, (6.1.20) 


x 


t 
equation (6.1.19) with 7 = &(., tf) implies the following result: 


d ~ 
2G, IlEG. OP = (WH — VH, &(, 9). (6.1.21) 


Now, use the convexity condition (6.1.7) on H(x, -) to obtain the estimate 


d 
2G, HEC. OUP 


= / {Ive ~ Vd] - VH(x, V8) + [Vd — Vo]- VHG, vo)| dx 
2 


< 7 {(Hcx, Vd) — Hix, Vd)] + [Hix, Vd) — He, vol ax 
2 


=0, Vrel, (6.1.22) 
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which implies that ¢ leG, 2) — BC, t)||| < 0. Therefore, 


re - tq 
HPC O- 8G, Ol —IPoC) — VIII =f 7, lIléG Mill ae <0, (6.1.23) 


which proves the result. 


A proof identical to that given above applies to the semidiscrete problem of 
evolution, obtained via a spatial Galerkin projection of the continuum problem 
onto a finite dimensional subspace V" C YV, with the natural norm induced by the 
mass matrix (see Hughes [1983]). 


6.1.2 The Algorithmic Problem 


Consider the time integration of the IBVP (6.1.12)-(6.1.13) for nonlinear heat 
conduction by the generalized midpoint rule algorithm, depending on the parameter 


a € [0, 1]. The goal is to prove nonlinear stability of the scheme for a > 5 : 


6.1.2.1 The generalized midpoint rule 


Let [t,, to41] C I, with At: = t,4;—t, > 0, bea typical time subinterval. Assume 
that the following initial data is known at time t = ¢,: 


On 22> Rg, 
and (6.1.24) 
Un 1 2>R, 


where ¥,, (x) and v, (x) are algorithmic approximations of the temperature and tem- 
perature “velocity” o(x, t,) and v(x, t,) = B(x, t,), respectively. The objective 
is to obtain algorithmic approximations ¥,,,)(x) and v,4+)(x) to the actual fields 
U(X, tn4i) and v(x, t,41) at time f,41, respectively, for prescribed source term 
J (x, t) and boundary data O(x, t) and q(x, t) in the interval [f,,, t,41]. To this end, 
consider the following algorithmic problem: 


Problem Wy,: Find 0j+41 € Sy41 such that 


(P0C Untas 1) = —(VHG, VOnte), Vn) + (FG; tro), 1) + (9G: trea) 1) Pr; 


(6.1.25) 
for all 7 € VY, where 
Unt+a = (On41 — Un)/At 
Ont yf for a € (0, 1] fixed. (6.1.26) 
Dnta = aDn+1 + a = a) On 


It is assumed that the forcing functions in the algorithmic problem above are given 
without approximation in the interval [f,, t,41]. Using standard arguments in the 
calculus of variations, problem Wa, is formally equivalent to the following local 
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problem: 
POC Un+a = div[VH(-, VOn+0) | FP fC, tna) in 2 
Diy = OG bee) ond (6.1.27) 
VH(-, VOnga) * = GCs tnia) on IG, 


with 3,49 and v,+ defined by (6.1.26). 


Remark 1.1. In view of (6.1.27), itis clear that the temperature evolution equation 
in the algorithmic problem is enforced at tn4q: = Otn+1 + (1 — @)t,. This point is 
crucial to the stability proof given below. Observe that, in general, the algorithmic 
counterpart of the temperature evolution equation does not hold at ¢, or at ty41, 
unless the heat-flux potential function H(x, -) is quadratic. 


6.1.3 Nonlinear Stability Analysis 


Roughly speaking, an algorithm for the nonlinear heat conduction equation is said 
to be nonlinearly stable if the algorithm inherits the contractivity property of the 
continuum problem. More precisely, let 


{On}, 
and (6.1.28) 
{On}, 


be two sequences generated by a given algorithm for two initial conditions 


Jo: 2—> R4, 
and (6.1.29) 
Bo >: 2—> R,, 
respectively. The algorithm is nonlinearly stable (or A-contractive) if the following 
inequality holds relative to the natural norm ||| - ||| for the continuum problem: 
[NPn — Pall < [Il8o — Polll Va > 1. (6.1.30) 


The following result holds for the generalized midpoint rule algorithm: 


Proposition 1.2. The algorithmic problem Wy, defined by (6.1.25)-(6.1.26) is 
nonlinearly stable for a > 5 : 


PROOF. By hypothesis, the following two variational equalities hold: 


Rig (Pn41 —s Dns n) = —(VHi+e Vn) + (fn+as n) + (nto n)r 
Wn eV 


At (nas re? Bas n) = —(VHi+e Vn) +7 (fra n) a (Anta n)r 
(6.1.31) 
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where, as in the continuum case, the following notation has been used: 


VHn+a: = VHC, VVn+0)s 


AS a (6.1.32) 
VHn+e: = VH(-, VOnda)- 


Set En4a:= Vnta — Vata, and observe that &,,, € V for anya e [0,1]. 
Subtracting (6.1.31) from (6.1.31); gives 


1 S 
re (E41 — &n, )) = —(VHata — VHnsa, Vn), Wn € Vz (6.1.33) 
In particular, since &,,1 = ; [&n41 + & ] isin V, choosing n = &,, 1 in (6.1.33), 
expanding the left-hand side and using definition (6.1.16) for the natural norm 
Il - II] gives 


i 2 2 vy 
say [Iénslll? = Iiéalll?] = —(7Hata — VPntes Ven 4). (6.1.34) 
Now insert the following identity on the right-hand side of (6.1.34): 


E44 = Eta — (@ — 5 )lEnti — nl, Vor € [0, 1], (6.1.35) 


and make use of the fact that, in particular, (6.1.33) also holds with n = &,41—-&), € 
Y to obtain the result 


WEN? — Wal? = —2At(VHnsa — VHnsa, Vente) 


(6.1.36) 
— a — 1M lEn41 — Ell’. 


Finally, substitute €,4¢ = Unia — Unto in (6.1.36), and make crucial use of the 
convexity condition (6.1.7) on the function H(x, -). Proceeding exactly as in the 
continuum problem, one obtains the following estimate: 


[NEmill? — [Enlll? = —@o — DUNEr41 — Ell? 


4 2ar | VH(x, Vonsa) « (VOnea — VOn4q) ax 
2 


4+ 2At i VHW, Vnia) * (VOnra — Vota) dx 
2Q 


< —Qa -1)|Il&41 — &ll[? <0 fora > 5,(6.1.37) 


so that ||{E,4i1]| < [l& {|| for any 2 > O. Then a straightforward induction 
argument completes the stability proof. 


Once more, observe that the preceding proof depends critically on enforcing 
the algorithmic version of the temperature evolution equation at t,+4.. In fact, this 
proof breaks down if the equilibrium equation is enforced, as is customary, at the 
end of the time step, i.e., att = f)41. 
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6.2 Infinitesimal Elastoplasticity 


The stability analysis carried out in the preceding section is readily extended to 
the case of rate-independent plasticity and viscoplasticity. The approach adopted 
depends crucially on a formulation of plasticity as a variational inequality and 
proceeds as follows. 

i. One exploits the fact that the continuum problem is contractive relative to the 
norm induced by the complementary Helmholtz free energy function to identify 
the natural norm for the elastoplastic problem. 

ii. Then it is shown that a one-parameter family of return-mapping algorithms 
inspired by the generalized midpoint rule inherits the contractivity property of the 
continuum problem, when a > 5 . Hence, this class of algorithms is nonlinearly 
B-stable. 


As in the heat conduction equation, the stability proof relies critically on en- 
forcing the equilibrium condition at t,,.. The analysis presented below extends 
and generalizes the results in Hughes and Taylor [1978] and Simo and Govindjee 
[1991]. 


6.2.1 The Continuum Problem for Plasticity and 
Viscoplasticity 


Once more, let 2 Cc R"*™, with 1 < ngim < 3, be the reference placement of 
an elastoplastic body with smooth boundary 082; let I C R, the time interval of 
interest, and denote the displacement field and the stress tensor by 


u:2xIi-> R™*, 
aad (6.2.1) 
o:2xI>S 


respectively. Here S = Rim +)-"sim/? is the vector space of symmetric rank-two 
tensors. Assume that u(x, t) and o(x, t) are specified on parts of the boundary I, 
and I, as 


and (6.2.2) 
on=t on I, xI, 


respectively, where n is the unit outward normal vector to the boundary, uw : I, x 
I > R"* is a prescribed boundary displacement, and¢ : I, x I > R"™ is the 
prescribed boundary traction vector. As usual, one assumes that 


T, UT, = 02, 
and (6.2.3) 
mA =9 
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(with the conventional interpretation). In addition, denote the body force (per unit 
of volume) by f : @ x I > R"”*", so that the local form of the equilibrium 
equation becomes 


-divio]=f, in @xl. (6.2.4) 


This equation is linear. The source of nonlinearity in this problem arises from 
the constitutive equation that relates the stress field and the displacement field, as 
discussed below. 


6.2.1.1 Classical rate-independent plasticity 


In addition to the stress tensor o(x, tf), one introduces an nj,-dimensional vec- 
tor field g: 2 x I — R"™ (nin => 1) of phenomenological internal variables 
which, from a physical standpoint, characterize strain hardening in the material. 
For convenience, the following notation is adopted: 


Si(x,t) := [o(%, ft), ga, t)], for @,t)e 2x1. (6.2.5) 


One refers to &' as the generalized stress which is constrained to lie within a convex 
domain, called the elastic domain and denoted by E. Typically, E is defined in terms 
of smooth functions ¢, : Sx R"™ > R, with € {1,---, m}, as the constrained 
convex set 


t= {i= (6,q)€SxR™: $,(0,9q) <0, for p =1,---,m}. (6.2.6) 


The boundary dE of E c S x R”™ need not be smooth; in fact, in applications, dE 
typically exhibits “corners”. A classical example is provided by the Tresca yield 
condition. 


Let C be the elasticity tensor, which is assumed constant in what follows. Further, 
let D denote a ning X Nin given Matrix, which is assumed to be positive-definite and 
constant and is called the generalized hardening moduli. Under these assumptions, 
the complementary Helmholtz free energy function defined by 


x(2) := fa Cla + 4q- Dg. (6.2.7) 


is strictly convex on S x R"™. By definition, the local dissipation function is the 
total stress power minus the change in complementary Helmholtz free energy: 


D:=oa0: eu] — £2): in 2 xT, (6.2.8) 


where e[-] = sym[V(.-)] is the strain operator and uw := 2 u is the velocity field. 
The local form of the second law requires that D > 0. The classical rate- 
independent plasticity model is obtained by postulating the following local 
principle of maximum dissipation: For fixed rates (€[u], a7), the actual state 


(o, q) € E maximizes the dissipation: 


d 
[o — 7]: el] — — x2) + (7, )) 20, VT =(r,p)cE. (6.2.9) 
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Using the method of Lagrange multipliers, it is easily concluded that, for the 
quadratic complementary Helmholtz free energy function (6.2.7) and the elastic 
domain (6.2.6), the standard Kuhn—Tucker optimality conditions associated with 
the maximum principle (6.2.9) yield the local flow rule and hardening law: 


- 0 
“7 ail. = (eee. 
eli] — C'e XY 5g fu(O 
ie : (6.2.10a) 
—D"'g = Dy" = bulo. 9), 
u=1 q 


where 


y* >0, b(o,q) <0 and y"d,(o,q)=0, forw=1,---,m, 
(6.2.10b) 
are the Kuhn—Tucker complementarity conditions. y“ > 0 are the plastic 
consistency parameters. 


6.2.1.2 The weak form of the constitutive equations 


The weak form of the constitutive equations is simply the global formulation 
of the principle of maximum (plastic) dissipation (6.2.9) over the entire body. 
Accordingly, let (0;;, gi) be components of &' = (a, q) relative to a Cartesian 
orthonormal frame, and let 


T := {Y= (0,9): 2 >8x R"™ : oj; € Lo(Q) and gq € L2(&2)}. 
(6.2.11) 
Define bilinear forms a(., -) and b(., -) by the expressions 


a(o, T) := i, a :C 'rda, 
Q 
and (6.2.12a) 
bq. p) zh q:D'pda. 
2 


Since the elastic moduli C and plastic hardening moduli D are positive-definite 
on S and R”", respectively, it follows that a(-, -), and b(-, -) are coercive. 
Consequently, the bilinear form (-, -)):T x ZT — R defined by 


(’, T)) := a(o, T) + bg, p), (6.2.12b) 


induces an inner product on T .. It is shown below that the associated norm, denoted 
by ||| - [I]: = “@, -)), is the natural norm for the elastoplastic problem. Observe 
that relationships (6.2.7) and (6.2.11) imply that the norm squared ||| - |||? is 
precisely twice the integral over the body of the complementary Helmholtz free 
energy function. 


With the preceding notation in hand, the dissipation over the entire body, denoted 
by Dg and obtained by integration of (6.2.8) over the reference placement S2, can 
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be written as 
Sins d eka 
Do = (8, BM) — 5 MNS = (SB, B) 20, (6.2.13) 


where 


S! = (Cela), 0). (6.2.14) 


Note that 37"! is the stress rate about ©’ € E obtained by freezing plastic flow 
(i.e., by setting €? = 0 and q = 0) and, therefore, it is called the rate of trial 
elastic stress. In view of (6.2.13), the global version of the principle of maximum 
dissipation leads to the variational inequality 


Oo = po T— »)) <0, VrFeEnN i (6.2.15) 


which gives the weak formulation of the constitutive equation for rate-independent 
(hardening) elastoplasticity. 
6.2.1.3 The viscoplastic regularization 


Following Duvaut and Lions [1972], classical viscoplasticity is regarded as a 
(Yosida) regularization of rate-independent plasticity, constructed as follows. 
Define the functional J: S x R”" — R by the constrained minimization problem 


J(S) := min {2 x(H— 7), forall T € E}. (6.2.16) 


Thus, J (’) gives the (unique) distance measured in the complementary Helmholtz 
free energy x(-) between any ©’ € S x R"”™ and the convex set E. Clearly, 
J(&) > 0, and J(X’) = Oiff ©’ € E. Now consider the following regularization 
of the dissipation function (6.2.13): 


DE == Dot Es / glJ(X)] dQ, (6.2.17a) 
n JQ 


where 7 € (0, oo) is the regularization parameter and g(-) is a nonnegative convex 
function with the property 


g(x) = 0, 
and (6.2.17b) 
g(x) =0 => x =0. 


By standard results in convex optimization (see, e.g., Luenberger [1984]]), it fol- 
lows that the problem that maximizes the regularized dissipation D% over all 
unconstrained stresses 37 € T is simply the penalty regularization of the classical 
constrained principle of maximum dissipation, with dissipation function Dg. Then 
the optimality condition associated with the regularized principle of maximum 
dissipation yields the following inequality which characterizes the constitutive 
response of classical viscoplasticity: 


(s"!_ > 7 yy < . [testo ag, VT €T. (6.2.18) 
2 
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Observe that in contrast with rate-independent plasticity, neither the actual stress 
> € T nor the admissible stress variations T € TJ are constrained to lie in 
the elastic domain E. However, it is well known that, as 7 — 0, the stress S’ is 
constrained to lie in the elastic domain, and (6.2.18) reduces to inequality (6.2.15); 
see Duvaut and Lions [1972] and Johnson [1976,1978]. 


6.2.1.4 The weak formulation of the IBVP 
Let S, denote the displacement solution space for all t € I: 
S, = {u(-,t) € [H'(Q)y"™ : ut) =a, t) on TF}. (6.2.19) 
In addition, let V be the space of displacement test functions: 
Vv = {ne [H'(2)]"™ = 7 =0 on Ty}. (6.2.20) 


The weak form of the equilibrium equations (6.2.4) along with the dissipation 
inequality (6.2.15) [or (6.2.18) for viscoplasticity] leads to the following variational 
problem: 


Problem W,: For all t € I, findu € S; and ©’ = (0, g) € ENT such that 


(o, e[n]) — ff.) -— n)r =90, Vn eV, 


ae . (6.2.21a) 
(th= 7 FS Sy <0. Vreb at. 
with T = (7, p) subject to the initial condition 
(X(-, 0), T)) = (Xo, T), VWF e ENT. (6.2.21b) 


In what follows, with a slight abuse in notation, the same symbol (-, -) is used to de- 
note the standard L>(S2) inner product of functions, vectors, or tensors depending 
on the specific context. 


Remarks 6.2.1. 

1. The geometric interpretation of inequality (6.2.21a)s is illustrated in Figure 6.2. 
The actual stress rate 7 is the projection of the trial stress rate 7"! onto the 
tangent plane at ©’ € dE. Then convexity of E implies that the angle measured 
in the natural norm between [ dttial _ y] and [X' — T] is greater or equal to 
7/2, a condition equivalent to (6.2.21a)2. 

2. The variational formulation of plasticity given by equations (6.2.21) is stan- 
dard and has been considered by a number of authors, in particular, Johnson 
[1976,1978], extending early work of Duvaut & Lions [1972]. The assumption 
of hardening plasticity, i.e., the presence of the bilinear form b(., -) defined by 
(6.2.12a)z, is crucial if the functional analysis framework outlined above is to 
remain physically meaningful. 

3. The situation afforded by perfect plasticity is significantly more complicated 
than hardening plasticity since the regularity implicit in the choice of S; in 
(6.2.11) no longer holds. The underlying physical reason for this lack of reg- 
ularity is the presence of strong discontinuities in the displacement field, the 
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alE (fp = 0) Z 


Js(X) 


FIGURE 6-2. Geometric interpretation of the variational inequality (2e -x3,5- T) < 


0 for 


E:= {EZ : $(D) < 0}. 


so-called slip lines, which rule out the use of standard Sobolev spaces. For 
perfect plasticity the appropriate choice appears to be S; = BD(2), ie. the 
space of bounded deformations [displacements in L(S2) with strain field a 
bounded measure] introduced by Matthies, Strang, and Christiansen [1979], 
and further analyzed in Temam and Strang [1980]. See Matthies [1978,1979]; 
Suquet [1979]; Strang, Matthies, and Temam [1980]; and the recent summary 
in Demengel [1989] for a detailed elaboration on this and related issues. 


6.2.1.5 Contractivity of elastoplastic flow. 


The following contractivity property inherent to problem W, identifies the norm 
||| - ||| defined by (6.2.12b) as the natural norm and, therefore, plays a crucial role 
in the subsequent algorithmic stability analysis. Let 


and 


Xp = (G0, Go) € ENT, 


(6.2.22) 


Xo = (60, Go) € ENT, 


be two arbitrary initial conditions for the problem of evolution defined by (6.2.21) 
and denote the corresponding flows generated by (6.2.21) by 


telb V=a(o,qgeENT, 
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and (6.2.23) 


trelb S=aGQe INT, 


respectively. The following result is implicitly contained in Moreau [1977]; see 
also Nguyen [1977]. 


Proposition 2.1.. Relative to the norm ||| - ||| induced by (6.2.12), the following 
contractivity property holds: 


WEG) — EC, OU < (N20 - Soll, Vee L (6.2.24) 


PROOF. By hypothesis, the flows in (6.2.23) satisfy the variational inequality 
(6.2.21). In particular, 


(7 yd) =) (oy = By, 
Re ae = (6.2.25) 
= (3, Se 


Adding these inequalities and using bilinearity along with definitions (6.2.12a), 
and (6.2.14) yields 


(e— ES-ES) < (Se Sil YS) = (ela —T], 0 —F). (6.2.26) 


Now observe that, for fixed (but arbitrary) ¢ € I, u(., t) — u(.,t) EV. Using the 
fact that the flows (6.2.23) satisfy (6.2.21a), gives 


(o, elu — ul) — (6, elu — u]) = 0, (6.2.27) 


so that the right-hand side of (6.2.26) vanishes. Combining (6.2.26) and (6.2.27) 
yields 


d ~ : we re 
5 a (aa PSs SHS) SO: (6.2.28) 
Therefore, for any t € I, 


t 
4 be d % 
|| 7 — © ||| — ||| 20 — Lol =H q, lle. O- 2G aillde <0, (6.2.29) 
0 


which proves the result. 


Remarks 6.2.2... An identical contractivity result holds for classical viscoplastic- 
ity. The corresponding IBVP is obtained by replacing inequality (6.2.21a)2 with 
(6.2.18), and the flowst eI] rR SX € TJ andt eIlbr SD e T associated with 
the two initial conditions (6.2.22) satisfy 


, Pe ou 5 1 a 
(3, 5-S)< (em YL) + 7 ee — g(J(2))] de, 
2 


(3, -— SY) < (VY Y) - ; [ee — g(J(Z))] da. 
1? 
(6.2.30) 
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Adding these inequalities again yields (6.2.26) and the contractivity result for 
viscoplasticity follows the proof of Proposition 2.1 exactly. 


As in the nonlinear heat conduction equation, the contractivity property relative 
to the natural norm ||| - ||| motivates the algorithmic definition of stability employed 
subsequently. 


6.2.2 The Algorithmic Problem 


Let I = Olt tni1] be a partition of the time interval I C R, of interest. To 
develop an algorithmic approximation to the IBVP (6.2.21), it suffices to consider 
a typical subinterval [t,, t,+1] C land assume that the initial conditions ©, € T 
and u, € S, are given. Then the incremental algorithmic problem reduces to 
finding X,4, € TJ andu,.; € S,4; for prescribed forcing function f(-, t) and 
prescribed boundary conditions u(., t), £¢-, t) fort € [ty, t+]. 

The construction of the algorithmic counterpart to the IBVP (6.2.21), which 
gives the approximations %,,; and u,4,, to the exact values /(-, t,,,) and 
u(-, tn41), 1S motivated as follows. 


6.2.2.1 Algorithmic approximation 


For a typical time interval [1,,, t,41], define the generalized midpoint stress by the 
expression 


Dave = oF td-oS,, ow € 0,1). (6.2.31) 


Let Au: = uy+1; — uy, be the incremental displacement field. Consistent with the 
generalized midpoint rule algorithm and in view of (6.2.14), set 


Arial = (Ce[Au], 0) , 


nto 
and 

Aion = Sat yy: (6.2.32) 
Then, the algorithmic counterpart of variational inequality (6.2.21a), becomes 


oe a pee T- Zinta) 


1 
a ee ((aCe[Au], 0) = a[ Dnt = nl, T- Dn+a)) 


aAt 
- — ((on + aCe[Au], gn) — Yn+a,T — Sn+a). (6.2.33) 
Thus, if one defines Dus by the expression 
Sn = (on + aCe[Au], gn), (6.2.34) 


then inequality (6.2.21a)2, along with approximation (6.2.33), leads to the 
variational inequality 


(om — Suse T — Late) <0, VE e ENT. (6.2.35) 
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An identical argument for the viscoplastic problem yields 


+ A 
(38 — Sua, T — Erte) < re (elJ(T)] — eld (Zhra)l} dQ, 


VT eT, 
(6.2.36) 
which is the algorithmic counterpart of variational inequality (6.2.18). 


6.2.2.2 The incremental algorithmic problem 


As pointed out above, the generalized stresses &7 € J for continuum viscoplas- 
tic problems need not lie within the elastic domain E, a fact also reflected in the 
algorithmic inequality (6.2.36). In addition, inequality (6.2.35) shows that, in the 
algorithmic version of rate-independent plasticity, except for the initial condition 
+o, in general, 7, and »,,,; need not be in the elastic domain. Only the al- 
gorithmic approximation ,;, is in EM 7. This suggests the enforcement of 
the algorithmic counterpart of (6.2.21a), also at t,4., and leads to the following 
algorithmic problem: 


Problem Wy,: Find Au and inte = (On+a: In+a) Such that 
(Ontas e[7]) ~ fits 7) ~ (Gees nr = 0, vn € y, 
(oT — Sapa, — Ene) <0, VTE ENT 


n+a 


(6.2.37) 


The variational equations (6.2.37) determine the generalized stress Xj4g € EN 
T and the displacement increment Au. Then the initial condition ¥,, and the 
displacement field are updated by the formulas 


1 1 
Lntl = gna + [1 _ Gy en 


and (6.2.38) 


Unt) = Un + Au. 


For viscoplasticity, equation (6.2.37), is replaced by (6.2.36). The preceding 
algorithm was introduced in Simo and Govindjee [1991]. 


Remarks 6.2.3. 

1. In general, the stress a, does not satisfy the equilibrium equation at f,,, un- 
less the forcing terms are linear in time. Hence, as in nonlinear heat conduction, 
the equilibrium equation (6.2.21a), is enforced at t,+.. 

2. The geometric interpretation of variational inequality (6.2.37), is illustrated 
in Figure 6.3. Using standard results in convex analysis, one concludes that 
the point X14 € EM T is the closest point projection in the natural norm 
||| - ||| of the trial elastic state Dice onto EM 7. In the context of an isopara- 
metric finite-element approximation with numerical quadrature, the stresses 
need to be evaluated only at the quadrature points. Consequently, the infinite- 
dimensional, constrained, optimization problem defined by inequality (6.2.37) 
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JE 


FicurE 6-3. Geometric interpretation of the variational inequality (2"", — Yi40,T — 
Xnta)) <0. 


reduces to a collection of finite-dimensional, constrained, optimization prob- 
lems at quadrature points. This is the crucial observation exploited in actual 
numerical implementations; see Simo, Kennedy, and Govindjee [1988], Simo 
and Hughes [1987] and references therein. 

3. Thevaluea = 5 results in second-order accuracy and leads to an algorithm that 
preserves the second law exactly; see Simo and Govindjee [1991] for further 
details and numerical simulations. 


The main objective of the following discussion is to study the nonlinear stabil- 


ity properties of problem Wa,. It is shown below that the algorithmic solutions 


generated by Wa, are nonlinearly stable for a > 5 ; 


6.2.3 Nonlinear Stability Analysis 

Let &),, € T and y, € T be two initial conditions at time t,. Further, let 
{Sn}, 

and (6.2.39) 
{En}, 


be sequences generated by the preceding algorithm. As in nonlinear heat conduc- 
tion, nonlinear stability holds if the algorithm inherits the contractivity property 
of the continuum problem relative to the natural norm ||| - |||; a property also 
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known as A-contractivity or B-stability. Our main result is given in the following 
proposition 


Proposition 2.2. The algorithm defined by variational problem W,, and the up- 
date formulas (6.2.38) is A-contractive for a > 5 , Le., the following inequality 
holds: 


WZ, — Fall < 20 —- Soll, Va >, (6.2.40) 


: 1 
provided thata > 5. 


PROOF. By hypothesis, (6.2.39) satisfy (6.2.37). Choosing T = %,4, and T = 
4a and using the definition of S#! 


n+a@? 
a(aCe[Au], Onta — Onto) + (3, —_ bxh a> an a bes < 0, 
—a(aCe[Au], On+ta Onto) «(xn Dn a> mn a Sig) Ss 0 
(6.2.41) 
Now set 
ASnia = Enta —- Dnta forany a € [0, 1]. (6.2.42) 


Add equations (6.2.41); 2, and use the notation in (6.2.42) to get 
(AX n+0 ~ AX, AX n+a)) = aa(Ce[Au ~~ Au], Ont+a — On+a)- (6.2.43) 


Since the difference Au — Au is in Y, definition (6.2.12a), along with the 
algorithmic weak form of the equilibrium equations yields 


a(Ce[Au = Au), Onta — Onto) = (On4+q, €lAu — Au}) 


— (Gaia, e[Au — Au]) = 0. (6.2.44) 


Thus, the right-hand side of inequality (6.2.43) vanishes. By using the identity 
Anta — AX = a@[ALX4,; — AL,] along with (6.2.43) and (6.2.44), one 
concludes that 


(AXn41 — AXn, AXn+a)) < 0, (6.2.45) 


provided that a € (0, 1]. The proof is concluded by exploiting the identity 
AZ ata = AX, 1 + (@- 5 [ALna1 — AZ]. (6.2.46) 
Since AX). ws ; (AX41 + AX,), combining (6.2.45) and (6.2.46) yields 


(AZ +AZn, ALi - An) < —2a-1||AZny1-AZn, II?. (6.2.47) 


Using bilinearity along with definition (6.2.12) of the natural norm ||| - ||| gives 
the estimate 


WAZ rail? — MAZalII? < —Qo — 1|Arg1 — ALAII|? 


<0, if a>}, 


(6.2.48) 
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which implies (6.2.40) in conjunction with a straightforward induction argu- 
ment. 


An argument analogous to that given above also shows that the incremental 
algorithmic problem for viscoplasticity is A-contractive relative to the natural 
norm ||| - ||]. 


6.3 Concluding Remarks 


The analysis presented in this chapter settles the question of nonlinear stability 
of widely used algorithms for nonlinear heat conduction, infinitesimal plasticity, 
and classical viscoplasticity in the form considered by Duvaut and Lions [1972]. 
The accuracy of this class of return-mapping algorithms is examined in Simo 
and Govindjee [1991]. As expected, the midpoint rule (a = 5) is second-order 
accurate. The analysis for plasticity and viscoplasticity proves nonlinear stability 
for the generalized stresses &' = (0, q). It appears, however, that an analogous 
result for the displacement field cannot be proved by the methods employed in this 
chapter. It should be noted that the contractivity property is certainly false for the 
case of perfect plasticity. 
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Nonlinear Continuum Mechanics and 
Phenomenological Plasticity Models 


First in this chapter we review some basic results of nonlinear continuum mechan- 
ics needed for our subsequent development of nonlinear plasticity. Our account 
provides a brief overview of the relevant aspects of the theory and should, by no 
means, be considered exhaustive. Detailed expositions of the subject are found 
in the classical treatises of Truesdell and Toupin [1960]; Truesdell and Noll 
[1965]; and the more recent accounts of Gurtin [1981]; Marsden and Hughes 
[1994]; Ogden [1984]; and Ciarlet [1988]. However, we emphasize some as- 
pects relevant to the formulation and implementation of widely used plasticity 
models. 

In our presentation we have chosen to ignore any reference to the geometric 
structure which underlies continuum mechanics. For comprehensive expositions 
we refer to Marsden and Hughes [1994]; and Simo, Marsden, and Krishnaprasad 
[1988]. 

With the preceding background at hand, in Section 3 we examine a class of 
models of phenomenological plasticity which are widely used. Despite their short- 
comings, we believe a discussion of these models provides a useful perspective 
on the current state of the art in computational plasticity. In addition, this class of 
models motivates our subsequent discussion, deferred to Chapter 9, of more sound 
formulations of plasticity. The algorithmic treatment of the two representative 
models presented in Section 3 is considered in detail in the next chapter. 

Readers familiar with the standard notation summarized in Sections 1 and 2 
may wish to proceed directly to Section 3. 


7.1 Review of Some Basic Results in Continuum 
Mechanics 


Below we summarize some basic results of nonlinear continuum mechanics rele- 


vant to our subsequent developments. For further details we refer to Ciarlet [1988] 
and Marsden and Hughes [1994]. 
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7.1.1 Configurations. Basic Kinematics. 


We let B C R? be the reference configuration of a continuum body with particles 
labeled by X € B. For our purposes, it suffices to regard B as an open bounded 
set in R*. A smooth deformation is a one-to-one mapping: 


y:B—>SCR. (7.1.1) 


We refer to x € S as a point in the current configuration S = vy (B). The 
deformation gradient is the derivative of the deformation. We use the notation 


Op(X 
F(X) = Dy(X) = gay. (7.1.2a) 
ox 
The Jocal condition of impenetrability of matter requires that 
J(X) := det [F(X)] > 0. (7.1.2b) 
In addition, the right and left Cauchy—Green tensors are defined as 
C = F'F 
and (7.1.3) 
ba Fr, 


respectively. According to the polar decomposition theorem, we recall that the 
deformation gradient at any X € B can be decomposed as 


F(X) = R(X)U(X) = V[y(X)] RO), (7.1.4) 


where R(X) is a proper orthogonal tensor, called the rotational tensor, and 
U (X ), Vip(X ) are symmetric positive-definite tensors called the right and left 
stretch tensors, respectively. Omitting explicit indication of the argument, 


RR’ =1, 
U=C?, (7.1.5) 
V=b?. 


7.1.1.1 Spectral decomposition of the strain and rotation tensors. 


Let 4, (A = 1, 2, 3) be the principal invariants of C (or b), defined as 


K:=trC, 

1 
hi= 5 (i? tr pee) (7.1.6) 
Iz := det C. 


Since C' is symmetric and positive-definite, by the spectral theorem, 


3 
CASINO ONE, UNO NS (7.1.7) 


A=1 


242 7. Nonlinear Continuum Mechanics and Phenomenological Plasticity Models 


where rw > 0 are the eigenvalues of C, and N“™) are the associated principal 
directions: 


CNY = ANY» (A= 1,2, 3): (7.1.8) 

Sometimes one calls the triad {N“), N©, N®} the Lagrangian axes at X € B or 
the principal directions at X. We also recall that 

FNY =ign® , | a™ |= 1. (7.1.9) 


The triad {n, n®, n} is called the Eulerian axes atx = p(X) € S, so that 
the spectral decomposition of F takes the form 


3 
F= a Lan @ NY, (7.1.10) 


A=1 


Aa, (A = 1, 2,3), are called as the principal stretches along the principal di- 
rections N“), Their squares (i.e., the eigenvalues of C) are the solutions of the 
characteristic polynomial 


p (27) DP Aen Sh 0: (7.1.11) 


From (7.1.5) and (7.1.8), the spectral decompositions of the right and left stretch 
tensor are given by 


3 
U= > Aun @Nn, 


A=1 
and (7.1.12) 


3 
V= +S aan @ n, 
A=1 


and the spectral decomposition of the rotation tensor takes the form 


3 
R= ya” @N”, (7.1.13) 
A=1 
These decompositions are crucial in the closed-form numerical implementation of 
the polar decomposition discussed below. 


7.1.1.2 Closed-form algorithm for the polar decomposition. 


Recall that the roots of the characteristic polynomial (7.1.11) are found explicitly 
in closed form according to well-known formulas (see, e.g., Malvern [1969, pp. 
91,92]). Only the principal directions remain to computed. The fact that these 
directions are obtained in closed form is a computationally important result which 
follows easily from Serrin’s representation theorem, see Morman [1987]. 

Let {A, B, C} be an even permutation of the indices {1, 2, 3}. We have the 
following three possibilities 
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i. Three different principal stretches: 4 ~ hg A rc 


V= ya] Se ha) | (7.1.14a) 


= A — Ap) (Aa — Ae) 


ii. Two equal principal stretches: ) := 1 = ho # A3 


b— 21) 
V=114+ (a3 -A) 5 (7.1.14b) 
(43 — 2?) 
iii. Three equal principal stretches: h := hy = Ag = A3 
V=Al1. (7.1.14c) 


Similar expressions are derived for C and U by noting the relationships 
C=R'bR => U=R'VR, (7.1.15) 


so that, because RR = 1, (7.1.14) becomes 


, , (€-a51) (c - 221) 
A=1 XA 2 2 2 2 , Ay x dag x A3, 
(x4 — 5) (4 — 28) 
Oe (c — 41) 
Alt (A3 "G3 a. A= hy =o FAs, 
43 - 2?) 
M1, A= dy — 2 — X3. 
(7.1.16) 


The preceding formulas are used to obtain explicit expressions leading to a closed- 
form algorithm for any isotropic function of C and b; see Simo and Taylor [1991]. 
These expressions, although explicit, depend on the number of repeated eigenval- 
ues. However, for the case of the square root, the preceding formulas are combined 
into a unified, singularity-free expression which encompasses all three different 
cases. U can be written as (see Hoger and Carlson [1984a,b]; and Ting [1985]) 


1 
= ao] - 6 + @ =e + na], (7.1.17a) 


ijl2 — 13 


where i,,(A = 1, 2, 3) are the principal invariants of U. A similar expression can 
be derived for the inverse tensor U~', as given in BOX 7.1 where the closed-form 
algorithm for the polar decomposition is summarized. The derivation of this type 
of formula involves systematic use of the Cayley—Hamilton theorem. See also 
Franca [1989] for a robust algorithm for computing the square root of a 3 x 3 
positive-definite matrix. 


BOX 7.1. Algorithm for the Polar Decomposition. 


i. Compute the squares of the principal stretches 47,, (A = 1, 2, 3) (the 


eigenvalues of C) by solving (in closed form) the characteristic 


polynomial: 
Set 
b=h-I,/3 
2 ih 
= G I 
Cc 7 1 + 3 3 
IF (|b| < TOL3) THEN: 
gp evaele 
ELSE: 
m = 2,/—b/3 
3c 
n= — 
mb 
* 
t = arctan [v1 — ?/n| /3 


x4 =m cos[t + 2(A — 1)x/3] 
ENDIF 
M=xat+h/3 
ii. Compute the stretch tensor U 


Compute the invariants of U 
iy = Ay tad +A3 
in = AyAg + AlA3 + A2dA3 
i3 = AjAgA3 
Set 
D = iji2 — 13 


(Ay + Aa) (Ar + A3)(A2 + A3) > 0 


II 


1 
U = s|- C+ @e- iy + nist 
“4 1 : ; 
U = st Cc — 10 + il 
13 


iii. Compute the rotation tensor R 
R= FU"! 
* The FORTRAN function datan2 (,/1 —n2,n) = arctan (,/1—n?/n) is used instead of the 


arccosine function dacos (n) to avoid the ill conditioning of the latter function near the origin. 
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7.1.2 Motions. Lagrangian and Eulerian Descriptions. 


A motion of a continuum body is a one-parameter family of configurations indexed 
by time. Explicitly, let [0, T| C R, be the time interval of interest. Then, for each 
te [0, T|, the mapping 

~,:B> 8 CR (7.1.18) 


is a deformation which maps the reference configuration B onto the configuration 
SC R? at time t. We write 


x = 9,(X) = 9(X, 0d), (7.1.19) 


for the position of X € B at time t. 


7.1.2.1 Lagrangian description. 


The material velocity, denoted by V(X, t), is the time derivative of the motion:* 
ap(X, t) 
ot 


For fixed t € [0, T], we call V; = V(e, ft) the material velocity field at time f¢. 
Similarly, the material acceleration is defined as the time derivative of the material 
velocity: 


V(X,t) = (7.1.20) 


oV(X, t) a7 p(X, t) 

art~—<“‘i<ié‘isES 
Again, for fixed t € [0, T], A; = A(e, t) denotes the material acceleration field 
at time t. Note that the motion, the material velocity, and the material acceleration 
fields are associated with material points X € B, and hence parameterized by 
material coordinates. In components we write 


A(X, ft) = (7.1.21) 


OGa(X a, t) 07 @a(Xa, t) 
V,(X4, 1) = ———.,,__ A, (Xy4, t) = ———_.,, PAQ2 
(Xa, 1) 7 (Xa, 0) 53 (7.1.22) 
where {X4} = (X1, X2, X3) are the Cartesian coordinates of a material point 


X e B, relative to an inertial frame, and {xg} = (x1, x2, x3) are the coordinates 
of a point x € S,. Because the material coordinates {X 4} in this description are 
the independent variables, one speaks of the Lagrangian or material description 
of the motion. See Figure 7.1. 

For fixed X € B, one refers to the mapping 


t€ [0,7] +> %,(X)|,_ fixed (F123) 


as the trajectory of the material point X in the time interval [0, T]. Clearly, the 
material velocity field at a point is tangent to the trajectory of this point through 
time. 


*Do not confuse the material velocity with the left stretch tensor (see (7.1.4)); the context will make 
clear which object is being considered. 
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{19}: = @ (Xa) 


FiGurE 7.1. Lagrangian description of motion. 


7.1.2.2 The spatial description of motion. 


The spatial or Eulerian description can be viewed as obtained from the material 
description by changing the independent variables from material coordinates (of a 
particle) to positions in Euclidean space. Accordingly, at any time t € [0, T] one 
defines the spatial velocity and acceleration fields, denoted by v(x, t) and a(x, ft), 
respectively, by the change of variables formulas 


x= p(X, t) 1e., Xa = Qal(Xa, bt) 
Va(Xa,t) = Va (Gp (Xa, 1), t), (7.1.24) 
Ag(Xa, t) = aq (% (Xa, t) ’ t) : 

Using direct notation, since y, : B — R? maps particles X € B onto positions 


x = y,(X) at time t € [0, 7], relationships (7.1.24) are written in compact form 
simply as 


Vi = Vp OY 
and (7.1.25) 


A; = a; © &;, 


where o denotes composition. Equivalently, since y, is the deformation for all f, 
condition (7.1.26), written below as 


J, := detF, = det[Dy,] > 0 in B, (7.1.26) 


ensures that y, is invertible, i.e., the map y;! : S; C R? — B is well defined. 
Consequently, relationships (7.1.25) are written as 


-1 
vy, =V, 09, ; 


and (7.1.27) 


= 
a, =A;o , : 
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EXAMPLE: 7.1.1. As an illustration of the preceding relationships, let us com- 
pute the spatial acceleration in terms of the spatial velocity. From (7.1.24);,. and 
(7.1.22), 


OVa 
Aqg(Xa, t) = (Xa, t) 
ot 
= = fu [os Xa.) 
ot 
OVa [% (Kast) 2) OVa [% CGE: 1| ODe (Xa, t) 
= + 
ot OX¢ ot 
OV,q (Xp, t OVq (Xp, t 
2| ECLA pai de Be ac) 
at Xe Xp=Gp(Xa,t) 
or, in direct notation, 
Ov (x, t 
A(X, t) = CL ne ee | (7.1.28) 
ot x=9(X,1) 
However, by (7.1.25), 
A(X, t) = a(x, Oa cep a? (7.1.29) 
Consequently, from (7.1.27) and (7.1.29), 
a 
a= — 4+¥, Vv, (7.1.30) 


which is the desired expression. The tensor Vv(x,f) with components 
OVa(Xp, t)/OXp is called the spatial velocity gradient. 


The material time derivative of a spatial object, such as the spatial velocity, the 
spatial acceleration or any other tensor function of the variables (x,t) € R? x 
[0, T], is the time derivative holding the particle (not its current position) fixed. 
For example, for the spatial velocity, we denote its material time derivative by 
v(x, t). Then, by definition, 


: 7] 
v(x, 1) | ite “= 37 {vleX, 1), #0} ye Fixed 


II 


7] 
Ot V(X, t) aoe 


= A(X, ft). (7.1.31) 
Therefore, by definition of spatial acceleration, 


vx, t) = A(X, = a(x, t), (7.1.32) 


2] pares 


i.e., the material time derivative of the spatial velocity field is the spatial acceler- 
ation. In general if a(x, f) is a spatial tensor field, by definition, its material time 
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derivative, denoted by o(x, ft), is obtained by the formula 


a a ° oy! 
o:= E (« | Y, - (7.1.33) 


7.1.3 Rate of Deformation Tensors. 


Below we summarize the expression for the rates of deformation tensors in several 
alternative descriptions of the motion. 


7.1.3.1 Material and spatial descriptions. 


We start our developments by computing the rate of change of the deformation 
gradient. From (7.1.2), 
oF a 
ats 
where V, is the material velocity field given by (7.1.22). DV; with components 


a 
[Der] = bp = DV,, (7.1.34) 


OVa , 
aX, is called the material velocity gradient. By the chain rule, 
B 


DV, = D [v, O° 1] = Vv,Dy, = Vv;,F;. (7.1.35) 


Combining (7.1.34) and (7.1.35), we arrive at the following expression for the 
spatial velocity gradient Vv;: 


(7.1.36) 


The symmetric part of Vv,, denoted by d,, is called the spatial rate of deformation 
tensor, and its skew-symmetric part is called the spin, or vorticity, tensor, denoted 
by w,;. Thus 


1 
d, = 5 Lv», + vy; | ; 
and (7.1.37) 
1 T 
Ww, = 5 [ vy. - vo? | ; 


The following relationship is useful in our algorithmic treatment of plasticity. By 
(7.1.35) and (7.1.3), 


— FT [v7 fe vv, | F,. (7.1.38) 
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Consequently, 


a 
a CaF aFs (7.1.39) 


Expression (7.1.39) justifies the name material rate of deformation tensor often 
given to 5 2C,. 


7.1.3.2 Rotated rate of deformation tensor. 


We call the /ocal configuration, obtained by applying the rotational tensor to a 
neighborhood ©, of a point x in the current configuration S,, the rotated configu- 
ration. Such a configuration is local in the sense that the “rotated neighborhoods” 
do not “fit together” unless the deformation of the body is homogeneous, see Figure 
7.2. 

Then we define the rotated rate of deformation tensor by the expression 


D(x, t) = R(X, td[p(X, t), t|R(X, ft). (7.1.40a) 
Symbolically, 


D, = RG, o ¢,)R:. (7.1.40b) 


An alternative expression is derived as follows. From (7.1.39) and the polar 
decomposition, 


a 
a Gs = 2U;R} (d, oy) R,U;. (7.1.41) 
Therefore, 
1 = POG. ot 
D = 5& 2 5 a (7.1.42) 


Finally, we introduce a skew-symmetric tensor that gives the rate of change of the 
rotation tensor. We set 


a 
Q, = (5) R} > 2,427 =0. (7.1.43) 


FiGurE 7.2. The rotated configuration of a /ocal neighborhood O, C B. 
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We observe that 2, does not coincide with the spin tensor w,. In fact, a direct 
calculation shows that 


OF oR au, 
—| = —*R'R,U, + R, —U-'R’F, 
or “Ot ot 
9U (7.1.44) 
- [oven (es) 
Combining (7.1.36), (7.1.37)2, and (7.1.44), we find that 
a -1| pT 
w, = 92; + R,;skew ay Ut UU, IR, , (7.1.45) 


where skew[ - ] indicates the skew-symmetric part of the second-order tensor [ - ]. 


7.1.4 Stress Tensors. Equations of Motion. 


Here, we summarize some of the basic stress tensors and their relationships relevant 
to the alternative descriptions of continuum mechanics. 

We let o be the Cauchy stress tensor and tT := Jo be the Kirchhoff stress tensor. 
These objects are symmetric tensors defined on the current configuration of the 
body. 

In addition we denote by P the nonsymmetric nominal stress tensor, also 
known as the first Piola-Kirchhoff tensor. This tensor is relevant to a Lagrangian 
description of continuum mechanics. We have the relationships 


Toy =PF', 


and (7.1.46) 


t=(Jog')o 


Finally, we let S be the symmetric (or second) Piola—Kirchhoff tensor defined as 


Sak P =F" (eopr-. (7.1.47) 


In index notation, the component expressions are 
Tab = FaaSapFop = PaaFoa. (7.1.48) 


Relative to the rotated configuration introduced above, we define the rotated stress 
tensor by the expression 


y= R'sR, 


ie., (7.1.49) 


Lap = RaaTtapRop- 
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All of the stress tensors introduced above are conjugate to associated rate of 
deformation tensors through the following important stress-power relationships: 


Taba = Prakoa = Dag Dae = 2 Sdn Cis: (7.1.50a) 


or, in direct notation, 


T:d=P:F=Z:D=3S:C. (7.1.50b) 


Remark 7.1.1. In elasticity, one often introduces a nonsymmetric stress tensor 
defined by the relationship 


T := R'P = US, (7.1.51) 


called the Biot stress. By the polar decomposition theorem, 
P: F =P: (RR™RU + RU) 
= PF’: Q2+R'P:U 
=7T:Q+sym[T]: U, (7.1.52) 


where syn] - ] indicates the symmetric part. Since 7 is symmetric and 2 := RR™ 
is skew-symmetric, it follows that 7 : 22 = 0. Consequently, 


P:F=T°:U, (7.1.53) 


that is, the (symmetric part) of T is conjugate to the right stretch tensor. The skew- 
symmetric part of the Biot stress is a reaction force because it does not enter in the 
expression for the stress power. Other stress tensors and conjugate strain measures 
are introduced by a formalism essentially due to Hill; see Ogden [1984]. 


7.1.4.1 Equations of motion. 


Next, we summarize the equations of motion in local form relevant to numerical 
implementation by the finite-element method. 

i. Lagrangian description. We let 0B be the boundary of B and assume that the 
deformation is prescribed on 0,B C 0B as 


~ = @ (prescribed) on 0,B, (7.1.54) 


whereas the nominal traction vector t™ is prescribed on the part of the boundary 
0,8 Cc 0B, with unit normal N as 


t’ := PN =#" (prescribed) on 0,B. (7.1.55) 


Of course, one assumes that 0,6 1 0,B = Y and 0,B U 0,B = OB. Then the local 
equations of motion take the form 


DIVP + poB = poA;, in B, (7.1.56) 
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where pp : B — R is the reference density and B the body force. Here, 
OP. aA 
aX, 


ii. Eulerian description. The counterpart of equation (7.1.56) in the Eulerian 
description takes the form 


diva + p,b, = pa, in S, = v,(B), (7.1.58) 


(DIV P), = (7.1.57). 


where p; = ( o )ow; | is the density in the current placement S, andb, = Boy! 
is the body force per unit of volume in the current placement S;. In a Cartesian 
coordinate system, 


‘ IOab 
(diva), = : (7.1.59) 
OXp 


In what follows, attention is focused on quasi-static loading so that the inertial 
terms on the right-hand side of (7.1.56) and (7.1.58) are neglected. 


7.1.5 Objectivity. Elastic Constitutive Equations. 


We continue our overview of continuum mechanics with a brief discussion of the 
notion of objectivity, one of the most fundamental principles of mechanics, along 
with the statement of the classical constitutive equations for elasticity. 


7.1.5.1 Superposed rigid body motions. Objective transformation. 


Let py : B x [0, T] ~ Rbea given motion, and let x = ¢~(X, fr) be the position 
of a particle X € 6 at time t € [0, 7] in the current placement S; = ,(B). 
Consider a superposed rigid body motion, i.e., a map 


xe So xt =c(t) + Q(t)x € R’, (7.1.60) 


where c(t) is function of time and Q(f) is a proper orthogonal transformation 
depending only on time. We write Q(t) € SO(3), the proper orthogonal group. 
The superposed motion is called rigid because, given any two points x;, x2 € S,, 
since Q(f) is orthogonal, 


xt =x, =Q0ORi~ x] Saf —s7 (P=Ier—22 (7, 7.1.61) 
where || x; — x2 \|?= (x1 —X2) - (x1; — Xz) is the square of the Euclidean distance. 
Thus, (7.1.60) preserves distances and, therefore, is rigid (i.e., an isometry). A 


spatial tensor field is said to transform objectively under superposed rigid body 
motions if it transforms according to the standard rules of tensor analysis. 


EXAMPLE: 7.1.2. The total motion obtained by composition of (7.1.60) with 
the given motion is 


xt = yt (X,t) := c(t) + Ot) (KX, 2B). (7.1.62) 
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Thus the deformation gradient becomes 
Fr = Det = O11) D(X, t) = OMF;. (7.1.63) 


Therefore, the spatial velocity gradient is given by 


oFt = i 
v= (3. | (Fi) ' =@Mvv.0") + QO", (7.1.64) 
which does not transform objectively because of the additional skew-symmetric 
term Q(t)Q"(t). However, its symmetric part, the rate of deformation tensor, 
transforms objectively since, from (7.1.64) and (7.1.37), 


d* = Q(t)d,Q" (t). (7.1.65) 


Note that the spin tensor, defined by (7.1.37)2, transforms according to the 
nonobjective rule 


wi! = O(t)w,Q" (t) + QQ" (t). (7.1.66) 


Remark 7.1.2. Material objects, that is tensor fields on the reference config- 
uration, remain unaltered under spatially superposed rigid body motions. For 
example, from (7.1.63), 


Ct = (Ft) FY = FO" (NOWF, = C,. (7.1.67) 


Similarly, C i C, is unaltered by spatially superposed rigid body motions. Figure 
7.3 may prove useful for understanding this result. 


7.1.5.2 Objective stress rates. 
Assuming that the Cauchy stress tensor is objective, its material time derivative is 
not objective. To see this, first we compute a; as follows. By definition (7.1.33) 


d, 


yer 
B j CW) + Ox 
ct=C, a. 


Ficure 7.3. Illustration of superposed rigid body motions. 
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and the chain rule, 


0c Tog ay = 
=| Few + (Few) fala ee 
00 
= ae + Vo; (Vv, oY; ') > 
so that, by (7.1.27), 
: 00; 
oO, = oa +y,:-Vo;. (7.1.69a) 


In component form, expression (7.1.69a) reads 


O0apn(X, t OOqn(X, t 
sei cab ee Zable ee (7.1.69) 


Next, assume that o, transforms objectively, that is 


o* = O(t)o,Q" (t). (7.1.70) 
Then, from (7.1.69) and (7.1.70), one easily finds that 


gf = 06,0") + OHO" H] of — oF [OME] — G17) 


which is clearly nonobjective. 

Objective rates are essentially modified time derivatives of the Cauchy stress 
tensor constructed to preserve objectivity. A large body of literature is concerned 
with the development of objective rates which, remarkably, extends to recent dates. 
Concerning the practically infinite number of proposals made, we remark, follow- 
ing Truesdell and Noll [1965, p. 404], that “: - - Despite claims and whole papers to 
the contrary, any advantage claimed for one such rate over another is pure illusion.” 

In fact, one can show that any possible objective stress rate is a particular case 
of a fundamental geometric object known as the Lie derivative; see Marsden and 
Hughes [1994, Chapter 1]; Arnold [1978]; and Simo and Marsden [1984]. Below 
we illustrate some of the proposals found in the literature. 

i. The Lie derivative, of the Kirchhoff stress tensor, also known (up to a factor 
of J,) as the Truesdell stress rate, is defined as 


0 
Las {F 7 [Fr (7: 0 pr) Fe," | Fr | oy; ! 


9 (7.1.72) 
= |r. | 5] Fr} or" 
Using the expression for the derivative of the inverse, 
0 OF 
or (F;') = Ft rt (7.1.73) 
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along with the definition of material time derivative and spatial velocity gradient, 


Lyt = 7% — (Vv) % — % (Vv,)" . (7.1.74) 


One can easily show that (7.1.74) is objective (in fact, L,7;, meets the much stronger 
condition of covariance, see Marsden and Hughes [1994]). 

ii. The Jaumann—Zaremba stress rate of the Kirchhoff stress is essentially a 
corotated derivative relative to spatial axes with instantaneous velocity given by 
the spin tensor (i.e., the vorticity): 


T=7 —wit, +7). (7.1.75) 


iii. The Green—McInnis—Naghdi stress rate of the Kirchhoff stress is defined by 
an expression similar to (7.1.72), but with F, replaced by R;: 


3 
pee {R, aa [R? (7 0 y) R,| R’ | set 


ot 
: (7.1.76) 
= {R, ot [x [o) o) RT} fe) gas 
Recalling that R, = (2, 0 y,)R,, 
T= -UG+TM,. (7.1.77) 


Although (7.1.77) is similar in structure to (7.1.75), we remark that 2, 4 w, 
unless U, = 0 (i.e., an instantaneously rigid motion); see (7.1.45). 

For a catalog of the many proposed objective stress rates, up to the early 60s, 
see Truesdell and Toupin [1960, Section 48, page 151]. 


7.1.5.3. Objectivity of the constitutive response; frame indifference. 


We illustrate this fundamental notion within the context of elasticity restricted to 
the purely mechanical theory; see Truesdell and Noll [1965, Section 17-19] for a 
detailed discussion in a general context. 

Recall that the constitutive equation for a hyperelastic material is defined in 
terms of a stored-energy function which depends on the deformation locally only 
through the deformation gradient, that is, a function W(X, F(X, f)) is given such 
that 


P(X,t) = said SAL (7.1.78) 


The stored-energy function W(X, F) is said to be objective or frame indifferent if 
the following condition holds. Let p(X, ft) be an arbitrary motion and consider a 
superposed rigid body motion of the form (7.1.60), so that the resulting deformation 
gradient is given by (7.1.63), i.e., we let 


F*(X,t) := O(W)F(X, 1), (7.1.79) 
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for any proper, orthogonal, time-dependent transformation Q(t) € SO(3). Ifno re- 
strictions are placed on the stored-energy function W(X, F), in general, W(X, F*) 
need not coincide with W(X, F). The requirement of objectivity demands that 
W(X, F) be (left) rotationally invariant in the sense that 


W(X, OF) = W(X, F), (7.1.80) 


for all possible proper orthogonal transformations Q@ € SO(3). From restriction 
(7.1.80), it easily follows that W depends on F only through C = F’F, ie., 


W(X, F) = W(X, C). (7.1.81) 


Note that (7.1.81) automatically satisfies the restriction placed by objectivity since, 
as noted in (7.1.67), C+ = C, under superposed rigid body motions. 

From the reduced constitutive function (7.1.81) and (7.1.78), one obtains the 
following classical constitutive equations for elasticity 


aw 
S=2—, 
ac 
aw 
P = 2F — 
ac’ (7.1.82) 
and 
aw 
7 = 2F —F’. 
ac 


where for clarity, explicit indication of the argument is omitted. We often follow 
this practice in subsequent developments. 

Objectivity of the stored-energy function is closely related to balance of angular 
momentum, i.e., to the symmetry of the Cauchy stress tensor. In fact, one can easily 
show that W(X, F’) is objective (i.e., (7.1.80) holds) if and only if the balance of 
angular momentum condition PF’ = FP? holds (with P given by (7.1.78)). 


7.1.5.4 Hyperelastic rate constitutive equations. 


Time differentiation of relationship (7.1.82); yields 


S=C: iC, 


ie. (7.1.83) 
Sas = Cascp +Cop, 


where C(X, C,) is the material elasticity tensor given by 


a2W 


C=4 ; 
dC0C 
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ie. (7.1.84) 


a-W 


Cc = 4—____.. 
ABCD dCandCcp 


By recalling that L,7, = [F,S;F7] 0 y;', along with the relationship C, = 
2F) dF, expression (7.1.83) leads to 
(Lytiab = FaaSas Fos 
= Fya [Casco Fecdea Fan] Fre 
= [ Faa Foe Fec FapCascp| dea 
= Cabeddeds (7.1.85) 


where ¢€ with components Cyp-a is the spatial elasticity tensor related to C by the 
(push-forward) transformation’ 


Cabed © Pr = Faa Foe Fec FanCascp.- (7.1.86) 
Note that (7.1.85) results in the spatial rate-constitutive equation 
Ly, =e pd, 
ie. (7.1.87) 


(LyT)ab = Cabedded- 
Also note that analogous expressions can be derived for any objective stress rate 
other than the Lie derivative. The derivation of hyperelastic rate equations for other 
stress and strain measures constitutes an exercise (often nontrivial) involving the 
application of the chain rule (see Ogden [1984, Chapter 5] and Remark 1.3 below). 
Here, we simply quote one further result useful in numerical implementations. 
From (7.1.78), 
P=A:F, 
1€., (7.1.88) 
Pua = AaavaF bs, 


where A is called the first elasticity tensor, given by 


2 
Pome ) 
OF OF 
ie., (7.1.89) 
a2Ww 
Ric tee ce 
coum yy ee 


*The definition of the spatial elasticity tensor often includes a factor of + , as in Marsden and Hughes 
[1994]. 
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Alternatively, starting from (7.1.82), we arrive at (7.1.88) and the following 
important relationship connecting A and c 


AaBeD oar: FF [Cabed SU Tacdbd | ieee (7.1.90) 


Remark 7.1.3. Starting from properly invariant hyperelastic relationships of the 
form (7.1.82), one can derive spatial rate-constitutive equations of the form (7.1.87) 
which are also properly invariant. This equation can be expressed in terms of any 
objective rate; for instance, in terms of the Jaumann stress rate, on account of the 
relationship 
Lyr =7-(d+w)r-—7rd+w)? 
=T-wr+tw—dt—td 
—t—dr—Trd, (7.1.91) 


equation (7.1.87) can be rephrased as 


Vv 
Pail ay (7.1.92) 
Aabed * = Cabed + SacThd 7 SpdTac: 


Conversely, the following question arises. Given any rate constitutive equation 
of the form (7.1.92)), is there a stored-energy function such that 7 is given by 
(7.1.82)3? In general, the answer to this question is negative. In addition to the full 
symmetry of the moduli a, a set of compatibility relationships essentially due to 


Bernstein must hold for a rate equation of the form T =a: dtobe derivable from 
a stored-energy function. We refer to Truesdell and Noll [1965, Chapter IV], for a 
detailed account of the relevant results. Rate equations of the form (7.1.92) which 
are not derivable from a stored-energy function lead to the notion of hypoelasticity. 
We recall two basic results. 

i. In general, hypoelastic materials produce nonzero dissipation in aclosed cycle. 
See Truesdell and Noll [1965, page 401] for the precise statements. 


ii. The assumption of T=a: d, a being the constant isotropic tensor of the 
infinitesimal theory of elasticity, in general, is incompatible with hyperelasticity 
(Simo and Pister [1984]). We note that such an assumption is typically made in 
phenomenological theories of plasticity. 


7.1.5.5 A simple model of hyperelastic response. 


Consider the following stored-energy function (Ciarlet [1988]): 


2 y=) a 
w= - (5 +n) InJ + 5u (tre —3), 7.1.93) 


where A, 4 > 0 are interpreted as Lamé constants. Since 
oJ 1 


= Lice, (7.1.94) 
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from (7.1.82), 


sai ener), 


(7.1.95) 


T=k 


1+ (FFT -1). 


Using (7.1.84) and (7.1.86) we find the following expression for the spatial 
elasticity tensor: 


Xr 
© =1J71@1+4 2 E + (1 = P)| L (7.1.96) 
mn 
where I with components Ignca = [dacdna + Sad5bc] /2 is the fourth-order 


symmetric unit tensor. We note the following important properties: 
i. ASJ > OorlJ ~ w,W > ~w. 


ii. ForF = 1 => W = 0,7 = 0 and € reduces to the elasticity tensor of the 
linear theory, i.e., c| = 118614 2ul. 


iii. W can be written as W = U(J) + 5 (tr C — 3), where 


UU") = ; (1+ z) ns a +0, for J € (0,00). (7.1.97) 
Hence, U(J) is a convex function of J. 

iv. W isa polyconvex function of F; see Ball [1977] and Ciarlet [1988, Section 
4.9]. Thus the only known global existence results for elasticity, which are 
based on the existence of minimizers of the total potential energy for poly- 
convex stored-energy functions, apply to this model (see, e.g., Ciarlet [1988, 
Chapter 7] or Marsden and Hughes [1994, Chapter 6]). 


7.1.6 The Notion of Isotropy. Isotropic Elastic Response. 


We conclude our brief overview of some basic aspects of continuum mechanics 
with a discussion of the notion of isotropy. This notion is concerned with the possi- 
ble invariance of the constitutive response of a material under certain superposed 
rigid body motions of the reference configuration and should not be confused with 
the notion of frame indifference. As we shall see, the former notion refers to a par- 
ticular property which the material response may enjoy, whereas the latter notion 
is a fundamental principle of mechanics, which holds for all possible response 
functions. Again, in the following elementary discussion we illustrate the basic 
ideas within the context of elasticity. 


7.1.6.1 Isotropic group at a point in the reference state. 


Let X € B bea point in the reference placement B of an elastic body. Consider a 
superposed rigid deformation of B: 


Xe Bre Xt =X) :=c+OXeB, @Q€S80), — (7.1.98) 
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which transforms B onto B* as shown in Figure 7.4. Therefore, from Figure 7.4, 
pt op = yy, ie., 
p(X, t) = pt (OX +¢,t). (7.1.99) 


Consequently, by the chain rule, 


Fa (FO) SF! SFO", (7.1.100) 


which says that-under superposed rigid body motions of the reference state B, 
the deformation gradient transforms according to (7.1.100). This implies the 
transformation 


c* = ecQ’, (7.1.101) 


for the right Cauchy—Green tensor. In general, the values of the stored-energy 
function at X € B, associated with C, and C+, are different. The isotropic group 
at X € B is precisely the set of proper orthogonal transformations that leave the 
stored-energy function unchanged: 


Gx= {o € SO(3) | W (x, 0,0") = W(X, c)| ; (7.1.102) 


It can be easily shown that Gy C SO(3) is indeed a group. Note the following: 

i. Gy is a local set associated with a point X € JB, unless the material is 
homogeneous, i.e., W is independent of X. 

ii. The isotropy group Gy is defined relative to a particular reference configura- 
tion. 

If Gy = SO(3), the material is said to be isotropic (relative to B and X ¢€ B), 

otherwise, the material is said to be anisotropic. 


7.1.6.2 Isotropic functions. 


The condition of isotropic response places strong restrictions on the admissible 
forms of the response function. Here we recall only one important result which is 
used below. 


xt = S(x) = S{x*) 


Bt 


FiGuRE 7.4. Superposed rigid body deformation of the reference state. 
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From our preceding discussion, a function f : S > R of symmetric tensors 
H €é Sis isotropic if and only if 


f(QHO') = f(H) forall Q € SO(3). (7.1.103) 


We may think of f as the free energy or any other response function (e.g., the 
yield condition as discussed below). Depending on the context, H € S denotes the 
right Cauchy—Green tensor or any other symmetric tensor (e.g., the Cauchy stress 
tensor). One has the following well-known basic result. 


Representation theorem. (for isotropic functions ). A function f :S > R is 
isotropic if and only if f GH) depends on H € S through its principal invariants, 
i.e., if and only if there exists a function f : R? — R such that 


f(H) = f(y, 2g, Iq) for all H € S, (7.1.104) 


where Iy := trH, I2y := +i — tr H?), lly = det H are the principal 
invariants of H. (We also use the alternative notation I, I and 13 for the principal 
invariants. ) 


This result is an immediate consequence of the spectral theorem for symmetric 
tensors; see, e.g., Gurtin [1981, page 230]. 


EXAMPLE: 7.1.3. For homogeneous isotropic elasticity, the stored energy is a 
function only of the principal invariants of C = FF: 
W(C) = Wh, b, Lh), (7.1.105) 


where I4, (A = 1, 2, 3) are given by (7.1.6). An example of an isotropic stored- 
energy function was given by (7.1.93). Using the relationships 


any 
aC 

db 

— =]1-C, 7.1.106 
aC 1 ( ) 
als -, 

— = 2hC™; 

ac? 


and the constitutive equations (7.1.82), the symmetric Piola—Kirchhoff tensor 
becomes 


aw soaW aw aw 
S= + na 2 C +22 be". (7.1.107) 


Using the relation T = FSF’, one obtains the following constitutive equation for 
the Kirchhoff stress: 


aW 142 ow ew b 2h yp (7.1.108) 
T= Era . py 
ab ry ees | le ah 
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where b = FF’. 


Remarks 7.1.4. 

1. Note that, for isotropic response and only for this case, the stored-energy 
function depends on the motion through the left Cauchy-Green tensor, b, 
i.e., Wx, CC). = W(X, b), see Chadwick [1976] for a direct proof of this 
well-known result. 

2. The obvious way to automatically ensure satisfaction of frame indifference 
without precluding anisotropic response is to formulate the constitutive re- 
sponse function in terms of objects associated with the reference state. For 
elasticity this amounts to formulating the constitutive response in terms of the 
right Cauchy-Green tensor C and the second Piola—Kirchhoff tensor S. 

3. The formulation of elasticity in terms of (S, C) is called the convective repre- 
sentation of elasticity. The reason for this name is that the coordinates of (S$, C) 
relative to the inertial reference frame coincide with the coordinates of the spa- 
tial object (7, g) (here, g is the spatial metric tensor) in the convected coordinate 
system. Zaremba [1903] understood that the use of convected coordinates (the 
convected representation) automatically ensures frame indifference; see Trues- 
dell and Noll [1965, p. 45]. For a discussion of the convected representation 
(including the corresponding reduced Lie—Poisson—Hamiltonian structure), see 
Simo, Marsden, and Krishnaprasad [1988]. 

4. Inacomputational context, the convective representation in terms of (S, C) (or, 
equivalently, use of convected coordinates) has been used by several authors; 
see, e.g., Needleman [1982], in the context of plasticity theories. 


7.2 Variational Formulation. Weak Form of Momentum 
Balance 


In this section we develop the weak formulation of momentum balance equations as 
a first step toward numerically implementating the models discussed subsequently 
within the framework of the finite-element method. For a discussion of functional 
analysis issues entirely omitted in the present introductory account, we refer to 
Ciarlet [1988] and Marsden and Hughes [1994, Chapter 6]. A few comments are 
made in Remark 2.2. 


7.2.1 Configuration Space and Admissible Variations. 


Motivated by our discussion of the admissible deformations in a continuum body, 
with reference configuration B C R° and prescribed deformations @ : 09B > R? 
on a portion 0,8 of the boundary 08, we define its configuration space as the set 


C= {y :BoR | det [De] > 0 inB and lap = ?}-. (7.2.1) 
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As before, we denote by S = p(B) the current configuration of the body under 
a deformation y € C. Displacements superposed on y(B), which do not violate 
the prescribed boundary conditions of place, are called admissible variations of 
y. They span a linear space denoted by V, and defined as (see Figure 7.5 for an 
illustration) 


Ve = {n: p(B) > R? | n (y(X)) = 0 for X € a,B}. (7.2.2) 


Note that V, changes with p € C  Wecall € Vp a spatial variation. To remove 
the dependence on y, one defines material variations by the change of variables 


mo(X) = nle(X)] for n € Vo. (7.2.3) 
Thus, material variations span a fixed linear space, denoted by Vo and defined as 
Ves {mo : B > R? | m(X) = 0 for X € -b| (7.2.4) 


Note that it is often more convenient to think of Vo as given and then construct 
nN € Vz by setting 7 = mM o yp! for each NM € Vo. By the chain rule, from 
(7.2.3), in components 


ONoa ONa ODp 
= => 0, = Na Fra. 7.2.5 
OX, Oxp OX, Moan anes ( ) 


Alternatively, using direct notation, we set 


GRAD 1 = (Vo ¢) F. (7.2.6) 


With this notation in hand, we can formulate the weak form of the momentum 
balance equation as follows. 


Ficure 7.5. A superposed spatial variation 7 : ~(B) — R° defined on the configuration 
y € C. Note that n(x) = 0 for x € —(0,8). Also note that material variations no : 
B — Rare obtained by changing to material coordinates through x = p(X), as M9(X) = 
nly(X)], for n € Vy. 


*In a more geometric setting, Vo is called the tangent space to C at the configuration p € C. 
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7.2.2 The Weak Form of Momentum Balance. 


Recall that on 0,8 C 0B we assume that the nominal traction vector is prescribed 
as 


iN = PN |, 5 (7.2.7) 


where N is the outer normal to 0B and BM 0,8 = 9, with 0,B U a,B = 0B. A 
standard construction of the weak form of equation (7.1.56) proceeds as follows. 


7.2.2.1 Material (Lagrangian) description. 


By taking the dot product of (7.1.56) with any 7 € Vo, integrating over the 
reference volume, and using the divergence theorem, 


Gayn(P, Pr; No) := -{ DIVPmdVv — | oB-maVv+ {pods -mav 
B B B 


II 


Je GRAD m dv — [ PN. mar 
dB 


B 
=f mB-mav + | ood, may. (7.2.8) 
B B 


Since by construction 7 = 0, from (7.2.8) and (7.2.7), we arrive at the 


t ction mol, 
following expression: 


a2 
Gayn (P, Yr; M0) “= if po - mdV + G(P, 1m) = 0, (7.2.9) 
B 


which holds for any (material) variation 7) € Vo. Here, GP, 7) denotes the 
(static) weak form of the equilibrium equations given by 


G (P, m0) := [2 GRAD modV — f poB mdV - Va - nodl. 
B B 0B 


(7.2.10) 
Conversely, by assuming enough smoothness of y € C and m € VY, (7.2.9) 
yields the local form of the momentum equations along with the stress boundary 
conditions (7.2.7). We note, however, that statement (7.2.9) is considerably more 
general than the local form (7.1.56), since the configurations y; are subject to less 
restrictive continuity requirements. 


Note that the boundary integral in (7.2.10) can be also written over 4,8 because no vanishes on dyB. 
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In what follows we restrict our discussion to the static problem. Consequently, 
the variational formulation of the boundary value problem may be stated as follows. 


Find the stress field P and the configuration ~ € C such that 


(7.2.11) 
G (P, no) = 0, forall m9 € VY. 


Remark 7.2.1. For elasticity, P is a local functional of the deformation through 
the right Cauchy—Green tensor, i.e., 


i OW (X, F’F 
P= P(y) := pe) (7.2.12) 
aC 
F=De 


If this constitutive equation is enforced locally, then GP, 7) = G(P(y), No) 
becomes a functional of ¢ € C. Thus, the only unknown variable in the variational 
problem is the deformation y. 


7.2.2.2 Spatial (Eulerian) description. 


The weak form (7.2.11) is phrased entirely in the spatial description by the 
following change of variables. First, note that 


P: GRAD = (To y)F! : GRAD 7 
= (toy): GRAD mF! 
=(Toy): Vnog 
=(T: Vn)oy, (7.2.13a) 


where 7 = 7 o y!, and we have used relationships (7.2.6) and (7.1.48). In 
components, 


Pa A(X) N0a,a(X) = [rab (10,6) |, coy : (7.2.13b) 
Second, we recall the change of variable formulas 
B(X) = b®)|,_ pay: 
po(X)J~'(X) = pO)|,_ gay: (7.2.14) 


and J(X)dV(X) = dv) lee 


Therefore, substituting (7.2.13) and (7.2.14) in (7.2.10) produces the result 


= A 
G(T, )) := / (J fo) ') T: Vndv — / pb - ndv — i t" . ndy, 
y(B) y(B) ay, (B) 


(7.2.15) 
where the traction vector is transformed with the aid of the change in area formula 
dyn = [(JF-™N]dI o plas 


Nar = (vay) OY. (7.2.16) 
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Note that the Jacobian factor in (7.2.15) disappears by replacing the Kirchhoff 
stress with the Cauchy stress according to the formula T = (J o yg !)o. 


Remarks 7.2.2. 

1. The variational formulation of the equations of continuum mechanics discussed 
above is formal in the sense that little is known about the appropriate mathe- 
matical structure for specific models. For instance, the only known satisfactory 
theory in elasticity is based on minimizers of the potential energy with a polycon- 
vex stored-energy function. Existence can be proved in a suitable Sobolev space 
(typically W'-? with p large enough as dictated by certain growth conditions), 
but it is not clear in what sense the minimizers satisfy the weak form (7.2.11). 
For a recent review of known results, we refer to Ciarlet [1988]. Practically 
nothing is known for plasticity models, except in the context of the infinitesi- 
mal theory, where a complete existence theory exists; see Temam [1985] for a 
comprehensive review. 

2. To simplify the notation, we often omit explicit indication of the composition 
operation involved in the change of variables from material to spatial coordi- 
nates, with the understanding that all the quantities involved are evaluated at 
appropriate points. This is usually clear from the context. For instance, we write 


dv= JdV,rT=Jo, 


and (7.2.17) 


po 
J 


in place of the more precise notation dv o py = JdV, T = (J 0 yg !Jo, and 
pop= po/J. 


p= 


7.2.3 The Rate Form of the Weak Form of Momentum 
Balance. 


To illustrate some of the difficulties involved in the numerical implementation of 
certain hypoelastic plasticity models discussed below in the simplest possible con- 
text, we examine the structure underlying the rate formulation of the weak form 
of momentum balance equations. Traditionally, this rate form has played an im- 
portant role in the incremental solution of quasi-static elastoplasticity and remains 
widely used in many numerical solution schemes (see, e.g., McMeeking and Rice 
[1975]; Needleman [1982]). In finite-element formulations of elastoplasticity, it 
leads to the “continuum” tangent stiffness matrix on the basis of which an iterative 
solution procedure is constructed. This tangent matrix, however, is not consistent 
with the discrete form of the equations obtained through a return-mapping integra- 
tion algorithm, as observed by Simo and Taylor [1985] who employed the notion 
of a “consistent tangent” obtained by direct linearization of the discrete equations. 
The origin of this notion is found in the work of Hughes and Taylor [1978] on 
implicit algorithms for viscoplasticity and Nagtegaal [1982]. 
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In any event, one requires that the (tangent) operator emanating from the vari- 
ational formulation of the rate form of the momentum balance equations be 
symmetric, in the sense described below, for rate-constitutive equations. This sym- 
metry condition leads to the notion of rate potentials, in the sense of Hill [1958], 
and results in finite-element symmetric (continuum) tangent stiffness matrices. 
Such a result is the direct consequence of a well-known theorem often credited to 
Vainberg [1964], and bears no relationship whatsoever to the question of existence 
of global potentials (In this connection, see, e.g., Marsden and Hughes [1994, 
Chapter 5, problem 1.3]. 


7.2.3.1 Admissible velocity fields. 


The crucial observation to be made is that the spatial velocity field for fixed time 
t € [0, T] is an admissible spatial variation, i.e., v(e, tf) € Vy,. This can be seen 
by noting that 
i. vy = v(e, t) is a mapping that assigns the velocity vector v(x, f) € R? to each 
x € ,(B), that is, v(e, t) : ~,(B) > IR?; and 
ii. v(@, f) vanishes on the prescribed boundary —(0,8), i.e., v(x, tf) = O forx ¢€ 
P(0,B). 
Consequently, v,; = v(e,¢) satisfies the conditions in (7.2.2). In addition, the 
material velocity field satisfies relationship (7.2.3) since, by definition, V,;(X) = 
v,[~:(X)]. Hence, V; = V(e, f) is in Vo. 
In this context, V,, is called as the space of admissible spatial velocity fields 
tangent to the motion y,. Then the actual velocity field vy, = v(e, f) at time t is 
an element of V,,,. 


7.2.3.2 Variational form of the rate equilibrium equations. 


We develop the appropriate variational form under the usual assumption of dead 
loading, i.e., we assume that B in B and t% on 4,B are configurationally indepen- 
dent. We also assume that the process is quasi-static so that the inertial contributions 
are neglected. With this assumption at hand, let y, define a configuration in equi- 
librium at time t. For a rate of change in the loading given by B and #%, the 
equilibrium equations become 


DIV P,; + poB = 0, in B, 
ice., (7.2.18) 
ae + po Ba =0, inB. 


Let 7; € Vy, be an admissible spatial velocity field tangent to the deformation 
y;,and let yy) = 7,0 y; ! be the corresponding material field. Using the divergence 
theorem, we obtain 


fe : GRAD dV — [ oni -mNodV — 1? -modl =0, (7.2.19) 
B 0,B 
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for all 79 € Vo. Note that this equation is the rate-incremental version of (7.2.10). 
To transform (7.2.19) to the spatial description, we proceed as follows. Since 
Pais. =78,"; 


P, : GRAD m = |F,S, + F.S;| : GRAD 19 


= [vrs £: FS; | : GRAD no 
[vo.F SFP + F,8,F? | F-T : GRAD no 


= [Vv.7, + Lyt;] : GRAD oF! 


= [Vt + Lyt| : Vm, (7.2.20) 


where we have used the Lie derivative formula (7.1.72). Therefore, (7.2.19) 
becomes 


/ [Vv.7; + List| >VuydV = [se *TN0PodV + fe -nodl, (7.2.21) 
B B a,B 


for all n, € Vy,. Next consider a rate-constitutive equation of the form 


L,r=a:d=a: Vy, (7.2.22) 


where replacement of d by Vy, is justified since a is assumed to enjoy the symmetry 
conditions 


Aabed Acdab Abacd Aabde- (7.2.23) 


Then, for a given right-hand side in (7.2.21), a given configuration at time t defined 
by ,, and a given stress field 7; in equilibrium at time f, the actual spatial velocity 
v, is given from (7.2.21) and (7.2.22) by the linear variational equation 


dv ; ua 
/ Vm :[Vv,7; +a: Vv; | va = / b-nodut+ : t" - ndy. 
t 


¢r(B) ¢(B) ay, (B) 


(7.2.24) 
Since 7; is given and a is known, the left-hand side of (7.2.24) defines a bilinear 
form, denoted by By, (7, ¥) which, by virtue of (7.2.23) and the symmetry of T, 
is easily seen to be symmetric, i.e., 


dv 
Bo(m.¥1) >= | Vm: [Vv,7, +a: Vv; | 7 


t 


B 
dv 
= fv : [Vint +a: Vin | ae 
3 t 
= By, m). (7.2.25) 


The analysis of linear variational problems of the form (7.2.24) is completely 
standard; see, e.g., Johnson [1987] for an introductory account. 
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The point we wish to emphasize with the preceding analysis is that result (7.2.24) 
depends crucially on the structure of the rate-constitutive equation (7.2.22). We 
show below that a widely used formulation of rate-independent plasticity does not 
conform to the format of (7.2.22). 


7.3 Ad Hoc Extensions of Phenomenological Plasticity 
Based on Hypoelastic Relationships 


In this section, we examine a class of models of phenomenological, rate- 
independent plasticity obtained by an ad hoc extension of the infinitesimal theory 
which relies on a hypoelastic characterization of the “elastic response”. Despite 
the number of serious objections from a physical and a fundamental perspective, 
which the structure of these models raises, they remain widely used in many cir- 
cles of the computational and applied mechanics community. As we shall see, the 
advantage of these models relies on the conceptual simplicity of their formula- 
tion. From our perspective, however, this class of models suffers from two major 
drawbacks. 

i. Hypoelastic characterizations of the elastic response postulated at the outset 
are objectionable on fundamental grounds. 

ii. As we shall see, extending the numerical integration algorithms for the lin- 
earized theory to the present class of models requires an important additional step: 
an integration algorithm which preserves objectivity and defines the trial elastic 
step. The formulation of such an algorithm is by no means a trivial task. 

In spite of the aforementioned objections, this class of models remains widely 
used, and, thus, it is worthwhile discussing in some detail. Furthermore, this dis- 
cussion helps to put in perspective the advantages of some formulations recently 
proposed and examined in the last chapter of this monograph. 


7.3.1 Formulation in the Spatial Description. 


The basic elements of the model are patterned after those of the infinitesimal 
theory. First we consider the formulation of the theory in the spatial (Eulerian) 
description. 


7.3.1.1 Constitutive model in the spatial description. 


The first step concerns the decomposition of the strain measures into elastic and 
plastic parts as follows. 

i. Additive decomposition. Motivated by the infinitesimal theory, at the outset 
one introduces an additive decomposition of the spatial rate of deformation tensor 
into elastic and plastic parts: 


d=d° +d’. (7.3.1) 
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ii. Stress response. Next, the “elastic” response is characterized by a hypoelastic 
rate constitutive equation of the form 


tT=—a:[d—d’], (7.3.2) 


fe} 
where (e) denotes any objective stress rate. 


Remark 7.3.1. Since d° need not be the rate of deformation of any “elastic” 
measure of strain, it appears hopeless to attempt to relate (7.3.2) to any truly 
hyperelastic response function. Consequently, according to the standard set-up of 
hypoelasticity, one assumes that a(7) is a function of the stress tensor. 

However, frame indifference then requires that the tensor a(7) be an isotropic 
function of T, see Truesdell and Noll [1965, p. 405]. In addition to the very nature of 
hypoelasticity, this conclusion raises questions on the generality and significance 
of a model like (7.3.2). 


iii. Elastic domain in stress space. As in the linear theory, one introduces an 
elastic domain which restricts the admissible stress fields. We set 


to = {(7,4) € Sx R"| f(z, < 0}, (7.3.3) 


where, again, as in the infinitesimal theory, g denotes a set of m internal variables 
that characterize the hardening of the material, with evolution equations given 
below. 


Remark 7.3.2. Frame indifference places a strong restriction on the admissible 
functional forms of the yield condition. To see this, consider the case of perfect 
plasticity, so that the yield condition is given simply as f(T) < 0. 

Since 7 transforms objectively under superposed rigid body motions, the 
requirement that the function f : S > R be frame indifferent demands that 


f(QrQ") = f(r), (7.3.4) 


that is, the yield condition must be an isotropic function of T. An identical result 
holds for the case in which f depends on internal variables qg, provided that these 
variables transform objectively. In our opinion, the restriction to isotropy is too 
strong a requirement. 


iv. Flow rule and hardening law. Restricting our attention to the case of an 
associative flow rule, the evolution equations are the following: 


as & OFT @ 
OT (7.3.5) 
q = —yh(r,q). 


Again frame indifference restricts these evolution equations to isotropic response. 
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v. Loading/unloading conditions. The formulation of the model is completed by 
introducing loading/unloading conditions in the classical Kuhn—Tucker form 


y29, fag <9, vyf7.q =9, (7.3.6a) 


along with the consistency requirement 


yf(t,q) =0. (7.3.6b) 


7.3.1.2 Criticism of the model. 


Models of the type outlined above have been extensively used in the computational 
literature, particularly with reference to metal plasticity, in conjunction with the 
classical von Mises yield criterion. Representative formulations include Key and 
Krieg [1982]; Pinsky, Ortiz, and Pister [1983]; Nagtegaal and DeJong [1981]; 
Nagtegaal [1982]; Nagtegaal and Veldpaus [1984]; Needleman [1982]; and Rolph 
and Bathe [1984]. Concerning the particular form of the hypoelastic constitutive 
equation (7.3.2), the moduli a are typically assumed constant and isotropic with 
the same form as the elastic moduli of linear isotropic elasticity. As pointed out 
in Remark 1.3 such a choice is incompatible with hyperelasticity; see Simo and 
Pister [1984]. However, it can be argued on a physical basis that, for small elastic 
strains, this objection may not become crucial. Such a situation is characteristic 
of metal plasticity where elastic strains are orders of magnitude less than plastic 
strains in well-developed plastic flow. Finally, the structure of the hardening law 
is typically borrowed from that of classical infinitesimal models, e.g., some form 
of kinematic and isotropic hardening rule. The choice of the kinematic hardening 
law has become a somewhat controversial issue because of results reported by 
Nagtegaal and DeJong [1981]. 

Although the class of constitutive models outlined above may be adequate for 
predicting the response of some metal at finite plastic strains, we believe that the 
number of aforementioned drawbacks and the restriction to isotropy, make this 
class of models too restrictive to qualify as a general theory of plasticity at finite 
strains. As we show in the next chapter, the numerical implementation is somewhat 
cumbersome. Further comments on the model are deferred to Section 7.3.2.4. 


7.3.2 Formulation in the Rotated Description. 


Motivated by the strong restriction to isotropy inherent in the formulation out- 
lined in the preceding section, it is suggested to rephrase this model in the rotated 
description discussed in Section 7.1.3.2 keeping its basic structure essentially un- 
changed. An additional motivation (perhaps the essential one) is provided by the 
form that the classical kinematic hardening law takes in this description. The struc- 
ture of the Prager—Ziegler law remains unchanged with the time derivative of the 
back stress now replaced by the Green—McInnis—Naghdi rate. It appears that the 
anomalies reported in Nagtegaal and DeJong [1981] for the simple shear test with 
kinematic hardening disappear for this evolution law. The resulting formulation is 
used in several large scale simulation codes, such as NIKE and DYNA (Hallquist 
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[1979]; [1988]) and HONDO (Key [1974]), and has been advocated by a number 
of authors, notably Dienes [1979]; and Johnson and Bamman [1984]. 

In spite of the aforementioned improvements, in particular, the removal of the 
restriction to isotropy, we believe that the formulation discussed below remains 
unsatisfactory. First, as originally stated, it is not clear how to bypass the hypoe- 
lastic characterization of the elastic response. Second, the linearized variational 
equations and equivalently the weak form of the rate of momentum balance are 
not symmetric. 


7.3.2.1 Local constitutive equation. 


The structure of the theory is identical to that discussed in Section 3.1, but with 
spatial variables now replaced by rotated variables, as summarized in BOX 7.2. 
The J2 flow theory version of the model is given in Hughes [1984]. 

It is of interest to examine briefly the structure of the hypoelastic equation for 
the stress response given by 


y=A:(D-D}, (7.3.7) 


where A are the rotated moduli and D’ := R’d?R. Upon defining spatial moduli 
a by the relationship 


Aabea = RaaRvop Rec RapAasco, (7.3.8) 


and noting relationships (7.1.40b) along with (7.1.76), equation (7.2.7) is recast in 
the spatial description as 


T-a:|d—d’], (7.3.9) 


where T is the Green—McInnis—Naghdi rate of the Kirchhoff stress tensor. Thus, 
(7.3.9) is of the form (7.3.2). 


7.3.2.2 Symmetry of the spatial elastic moduli. 


At this point, a basic difficulty involved in the present formulation should be noted. 
As shown in Section 2, the Lie derivative of the Kirchhoff stress tensor L,7 is the 
object that appears in the linearized weak form (or rate form) of the momentum 
balance equation. Then symmetry of the tangent operator is guaranteed if L,7 is 
related to the rate of deformation tensor through symmetric moduli. This condition 
does not hold for an equation of the form (7.3.9), as the following argument shows. 

For simplicity, we consider the case for which d? = 0 vanishes identically. 
From (7.1.91) and (7.1.92), recall the relationships 


Lr=e:d > tT=a:d, (7.3.10) 


where a is given by (7.1.92) 2 and thus is completely symmetric; i.e., Agnea = 
Acdab = Abacd = Aabdc. Hence, rate equations of the form (7.3.10) lead to sym- 
metric tangent operators. In the alternative terminology of Hill [1958], one speaks 
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of the existence of rate potentials. Now, from (7.1.75), (7.1.77) and (7.3.9), we 
obtain 


T=T-(w—-Dr+7(w—- 2) 


(7.3.11a) 
=a:d—-Ww-2)r4+7Tw-D). 
However, from (7.1.45) and (7.1.39), 
w-Q=R [uu"' = uu] R™/2 
(7.3.11b) 
d=R [uu"' + uu] R™ /2. 
Therefore, we obtain 
V := RUR™ =dV + (w— QV. (7.3.11¢) 


Now, it is possible to solve this equation explicitly for (vw — §2) by repeatedly 
using the Cayley—Hamilton theorem; see Mehrabadi and Nemat—Nasser [1987]. 
The end result is expressed as 


w-—-2= A(V):d, (7.3.12a) 
where A(V) is a fourth-order tensor defined by 
1 
d= —_______ | I} (Vd — dV) — Iy(bd — db) + bdV — Vadb\ . 
Eye | v( Mody ma 


(7.3.12b) 
Note that Agocq does not have the major symmetries but possesses minor symmetry 
and skew-symmettry, i.e., 


(7.3.12c) 


Aabed # A cdab 
Aabed = Aabde = —Abade- 


This conclusion is undesirable. In effect by substituting (7.3.12a) in (7.3.11a), we 
obtain 


a 
Tab = [Abed — AgecdTeh + Tae Aebed | ded 


7 (7.3.13a) 
=! Aabcd WV) dea . 
However, in view of (7.3.12c) and (7.3.12b), 
Aabed — Acdab # 0. (7.3.13b) 


In other words, from (7.3.13a) and (7.3.13) it follows that the constitutive equation 
(7.3.10) possesses nonsymmetric moduli. As a result, fundamental issues aside, 
this formulation leads necessarily to nonsymmetric tangent stiffness matrices in 
numerical implementations. We view this result as an undesirable feature. 


7.3.2.3, Consistency condition. Elastoplastic moduli. 


The development of elastoplastic moduli for the model summarized in BOX 7.2 
follows the familiar lines discussed in detail in the context of the linear theory. 
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BOX 7.2. Ad Hoc Phenomenological Model 
in the Rotated Description. 


i. Hypoelastic stress-strain relationships 
y=A:(D-D?’]; 
S:=R'tR ; D:=R'ar. 


ii. Elastic domain and yield condition 


iii. Flow rule and hardening law 


>, OF (EQ) 
Die ae 


Q = -AH(¥, Q). 


iv. Kuhn—Tucker loading/unloading conditions 


y. Consistency condition 
AF(Z, Q) = 0. 


Es := {(2,Q) eS x R" | F(Z, Q) < 0}. 


A420, F(2,Q) <0, AF(X, Q) = 0. 


Time differentiation of the yield condition gives 


. OF . OF .: 
Ge eae = 
as ~t 59 2 
OF OF OF 
= —:A:|D-a x -H, 
75 | 30 


(7.3.14) 


where we have used the hypoelastic relationships with the flow rule and hardening 
law. Then the Kuhn—Tucker conditions and the consistency condition require that 


Fak 0, 
for A to be nonzero. Therefore, 
% -A:D 
A= FA OF ar H=° 
and we arrive at the expression 
S=A,,:D, 
where 
A ifrA = 0, 
= . OF . oF 
Aep A (A: S)@(A: %) ee 
aF. . OF OF : 


(7.3.15) 


(7.3.16) 


(7.3.17a) 


(7.3.17b) 
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A rate equation in the spatial description identical to (7.2.9) but with a now replaced 
by ap is obtained by defining a., in terms of A, by the transformation rule (7.3.8). 
Note that the resulting rate equation is subjected to the same shortcomings alluded 
to in Remarks 7.3.1 and 7.3.2. 


7.3.2.4 Criticism of the model. 


The constitutive model outlined in this section is subject to a number of objections 
which make the model too specific to be considered a suitable extension of the 
linearized theory with general applicability. In particular, 

i. the hypoelastic nature of the stress response renders the model questionable 
on fundamental grounds, and limits its applicability to “small” elastic strains 
(which, by the way, are never defined; only the rate of deformation D* appears 
in the theory); 

ii. the entire construction seems somewhat unmotivated. One wonders what is 
the special feature that points to the rotated description as the canonical set-up 
for the formulation of the theory; 

iii. the difficulties alluded to in Remarks 7.3.1 and 7.3.2 appear more substantial 
than a mere computational inconvenience; 

iv. computationally, the implementation of the model is involved and requires 
repeated use of the polar decomposition. 


8 


Objective Integration Algorithms for 
Rate Formulations of Elastoplasticity 


In this chapter, we address the formulation of integration algorithms for the class 
of plasticity models at finite strains outlined in Chapter 7. The distinctive feature of 
these widely used models lies in the fact that the elastic response is formulated in 
the Eulerian or spatial description by a hypoelastic constitutive equation. Despite 
the number of shortcomings alluded to in Section 7.3, this class of models is 
currently widely used in large-scale inelastic calculations, as in Key [1974]; Key, 
Stone, and Krieg [1981]; Nagtegaal and Veldpaus [1984]; Goudreau and Hallquist 
[1982]; Rolph and Bathe [1984]; and Hallquist [1979,1988]. Therefore, in view of 
their practical relevance, a careful analysis of the issues involved in their numerical 
implementation is worthwhile. 

From a computational standpoint, the central issue concerns the numerical inte- 
gration of the constitutive model so that the resulting discrete equations identically 
satisfy the principle of material frame indifference. Satisfaction of this fundamen- 
tal restriction leads to the so-called incrementally objective algorithms, a notion 
formalized in Hughes and Winget [1980] and subsequently considered by a num- 
ber of authors; e.g., Rubinstein and Atluri [1983]; and Pinsky, Ortiz, and Pister 
[1983]. The condition of incremental objectivity precludes the generation of spu- 
rious stresses in rigid body motions. Although it appears that such a requirement 
furnishes arather obvious criterion, anumber of algorithmic treatments of plasticity 
at finite strain exist which violate this condition (e.g., McMeeking and Rice[1975]). 

Conceptually, the procedure underlying the formulation of objective constitutive 
algorithms is rather straightforward. The given spatial, rate-constitutive equations 
are mapped to a local configuration which is now unaffected by superposed spatial 
rigid body motions. Then a time-stepping algorithm is performed in this local con- 
figuration, and the discrete equations are mapped back to the Eulerian description. 
In the actual implementation of this idea, two basic methodologies can be adopted. 

i. Convective representation. In this approach one exploits the fact that objects 
in the convective representation, such as the right Cauchy—Green tensor C or the 
symmetric second Piola—Kirchhoff tensor S, remain unaltered under superposed 
spatial rigid body motions. We recall that the convective representation is obtained 
from the Eulerian or spatial representation by appropriate tensorial transformations 
with the deformation gradient. Equivalently, by using convected coordinates, the 
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governing equations are automatically transformed to the convective representa- 
tion (recall that in convected coordinates, the deformation gradient is the identity 
tensor). 

In rigid body mechanics, the convective representation is called the body repre- 
sentation, and the convected coordinates become the familiar body coordinates; see 
e.g., Goldstein [1981]. In solid mechanics, convected coordinates have been used 
by a number of authors, notably Green and Zerna [1960] in the context of nonlin- 
ear elasticity and Hill [1978] in the wider context of inelasticity. In computational 
applications, convected coordinates have been extensively used by Needleman 
[1984, and references therein]. 

Computationally, the convective representation plays a crucial role in the deriva- 
tion of an algorithmic approximation to the rate of deformation tensor based on the 
generalized midpoint rule. In contrast with approximations constructed by several 
authors, e.g., Pinsky, Ortiz, and Pister [1983], in Section 8.1 we show that objectiv- 
ity of the algorithmic approximation over an interval [t,, t,+1] can be retained for 
any choice of the configuration at thaa € [th, tr+i], witha € [0, 1] not necessarily 
restricted to the value a = 5 . On the negative side, however, we show in Section 
8.3 that, for J2 flow theory, the simple structure of the radial return algorithm can 
be retained only for a very specific choice of objective rate: the Lie derivative of 
the Kirchhoff stress. 

ii. Local rotated representation. In this approach, examined in detail Section 
8.3, the evolution equations are transformed to a locally Cartesian rotating coor- 
dinate system which is constructed precisely to ensure that the “rotated objects” 
remain unaltered under superposed spatial rigid body motions. Then the constitu- 
tive integrative algorithm is performed in the rotated description, and subsequently 
the discrete equations are transformed back to the spatial configuration. This 
methodology is ideally suited for “rotational-like” objective stress rates obtained 
by modifying the material time derivative of the Kirchhoff stress with additional 
terms involving spin-like tensors. Typical examples include the Jaumann deriva- 
tive and the Green—McInnis—Naghdi rate. For J, flow theory, we show that this 
approach results in a return mapping essentially identical to the classical radial 
return method of the infinitesimal theory. 

The crucial computational aspect in this second methodology addressed in Sec- 
tion 8.3.2, concerns determinating the rotated local configuration. As pointed 
out in Hughes [1984], the problem can be reduced to numerically integrating 
an initial-value problem that generates a one-parameter subgroup of proper or- 
thogonal transformations. In Hughes and Winget [1980] and Hughes [1984], 
integration over the interval [f,, t,41] is accomplished by a midpoint rule al- 
gorithm, which produces an incremental orthogonal transformation when the 
midpoint configuration coincides with the half-step configuration, i.e., for the 
value a = 4 . Here, we improve on these results in several aspects, in 
particular, 

a. the generalized midpoint rule algorithm in Section 8.3.2 generates an incremen- 
tal orthogonal transformation regardless of the value assigned to the parameter 
a € [0, 1] which defines the ¢,4. configuration; and 
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b. the algorithm is singularity-free, placing no restriction on the value of the 
admissible incremental rotation, and remains objective for alla € [0, I]. 
A detailed account of the implementation of this algorithm, which is inspired 
by Simo and Quoc [1986], is given in Section 8.3.2. 


8.1 Objective Time-Stepping Algorithms 


In this section we consider formulating integration algorithms for objects defined 
in the spatial description, which identically satisfy the fundamental requirement of 
frame indifference. These types of algorithms are commonly called incrementally 
objective, a nomenclature first introduced in Hughes and Winget [1980]. 

We are concerned with the generalized midpoint rule type of algorithms for- 
mulated to exactly preserve objectivity. As outlined above, one proceeds as 
follows: 

i. Given an objective rate quantity in the spatial description, such as the rate 
of deformation tensor or an objective stress rate, tensorially transform this object 
to the reference configuration. Geometrically, this transformation is called a pull- 
back whereas, from a mechanical point of view, it can be interpreted as going from 
the spatial to the convected description. 

ii. Time step with the generalized midpoint rule (or any other algorithm) in the 
convected description. 

iii. Transform the result to the spatial description. Geometrically, this operation 
is called a push-forward. 

By construction, this procedure, illustrated in Figure 8.1, preserves objectivity 
exactly. 


Material objects 
C8 


Transform to 
convective representation 


Spatial objects 


| Time stepping 
d,, Ly 


Algorithm 


Algorithmic 


material objects Transform to 


spatial representation 
Ch +1> Sn +1 P P 


FiGuReE 8.1. General algorithmic scheme for developing incrementally objective algorithms. 


8.1. Objective Time-Stepping Algorithms 279 


8.1.1 The Geometric Setup 


As usual, we let B c R"*™ be the reference configuration of the continuum body 
of interest and let y : 6 x [0, T] — R”*™ be the motion. We assume that the 
configuration is known at time ¢, € [0, T]. Equivalently, we regard the set 


n(B) = {%n = gn(X) |X € BI (8.1.1) 


as given data. Further, let p,1;: 8 — R"™ be the configuration at time t,4; = 
t, + At, where At > 0, which is also assumed to be given by 


Pn+i(X) = n(X) + U(X) 


8.1.2 
= pn(X) + u [pn(X)] . 


Here u : vy, (B) — R"™ is the given incremental displacement of y,(B). 
Now let Yn+0(B) denote a one-parameter family of configurations defined by 
the expression (see Figure 8.2): 


Pnta = Pn41 + (L— ayn, a € [0, 1]. (8.1.3) 


Our objective is to find algorithmic approximations for spatial rate-like objects, in 
terms of the incremental displacement u(x,,) and the time increment Aft, which 
exactly preserve proper invariance under superposed rigid body motions, i.e. 
objectivity. In particular, we consider the following objects: 
i. the rate of deformation tensor d, defined in Section 7.1.3. 
ii. the following two representative objective stress rates: 

a. the Lie derivative of the Kirchhoff stress tensor, L,7, defined by (7.1.72); 

and 

b. the Jaumann derivative of the Kirchhoff stress tensor tr, defined by (7.1.75). 
We use these results to develop integration algorithms for the hypoelastic equations 
considered in Section 7.3. 


8.1.1.1 Kinematic relationsships. 


From definition (8.1.3), it follows that the deformation gradient 


IPnta 
Fi BE = De n+a(X) (8.1.4a) 
is given by the relationship 
Frye = OF p41 +1 -—a)F,, a € [0,1]. (8.1.4b) 


In addition, for subsequent developments, it proves convenient to introduce rel- 
ative deformation gradients with respect to the configurations y, (6). Thus, by 
definition, we set (see Figure 8.3) 


Sn a = F, Dy isis 
fi = aes (8.1.5) 


a <4 
Sata = Snsthire: 
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Pn ¢,(B) 


7 

fa 
OE 

Pn+a0 oN 


Cn eine 


Pn+1 Gn + 1(B) 


FIGURE 8.2. Geometric setup for integrating spatial rate-like quantities. 


The expressions below will be useful in the developments that follow. 


Lemma 8.1. Define the relative incremental displacement gradient by the 
expression 


~ OU (Xn+a 
Anta Onto) = Vata Xn+o) = ee, (8.1.6) 
OXn+a 


where U(Xn4q) = U(X) | £20 fe52) is the incremental displacement field referred 


to the configuration Pnia (B). Then 


Ing = [GRADU]F,), =[Viulf.,. 
[ | n+a [ u n+a (8.1.7) 
Sta =1+aV,u, 


where V,U(X,) = duU(x,,)/0x, anda € [0, 1]. 


KES 


Puta f fat 
x Snte ‘ 
e 
ar Xn+1 
ear ie 


e 
Ey 


Xn+1 


FiGurE 8.3. Deformation gradients and relative deformation gradients mapping neighbor- 
hoods O,, O;,, and Ox 


n+1* 
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PROOF. Itfollows by a straightforward application of the chain rule. For instance, 
for the relationship U(X) = u[y,(X)], 


GRADU = [Viu]Fn. (8.1.8) 
On the other hand, rearranging (8.1.4), 
Fata =F, + aFi+1 — F,) 


= F, +a GRADU. oa 
Combining (8.1.8) and (8.1.9), 
Sasa = FnigF,' = 1+ aVpu, (8.1.10) 
which proves (8.1.7)2. Similarly, from U(X) = u [Pn+a (X iF 
Vi+all = (GRAD U)F,,, 
= (VU) FiF iy 
= (V.u)(FriaF,') |, (8.1.11) 


which, in view of (8.1.5);, proves (8.1.7)1. 


8.1.2 Approximation for the Rate of Deformation Tensor 


We construct an incrementally objective approximation for the rate of deformation 
tensor following the steps outlined above. The crucial identity to be exploited is 
given by (7.1.39) as 


C = 2F'dF: 


ie. (8.1.12) 


Cap = 2Faadap Fos, 


which transforms d, a spatial tensor field, into C , a tensor field defined on B 
(convective description). 


Proposition 8.1. An objective approximation for the rate of deformation tensor 
in [th, trti], where th41 = th + At, is given by the formulas 


1 
dia = Aydatalinti fia 
had atl om 
Srta = ltaVv,u, ae [0,1], 


where E,,41 is the relative Lagrangian strain tensor of configuration ~,+1(B) with 
respect to configuration ~p,(B). 
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PROOF. Step i (see the preamble of Section 8.1) requires transforming d+ to 
the convective description. From (8.1.12), 

Casa = OFT nigh aia a € (0, 1]. (8.1.14) 


According to step ii, the time-stepping algorithm takes place in the convective 
description. By the generalized midpoint rule, 


Cat — Cy = CrzqAt, a € [0, 1]. (8.1.15) 


Next, we recall that 


Fry = fnsi Fn > Cr+ = ball Bene cee | aie (8.1.16) 
Combining (8.1.14), (8.1.15), and (8.1.16), 


1 
FriodntaF na = >—Falfaidns — WF a. (8.1.17) 
2At 
Finally, in view of the relationship f,40 = Friel, ' (8.1.17) yields 
= 
Ania = so Snvalfiri dar — Wire (8.1.18) 
which proves the result. 
Remarks 8.1.1. 
1. Suppose that the deformation in [t,, tn+1] is rigid. Then 
Xn41 = Ox, +c, for Q € SO(3), (8.1.19) 
andc¢ € R?. It follows that 
fins = Q € SOB) > Envi = $[0'Q — 1] = 0, (8.1.20) 
which, in view of proposition 8.1, implies 
four € SOB) —> due = 0.| (8.1.21) 


Therefore d;,4, as given by (8.1.13), vanishes identically for incremental rigid 
motions. This result is a manifestation of the property of incremental objectivity, 
which holds for all aw € [0, 1]. 

2. Note that (8.1.13) makes geometric sense. E,,;; is a tensor defined on y, (B) 
which is transformed tensorially (by push-forward) to %,+.() by the right- 
hand side of (8.1.13). On the other hand, d,+i, is a tensor on %,+_(8), and 
therefore formula (8.1.13) makes sense. 


A convenient alternative expression for d,,,. is contained in the following. 


Corollary 8.1. The following expression is equivalent to (8.1.13): 


1 T 
dn+0 = PAL [Rn+a e hg + a = 2a)hh, Mn+o]; 


Insta i= Vatott (see Lemma 8.1). 


(8.1.22) 
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Proor. From (8.1.4) and (8.1.7)1, 
Fra. = Foaa + U1 — @) [Fag — Fr] 
= Fig + (1—a@) GRADU 
= Pasa + a _ ONns0F n+a- (8.1.23a) 


Then an analogous calculation for F,, yields 


Friy = (14+ C1 — @)hnsal Fra, 
+1 = [1+ ( Wn+olF n+. (8.1.23) 
F, = (1 — ahysalF ise. 


From these expressions we obtain 


Cntt — Cn = Fry g [hase + hiiyg +L — 20)hiy MntalFnta. (8.1.24) 


n+a 


Now the result follows by inserting (8.1.24) into (8.1.15) and using (8.1.14). 


Remark 8.1.2. Fora = 5 , expression (8.1.22) collapses to the simple formula 


1 
dni = a5 (naiy2 + Wy 1/2), (8.1.25) 


which is second-order accurate and linear in u. Clearly, this is the most attractive 
expression from the viewpoint of implementation. 


8.1.3 Approximation for the Lie Derivative 


An objective algorithmic approximation for the Lie derivative of the Kirchhoff 
stress L,7 is constructed by exploiting the identity 


Lyt = FSF’. (8.1.26) 


The result is given in the following. 


Proposition 8.2. Within the interval [t,, ty], the algorithmic approximation 


1 ie cS 
LyTn+a = Jydetelfr Tet Ui — Tn ise (8.1.27) 


is objective for alla € [0, 1]. 
PROOF. Let thie € [tn, tr41]. From (8.1.26) and the generalized midpoint rule, 


—1 —T C 
Fig LuTnta) Faye — Sra 


1 
oes Sn —S, 
Te +1 ) 


1 
= — (F 
At 

1 = gi = 
= acts: iTatitan — TF, 7, (8.1.28) 


1 T 1 T 
nti Tati > F, TF, ) 
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where we have used (8.1.5). The result follows from (8.1.5). 


Remarks 8.1.3. 
1. Expression (8.1.27) can be formulated in the following alternative form. Let 


Fre = FruiFoy =foufoy (8.1.29) 


be the deformation gradient of configuration y,4+1(B) relative to configuration 
Pn+a(B). Then, a straightforward computation yields 


ie = 
LyTnta = Aydate(Tn —frti Taf on (8.1.30) 


2. Similarly, expression (8.1.13) can be recast in the form 


| xr 


ae en n+a> 
Apdneaensi (8.1.31) 


enti = s{1 = Gt at agp 


dite = 


Observe that e,; defined by (8.1.31)2 is the Eulerian strain tensor relative to 
the configurations ~,41(B) and y, (B). This expression is consistent with the 
definition of d as the Lie derivative of the strain tensor; see Hughes [1984] and 
Simo, Marsden, and Krishnaprasad [1988]. 


8.1.3.1 The Jaumann derivative of the Kirchhoff stress. 


As alluded to in Chapter 7, any objective stress rate is a specialization of the 
Lie derivative, as first observed in Marsden and Hughes [1994]. Therefore, with 
formula (8.1.27) at our disposal, we can construct objective approximations to any 
stress rate. In particular, for the Jaumann derivative, we recall that according to 
relationship (7.1.91), 


T=L,r+dr4+rd. (8.1.32) 


Consequently, for any tha € (tn, trai], 


v 


Tnta = LyTna + dizaTn+a + Tn+odn+o- (8.1.33) 


An explicit expression for the algorithmic approximation to Tne can be imme- 
diately constructed by substituting our expressions (8.1.13) and (8.1.27) for dy+a 
and LyTn+«, respectively, in (8.1.27) as follows. First, let 


tra =fo Tarifa (8.1.34) 
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a relationship which which is justified by tensorially transforming 7,4, (a tensor 
field on ~n+1(B)) to T+. (a tensor field on Yn+.(B)). Using (8.1.31), 


le eS as 
—1 —T T 
Trtodnta = At ntaTnti Sntadntalntidnta 
(8.1.35) 
ee a Js 
oes | —T 
— Sra (Tn41€n¢1Bn41 n+a? 


At 


where Bri — fies: is the relative left Cauchy—Green tensor. Then a similar 
calculation for dn4aTn+a yields 


1 ~ ~ nw pe) 
—1 —T 
Trtodn+a + dntaTn+0 = Fre (Tn 1€n¢1Bn41 + BnvientiTn+i fava 


At 
(8.1.36) 
From (8.1.30), (8.1.32), and (8.1.36), we arrive at the formula 
l~ Sy A Be 
Ets = Aydate(T HL + T4114 Dns + Bny1en +1Tn+1 —Sn + ee Mey eee 
(8.1.37) 


. . . . . . Mi 
which gives the algorithmic approximation to T,+,. 


8.1.4 Application: Numerical Integration of Rate 
Constitutive Equations 


As an illustration of the foregoing methodology, we consider the application 
of these objective integration algorithms to two representative rate constitutive 
equations: 


8.1.4.1 Lie derivative of the Kirchhoff stress. 


Assume a rate constitutive equation of the form (7.3.22): 


Lyr =a: d. (8.1.38) 


Evaluation at thie € [tn, tn+1] and use of (8.1.30), (8.1.31) yield 
Tn+1 — fri Tif = fita [Anta of ceneinaa ln bo 
= anv > en+1>5 (8.1.39) 


where 


ijt lng. = (Fah iv fre fid@aved) n+ 9 (8.1.40) 


is the tensor of elastic moduli a, evaluated at configuration (n+q(B) and trans- 
formed to configuration (,+1(B) with the relative deformation gradient fi+o 
(geometrically, the push-forward of A,+. to configuration y,+1(B).) 


286 8. Objective Integration Algorithms 


From (8.1.29) and (8.1.30), we arrive at the update formula 


T a : 
Tn+1 =frsita tna + An+1 * Cn+1, 


pee (8.1.41) 
Cntl = 5[1 — fyi ile 


for any a € [0, 1]. 


Proposition 8.3. Assume that the motion in [ty, tn41] is rigid. Then T, and Ty+1 
are related through an objective transformation 


frat = Q € SOB) => Tat = QTO", (8.1.42) 


foralla e€ [0, 1]. 


ProoF. Ifthe motion is rigid in [¢,, t,+1], by Remark 8.1.1, it follows thate,,; = 
Oandf,+1 = Q € SO(3). Hence, the second term in (8.1.41); vanishes identically, 
and we obtain (8.1.42). 


Contrary to some statements found in the literature, the algorithm (8.1.41) is 
incrementally objective for any value of a in [0, 1], not necessarily restricted to 


8.1.4.2 Jaumann derivative of the Kirchhoff stress. 


Next, we consider a constitutive equation of the form 


Toad. (8.1.43) 


By evaluating this rate equation at tia € [ty, tn+i], transforming the result to 
$n+1(B), and using (8.1.31) and (8.1.40), 


ee ae Po rss 
fee aren ae = fr+ol@nte  di+a ea 


sre 
= —@nil ens, 8.1.44 
Ay anti # ene ( ) 


where An41 is given in terms of a,4, by (8.1.40). Substituting (8.1.37) in (8.1.44) 
results in the expression 


Tat + Tn41€n41On41 + On +1€n4+1Tn+1 =Sfn ; oe ei oF Anti > @n+1- 
(8.1.45) 
Assuming that a does not depend on 7, a hypothesis typically made in applications, 
equation (8.1.45) reduces to a relationship linear in T,41, which is easily solved 
for a given deformation to obtain the updated stress 7,,,,. In fact, upon defining 


Kijxs = 5ix9j1 + 3i1€kmD mj + Dim€mt5kj (8.1.46) 
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which is known a priori for a given incremental deformation in [f,, t,41], we obtain 
the closed-form expression 


Ta =k Gntrfy + : en). (8.1.47) 


Remarks 8.1.4. 

1. The algorithm outlined above is objective for any value of a € [0, 1]. This 
observation follows by recalling that e,; = 0 for a rigid motion in [f,, tn41], 
so that (8.1.45) reduces to 


Thol = Qr7,Q" for fr41 = Q € SOB) => ent = 0. 


2. Observe that the algorithm proposed in Pinsky, Ortiz, and Pister [1983] requires 
a Newton iteration to solve for 7,4; for a given deformation. On the other hand, 
expression (8.1.47) furnishes a closed-form solution. 


8.2 Application to J> Flow Theory at Finite Strains 


From a computational standpoint, it is interesting to characterize the class of 

hypoelastic formulations of Jz flow theory which result in a straightforward gen- 

eralization of the classical radial return algorithm. It turns out that, within the 
algorithmic framework of the preceding section, such a generalization depends 
critically on two factors: 

1. the structure of the rate equation governing hypoelastic response. In particular, 
for the class of objective integrators in Section 8.1, a straightforward extension 
of the radial return method is possible provided that 

a. the objective stress rate is the Lie derivative of the Kirchhoff stress and 
b. the constitutive tensor a in (8.1.38) is constant and isotropic; 

2. the choice of midpoint configuration in the objective integrator. This configu- 
ration and the configuration chosen to perform the radial return method must 
agree. In particular, 

a. the classical radial return, which is performed in the y,+1(8)-configuration 
requires use of the backward Euler method. Recall that this algorithm is only 
first order accurate; 

b. ifthe midpoint rule algorithm is adopted, the radial return must be performed 
in the midpoint configuration. 

Thus, the preceding algorithmic framework excludes the use of J2-plasticity mod- 

els that employ the Jaumann derivative if the inherent simplicity of the radial return 

method is to be preserved. Note that the class of objective integrators in Section 

8.1 is essentially equivalent to algorithms obtained by formulating the elastoplastic 

constitutive equations in convected coordinates, as in Needleman [1982]. 

As shown in the next section, the optimal algorithmic framework for hypoelastic 
formulations of plasticity that employ “rotational” objective rates, such as the 

Jaumann derivative, relies on the use of a corotated coordinate system. Within 
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such a framework, the structure of the radial return method is preserved for Jz 
flow theory. 


6.2.1 A Jz Flow Theory 


Consider an extension to finite deformations of the classical Jz flow theory 
governed by the following evolution equations: 


L,tT =a: [d —d”] 


d?=yn 
; 8.2.la 
w= fy ( ) 


f : = [Idevir}I| — \/2foy + Kol, 


subject to the standard Kuhn—Tucker conditions. In particular, for plastic loading, 
f = 0, and y > 0. In addition, by analogy with the infinitesimal theory, we 
assume the conditions 


a=A1@14 2ulI, 
(8.2.1b) 
n= dev[7]/||dev[7]]. 
Concerning the computation of f, it should be carefully noted that 
? devEri| Am: tyr andso Quy ¢ “28%4 (8.2.1c) 
— ||dev n: Ly and so ——-.. 2h 
gee : EEE PARIS 


In other words, the standard expression for y in the infinitesimal theory does not 
hold. 

The goal of this section is to illustrate the algorithms discussed in Section 8.1.2 
in the context of this model and show that, despite relationship (8.2.1c), the return 
mapping reduces to the radial return algorithm. 


8.2.1.1 Discrete problem of evolution. 


By evaluating (8.2.1a), at the ~,.,(8) configuration and using the flow rule 
(8.2.1a)2, we find that 


AtLyTr+0 =a: [Atdn+a 3 AyMn+al, (8.2.2) 


where we have set Ay = Yn4oAt. By recalling (8.1.34), using (8.1.27) and 
(8.1.30), and the fact that f+. = i Fn+1, equation (8.2.2) reduces to 


Tn+a —SnsaTn Sve =a: (Atdn+a — AyMn+a)- (8.2.3) 


On the other hand, in view of (8.1.31), we set 


Atdn+0 =f en is = Onbas (8.2.4) 
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Since @ is an isotropic tensor and tr [#,4 9] = 0, (8.2.1b), (8.2.3), and (8.2.4) lead 
to the following discrete system: 


trial » __ T Fo 
Tha * = frat tira +4: Cnia, 
trial 


Tria — 2HAYRn+a; 


2 
Ont} = A, + 3 Ay. 


Observe carefully that the flow rule is also evaluated at the py+4..(B)-configuration. 


II 


Tn Ta 


(8.2.5) 


8.2.1.2 Return-mapping algorithm. 


Consistency remains to be imposed by enforcing the Kuhn—Tucker conditions at 
the (n + a)-configuration. Accordingly, let 


fuse = Ildevirt) — [2 (oy + Kay). (8.2.6) 
Then 
(ise <0> elasticstep => Ay =0, (8.2.7) 
fit +0 => plastic step — > Ay > 0. = 
Assuming that a > 0, from (8.2.5)2.3 and (8.2.6), we obtain 
titra] = tira] 
dev[7i4)] 
Nnta = ey 
re IdevErti I (8.2.8) 
Ape (ae 
14+ K/3pn- 


Formulas (8.2.8) are identical to those appearing in the radial return algorithm 
discussed in Chapter 3. 


Remarks 8.2.1. 
1. Kinematic hardening is easily incorporated into the theory by postulating an 
equation of evolution of the form 
d = 
Lg = 2Hyn; n= See (8.2.9) 
. I|dev[7] — ql 
The integration algorithm becomes 
Qn+a = Sntodnbrvc + z Ay Anna, (8.2.10) 


and the return-mapping algorithm reduces to the radial return of the linearized 
theory, with 


ni, = devfri, — fusudifial (8.2.11) 
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2. The algorithm is incrementally objective for a € [0, 1]. 
3. The return map no longer reduces to the radial return if the Lie derivative is 
replaced by the Jaumann rate. To see this, observe that (8.1.33) yields 


T 
Atl yTi+a = Tata —SntaTr tive 


(8.2.12) 


Vv a3 mer 
= TataAt — CntaTnta — Trto€nta- 


Vv 
: = P 
Since Tr¢g = A: [dnig —dirg 


], (8.2.12) and the flow rule yield the equation 


Tn+a + en taTn+a + Tn4 wen La =Sfn a on bee +a: Cn+a 7 2AYNn+a- 

(8.2.13) 
which does not lead to a solution of the form (8.2.8). In fact, now the consistency 
equation is nonlinear. 


8.3 Objective Algorithms Based on the Notion of a 
Rotated Configuration 


The construction of objective algorithms is also accomplished by modifying the 
procedure discussed in Section 8.1. The idea is to use a rotation neutralized 
description of the spatial evolution equations in place of the convective descrip- 
tion considered in Section 8.2. To formalize this approach, let @ be any spatial, 
skew-symmetric, second-order, tensor field. Consider the following evolution 
equation 


A=(Gog)A 


(8.3.1) 
A|,_o = 1 2 


where A(X, t) isa proper orthogonal tensor (in SO(3)) for fixed X¥ € 6. Fora given 
skew-symmetric G3, the solutions of (8.3.1) generate a one-parameter subgroup of 
the special orthogonal group. 


EXAMPLE: 8.3.1. Typical choices for @ include 

i. the spin tensor w = 5 [Vv — (Vy)"]; and 

ii. the tensor 2 defined as Q = RR’ where R is the rotation tensor in the polar 
decomposition of F. 

Recall that w and 92 are related through (7.3.12). 


The one-parameter group of rotations generated by (8.3.1) leads to a one- 
parameter family of rotated local configurations. Let 


D:= A'rA, 


8.3.2 
D := A’dA, ( ) 
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be the rotated Kirchhoff stress tensor and the rotated rate of deformation tensor, 
respectively. Observe that 


Y= A + 4+70-Gr]A=A'TA, (8.3.3) 


Vv a . . . . . — — 
where T is a corotated objective rate relative to axes with spin w. For w = w, we 
recover the Jaumann derivative, whereas setting @ = §, we obtain the Green— 
MclInnis—Naghdi rate. 


Clearly, once a particular choice of @ is made, a plasticity model can be formu- 
lated with a structure identical to the model summarized in BOX 7.2 of Chapter 7, 
with rotation tensor A now generated by (8.3.1). 

The objective of this section is the formulation of integration algorithms suitable 
for the class of plasticity models outlined above. 


8.3.1 Objective Integration of Elastoplastic Models 


As in Section 8.2, the key to preserving objectivity of the discrete equations is to 
formulate the integration algorithm in a local configuration that remains unaltered 
by superposed spatial rigid body motions. We proceed as follows. 


8.3.1.1 Integration algorithm for hypoelastic equations. 
Consider rate-constitutive equations of the form 
Y=A:D, (8.3.4) 
where ¥ and D are defined by (8.3.2). Applying the generalized midpoint rule 
yields 
Snt1 — Ln = AtDnta 
At Agi Diy 


=Atate t Al [Ata elAnse: (8.3.5) 
As in Section 8.2, in view of (8.2.4), we set 
Cn+a = ee = Atdn+a, (8.3.6a) 


Thus equation (8.3.5) yields the update formula 


wn+1 = xn ao Aas : 7, Ga eee Cae (8.3.6b) 


Remarks 8.3.1. 
1. Obviously, the algorithm (8.3.6) is incrementally objective for all a ¢€ [0, 1], 
since 


Sti = Q € SO(3) => en=1 0S Sia = Ln. (8.3.7) 


292 8. Objective Integration Algorithms 


2. The algorithm (8.3.6) can be formulated entirely in the spatial description. Let 
An+ be the moduli relative to the spatial y,+. configuration. By definition, 


= Mi Anse AjBy ig AkCnre AID yg NABCDy ia (8.3.8) 


Substituting (8.3.8) in (8.3.6b) yields 


Fijklisa 


A, tan 1Ar ee =A, } Phe, ae + Anta : Cntas (8.3.9) 


Now let 


Anta = Any Al, , (8.3.10) 


be the relative rotation between ¢,4. and ¢,1 (recall that the solutions of (8.3.1) 
form a one-parameter subgroup; hence, A,+_ is a well defined object). Set 


Opi = Ai Nie A pees Nid Bate voy (8.3.11) 


n+l idn+a 


nt+a 


By premultiplying and postmultiplying (8.3.9) with Anta and Al 4qo Tespec- 
tively, we obtain 
T is aes s 
Trl = [Anti Ap |Tn[ Angi Ap | + Anyi! en+1, (8.3.12) 


= m4 T 
Cnta = An+talntoa Ania . 


In actual implementations, form (8.3.6) is often more convenient. 

3. An important property of the algorithms just developed should be noted. [fa is 
isotropic, the a defined by (8.3.11) is also isotropic since the transformations 
(8.3.8) and (8.3.11) involve rotations. This property plays a crucial role in 
numerical implementations of J flow theory. 


8.3.1.2 Application to Jz flow theory. 


Applying the preceding class of algorithms to Jz flow theory formulated in the 
rotated description leads to a straightforward generalization of the radial return 
method. The development of the algorithm follows along the same lines as dis- 
cussed in Section 8.2 and in Chapter 3, and thus details are omitted. A summary 
of the overall procedure is given in BOX 8.1. 


Remarks 8.3.2. 

1. The radial return mapping is performed in the »,1(8)-configuration, as in the 
classical radial return algorithm of the infinitesimal theory. 

2. The rotation tensors A,, Aji), An+q are obtained according to the particular 
choice of rotational rate. We address this computation below. 

3. A closed-form linearization of the algorithm is complex. Thus, the notion 
of consistent tangent moduli is not yet available for the class of algorithms 
considered in this chapter. 
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BOX 8.1. Rotationally Neutralized 
Objective Algorithm for J-Flow Theory. 


. Radial return method 


. Database: {7%}, @n, Qn}, and p,:B => Rr, 

. Given u: y,(B) — R? compute deformation gradients 
Sntt = 1+ Vy,u 

Sn4a = 1+ Vy, u 

Fina Tatas 


. Compute incremental strain tensor 


ay l~ “1% 
enta = 5 mall — Grtifie) Sat 


. Compute relative rotation tensors 


(according to the choice of “rotational” stress rate) 
SAMS tty SAA 
Mh = n+144y> Tata = n+144n+a 


. Elastic predictor [a := A1 @ 1+ 2yuI] 


trial T : ~ T 
That = Unt Trl p41 +a: Pavetiaehs vl 


= 1 
Vay = Tn+1 Url 41 


trial z trial 
[Th ~~ Gn+1] 


ial, ial iD 
Soul ae Ie | — 3 (oy + Kan) 


IF fi") < 0 THEN 
Set (@)n41 = (@)) & EXIT 
ELSE 
_ (hag) /2e 


~ H+K 
1+ Bie 


ial ial 
Nyt = Mee / ness 


trial 
Trl = Trey — 24AYMns1 


| 


Qn+1 = qe’ + 5 Ay Amys 


Ant) = An + J 2ay 


ENDIF 
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8.3.1.3 Determination of the rotation tensor. 


As pointed out above, the rotation tensors A,,, Ania, Ani are obtained as solu- 
tions of (8.3.1), which is defined once the skew-symmetric tensor is specified. We 
consider two illustrative possibilities: 

i.| @ = | or, equivalently, A: = R is the rotation tensor in the polar decom- 
position of F. This choice leads to the Green—McInnis—Naghdi stress rate defined 
by (7.1.77). Then the simplest computational procedure is to use the algorithm in 
BOX 7.1 and directly perform polar decompositions, as summarized in BOX 8.2. 


BOX 8.2. Determination of A,, Ania, An+1 for the 
Green—MclInnis—Naghdi Rate. 


1. Obtain total deformation gradients 
F, = Dn 
Frst =Sfn4iF a 
Frage = CF y41 + U1 — a)Fp. 


2. Perform three polar decompositions using the algorithm in BOX 7.1 to get 
A, = Rp, Anu = Rati, Anta = Rite. 


ii. | = w|, where w is the spin tensor. This choice leads to the Jaumann rate 
of the Kirchhoff stress. An algorithmic approximation to the spin tensor is given 
in the following. 


Proposition 8.4. Let u: p,(B) — R° be the incremental displacement field and 
UL 2= UO Gp O Prrgy Cy W(Xnrq) = U(Xp). Then 


T 
Wnta = n+o = hie: 


1 
2At 


tq 2 = Vitoll Xn+o)- 


(8.3.13) 
h, 


are consistent with a generalized midpoint rule approximation. 


Proor. Let V,; = dw/dt be the material velocity field, and let vy, = V; 0 y;! be 
the spatial velocity field (see Section 7.1.2.2). By the generalized midpoint rule, 


Pati — Pn = VataAt = Vata O° PntaAt. (8.3.14) 
Using the chain rule and relationships (8.1.23), 
(VitaPnt+a)Fn+oAt = Fry1 — Fn = IntoFn+a- (8.3.15) 
Thus, 
WrteAt = [VasaPnia — (Vasant) 1 = 2Utnia —Meyq)s (8.316) 


2 
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and the result follows. 


With this result in hand, we turn our attention to integrating the evolution 
equation (8.3.1). 


8.3.2 Time-Stepping Algorithms for the Orthogonal Group 


Below we develop the proper extension to the special orthogonal group of the gen- 
eralized midpoint rule time-stepping algorithm. The proposed algorithm remains 
valid for any value of a ¢€ [0, 1]. Before formulating the algorithm, we review 
some basic properties of the special orthogonal group. For a more detailed account, 
see, e.g., Abraham and Marsden [1978, Section 4.1]. 


8.3.2.1 Basic facts about the orthogonal group. 


Recall that the special orthogonal group, denoted by SO(3), is the (compact Lie) 
subgroup of the general linear group, defined by 


SO(3) := {A:R? > R*| A7A =1 det[A] = 1}. (8.3.17) 


On the other hand, the set of skew-symmetric matrices is the linear vector space 
defined by 


6G)= |e RoR |6+a" = o| (8.3.18) 


We recall that so(3) is a Lie algebra with the ordinary matrix commutator as its 
bracket. Associated with any skew-symmetric matrix @ € so(3), there is a unique 
vector w € R* defined by the relationship 


Oh=wxh, forall he R’. (8.3.19a) 


In components, the expressions are 


@ 0  -a3 @ 
W= 1a fp; o= W3 0 -a, |. (8.3.19b) 
3 —W2 | 0 


The exponential map, denoted by exp:so(3) — SO(3), transforms skew- 
symmetric matrices into orthogonal matrices according to the expression 


oO 
on | sare 
exp[@] = » — (al. (8.3.21) 
For the orthogonal group, one has the following closed-form expression which goes 
back at least to the middle of the nineteenth century and is attributed to Rodrigues 
(see, e.g., Whittaker[1944, Chapter I] and Goldstein[1981]) 


exp[@] = 14+ ence) o+ 5 


(8.3.22a) 
I|w|| 


sin (||| /2) ] > 
[||| /2 
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Several parametrizations of this expression are possible. In particular, the following 
reformulation of (8.3.22a) in terms of the so-called Euler parameters will prove 
useful in our subsequent developments 


[a] 14 2 E 4 a] 
exp[w] = ——-~ ]w+w}], 
° V+ [leoll? (8.3.22b) 
“s w 

w: = tan [wll /2] — 


lool 


As shown below, the exponential mapping is the crucial tool in formulating time- 
stepping algorithms. 


8.3.2.2 The generalized midpoint rule in SO(3). 


For the evolution problem (8.3.1), the following algorithm furnishes the appropriate 
extension of the generalized midpoint rule 


Anyi = exp[At@nsalAn;  @ € [0, 1], (8.3.23) 


where exp[A?@,,4.] is defined by (8.3.22a). Note that 


a =0 = explicit (forward) Euler, 


a = 4 => midpoint rule, (8.3.23b) 


a = | => implicit (backward) Euler. 


Remarks 8.3.3. 

1. One can easily show that this algorithm is consistent with problem (8.3.1) for 
all a € [0, 1], and second-order accurate for a = Ce see Simo and Quoc 
[1986]. 

2. Expression (8.3.22b) possesses a singularity at ||w|| = 2. However, there are 


several alternative, singularity-free parametrizations. The optimal parametriza- 
tion is obtained in terms of quaternion parameters, summarized in BOX 
8.3. 
. The algorithm (8.3.23) places no restriction on the magnitude of ||Wy+4oAt||. 
4. As shown below, the algorithm proposed in Hughes and Winget [1980] is 
obtained from (8.3.23) by introducing the approximation 


WwW 


tan [[wnpaAt/2||] = 5 Atlwnsall (8.3.24) 


and setting a = 1/2. However, this approximation restricts the algorithm to 
]Wn41/2At|| < 180° (the so-called “black-hole” condition; Hughes [1984]). 
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BOX 8.3. Optimal Evaluation of the Exponential Map. 
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1. Given @ € so(3), compute quaternion parameters 


cos(||w|| /2) 


II 


90 


q* = sin(||w||/2) 
IF: |g*| > TOL, THEN: 


~ 1 Sin(|w]|/2) 
~ 2 (lfws|l/2) 
ELSE: 
gq* = 5 [1 — llwll?/24 + llwll*/1920 +... ] 
ENDIF. 
q=qw 


2. Compute the exponential by the formula 


expl@] = 2(q5 — 5)1 + 2q0q + 2497 


G+ UMN q31) 4193 + 240 
=2! mat+aqsqo 9 +95 - 5 ggs — 9190 
Bd1- 90 9d2+9190 +493 - 5 


8.3.2.3, Application to elastoplasticity formulated in terms of the Jaumann 
derivative. 


The application of algorithm (8.3.23) to determining the rotation tensors A, +. and 
An+1, when the objective stress rate is the Jaumann derivative, is summarized in 
BOX 8.4 for the usual value aw = 1/2. 

The computation of A,+1/2 is remarkably simple within the framework of the 
algorithm (8.3.23) and is justified as follows. Let @ € SO(3) be such that 


An+i/2 = QA, 
Anti _ QAjn+1/2 


| => Ay = QA. (8.3.25) 


On the other hand, setting O= At@n+41/2 and noting that @/2 commutes with 
itself, from (8.3.23), we obtain 


An+1 


II 


II 


exp (6) A, 
exp (6/2 + 0/2) Ay 
exp (6/2) exp (6/2) A, 


[ exp (O/2)]°An - (8.3.26) 
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BOX 8.4. Determination of A,+; and Aj+1/2 
for the Jaumann Derivative. 


i. Compute the spin tensor 


fing /2Qn41/2) = Vn-41/2Xn41/2) 


O = AtOnyijo = 3 (nti — hi s1/2) 
ii. Compute A,+1/2 and A,+; using BOX 8.3 
Ansi/2 = exp [0/2] A, 
Anyi = exp [6] A, 


By comparing (8.3.25) and (8.3.26), we conclude that 


O = exp (0/2), (8.3.27) 


which leads to the procedure in BOX 8.4. Note that the present approach based on 
algorithm (8.3.23) bypasses the need for computing the square root of an orthogonal 
tensor, a necessary step in some approaches (see Hughes [1984]). 


8.3.2.4 Relationship to the midpoint rule formula. 


It is of interest to examine the relationship between the generalized midpoint 
algorithm in SO(3), as given by (8.3.23), and a widely used algorithm based on 
the midpoint rule formula proposed in Hughes and Winget [1980]. 

The derivation of the formula in Hughes and Winget proceeds as follows: Using 
the standard version of the generalized midpoint rule in (8.3.1) gives 


Any) — An = At@n4aAnta 


= At@n+alaAnsi + (1 — a) An]. (8.3.28) 


Solving for A,+1 yields 


Angi = [1 — oAt@nya] [1 + At — @)Gn4e] An, (8.3.29) 


which is the expression found in Hughes and Winget [1980]. Further simplification 
of (8.3.29) is obtained as follows. Let O € so(3) be a skew-symmetric matrix. 
Recall that, by the Neumann series expansion, 


(1-6) ' = 3 (6)". (8.3.30) 


n=0 
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Now observe that since © is skew-symmetric, 


oO = -|9|"0, 
of = -e@ °C? , (8.3.31) 
O° = +||0|'6, 


and so on. Consequently, (8.3.30) reduces to 


(1- 6) =14 (1- ol? + Jel" — lOlIS + ---)(6 + &) 


=1+ ——_ (0+ 6’). 8.3.32 
1+ |||? ( ) ! 
Setting 2) := At@n+, and substituting (8.3.32) in (8.3.29) yields the final result 
Anes = 1+ — | (a) + (a6)"] A 
" 1+ ||aO|!? 7 (8.3.33) 
O:= AtOnse- 
Then a straightforward calculation leads to the relationship 
1 A 
Ar A, Al Angi = 1+ ——~ 0°(2a — 1). 8.3.34 
n+l n4'nt+l 7 fis |~O||2 ( a ) ( ) 
Therefore, in view of (8.3.34), we conclude that 
MAA AL = 1 Se = 172, (8.3.35) 


aresult obtained by Hughes and Winget [1980]. Observe further that, fora = 1/2, 
expression (8.3.33) agrees with (8.3.23) under the approximation 


tan [|Ol|/2] = |Ol/2 3 O=@/2. (8.3.36) 


As noted in Hughes and Winget [1980] and Hughes [1984], (8.3.29) (or equiva- 
lently, (8.3.33)) becomes singular for ||O|| = 180°. However, algorithm (8.3.23) 
yields a meaningful approximation for any value of ||O]]. 

For generalization to dynamics see Simo and Wong [1991]. 
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Phenomenological Plasticity 
Models Based on the Notion 
of an Intermediate Stress-Free 
Configuration 


In this chapter we outline a formulation of nonlinear plasticity which, in con- 
trast with the phenomenological models examined in Chapter 7, is motivated by 
a well-understood micromechanical picture of single-crystal metal plasticity. A 
comprehensive exposition of the current status of the micromechanical descrip- 
tion of single-crystal metal plasticity is in the review article of Asaro [1983]. The 
basic ideas go back to the fundamental work of Taylor [1938] subsequently ex- 
panded upon in Hill [1966]; Hill and Rice [1972]; Asaro and Rice [1977]; and 
Asaro [1979]. 

An essential feature of this micromechanical description is the introduction 
of an intermediate local configuration, relative to which the elastic response of 
the material is characterized. From a phenomenological standpoint this notion 
leads to a local multiplicative decomposition of the deformation gradient of the 
form 


F(X, t) = F°(X, t)F?(X, t) (9.1.1) 


for each material point X e€ 8B, the reference configuration of the body. 
Multiplicative decompositions of this type have been considered by Lee and 
Liu [1967]; Lee [1969]; Kroner and Teodosiu [1972]; Mandel [1964,1974]; 
Kratochvil [1973]; Sidoroff [1974]; Nemat—Nasser[1982]; Agah—Tehrani et al. 
[1986]; Lubliner [1984,1986]; Simo and Ortiz [1985]; Simo [1988a]; and 
others. 

The objective of this chapter is two-fold: 

1. To outline the continuum basis of elastoplastic constitutive models at finite 
strains based on the notion of an intermediate (local) configuration, as embodied 
in the multiplicative decomposition (9.1.1). In particular, to motivate the general 
theory in a concrete setting, we consider in detail the formulation of a Jy flow 
theory based on the multiplicative decomposition. 

2. To demonstrate that the notion of an intermediate configuration leads to a 
remarkably simple class of integration algorithms which include, as a particular 
case, a straightforward extension of the radial return algorithm of infinitesimal J, 
flow theory. With the exceptions of Argyris and Doltsinis [1979, 1980]; Argyris et 
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al. [1979]; Simo and Ortiz [1985]; and Simo [1988a,b]; this approach had not been 
explored in the computational literature previously. 

To this date plasticity at finite strains still remains a somewhat controversial 
subject. Because this monograph is largely concerned with numerical analysis, 
we have chosen to focus our attention on the computational implications of the 
multiplicative decomposition (9.1.1) in the simplest possible context afforded by 
Jz flow theory. From this computational perspective, the following features are 
noteworthy. 

i. The stress-strain relationships derive from a stored-energy function, formu- 
lated relative to the intermediate configuration, which decouples exactly into 
volumetric and deviatoric parts. 

ii. The integration algorithm reduces to the classical, radial return algorithm 
discussed in detail in Chapter 3, in which the elastic predictor is computed exactly 
by a function evaluation of the stress-strain relationship. 

iii. In the absence of plastic flow, i.e., for elastic response, the algorithm is exact 
and reduces to the classical update procedure of finite elasticity. 

iv. As in the infinitesimal theory, the entire algorithmic procedure can be lin- 
earized leading to a closed-form expression for the algorithmic (consistent) tangent 
elastoplastic moduli. 

An outline of this chapter is as follows. First we summarize some kinematic 
relationships associated with multiplicative decomposition (9.1.1) and the notion 
of an intermediate configuration. Next, as an important illustration of the general 
theory, we consider the formulation of Jz flow theory within the framework of the 
multiplicative decomposition. Subsequently, we provide a detailed description of 
the algorithmic aspects involved in numerical implementation. Finally, we assess 
the performance of J flow theory in a selected number of examples that include 
comparisons with exact solutions and experimental results and also comparisons 
with numerical simulations reported in the literature. 


9.1 Kinematic Preliminaries. The (Local) Intermediate 
Configuration 


In this section we introduce the notion of intermediate configuration and summarize 
some basic kinematic relationships needed for our subsequent developments. 


9.1.1 Micromechanical Motivation. Single-Crystal 
Plasticity 


From a micromechanical standpoint, plastic flow in crystalline plasticity can be 
viewed as a flow of material through the crystal lattice via dislocation motion. 
This point of view goes back to the work of G.I. Taylor and his associates, e.g., 
Taylor and Elam [1923, 1925]; and Taylor [1938]; and provides the starting point 
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for current micromechanical descriptions of plastic flow in metal plasticity, as in 
Asaro and Rice [1977] and Asaro [1979]. 

For a crystal with a single slip system denoted by {s, m} with m-s = O and 
\|s|| = ||7|| = 1, the point of view above leads to a micromechanical description 
illustrated in Figure 9.1. The unit vectors {s, m} are attached to the lattice, and 
plastic flow is characterized by the tensor F’? defined as 


F?=1+ ys @m, (9.1.2) 


where y is the plastic shearing on the crystallographic slip system defined by 
{s, m}. Then the total deformation of the crystal is decomposed as 


F = F°F?, (9.1.3) 


where F° is the deformation caused by stretching and rotation of the crystal lattice 
and F is the total deformation gradient. The plastic slip rate y is defined accord- 
ing to the Schmidt-resolved shear law. The preceding kinematic description can 
be extended to the case of several slip systems. We refer to the review article of 
Asaro [1983] for further details including an up-to-date discussion of several mi- 
cromechanical models. Here we simply note that proper account of the physical 
mechanisms underlying plastic flow in crystal plasticity leads rather naturally to a 
multiplicative decomposition of the deformation gradient of the form (9.1.3). 


9.1.2 Kinematic Relationships Associated with the 
Intermediate Configuration 
Motivated by the micromechanical picture of plastic deformation outlined above, 


for a continuum body with reference placement B C R’, one postulates a local 
multiplicative decomposition of the form (9.1.1): 


F(X, t) = F°(X, F(X, 1). (9.1.4) 


FIGURE9.1. Micromechanical aspects of the deformation ina single slip crystal. F” “moves” 
the material through the lattice via dislocation motion. F* rotates and distorts the crystal 
lattice. 
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From a phenomenological standpoint, one interprets F° —! as the local deformation 
that releases the stresses from each neighborhood O, Cc ¢y() in the current place- 
ment of the body. Accordingly, it is implicitly assumed that the local intermediate 
configuration defined by F¢~! is stress-free. Note that, globally, the intermedi- 
ate configuration is incompatible in the same sense as the rotated configuration 
introduced in Section 7.1.3.2. See Figure 9.2 for an illustration. 


9.1.2.1 Lagrangian and Eulerian strain tensors. 


Following the standard conventions in continuum mechanics discussed in Chapter 
7 relative to the reference placement of the body, the right Cauchy-Green tensors 
are defined as 


C :=F'F, 


and (9.1.5) 


C? = F?'F?. 


Then the corresponding Lagrangian strain tensors become 

(C-1), 

and (9.1.6) 
(c” -1), 


Nie 


EP = 


NI- 


where 1 denotes the symmetric unit tensor with components 5,4, in a Cartesian 
reference system. The fact that C, C? and E, E? are objects associated with the 
reference configuration is indicated schematically in Figure 9.3. 

Similarly, associated with the current configuration are the Eulerian tensors 


b = FF', 


g 


ge 


Fy 
—_—_—_- 


Oz 


FiGurE 9.2. The multiplicative decomposition of the deformation gradient. 
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; 2 (ey (8) ; “ 
E, E? ‘ ° e, && 
Ox <. ee OO, 


é Sn] 
e 
O¢ 
Ficure 9.3. Examples of Lagrangian and Eulerian strain tensors. 


and (9.1.7) 


be = F°F°', 


called the total and elastic left Cauchy—Green tensors, respectively. The inverse 
form of the left Cauchy—Green tensor is called the Finger deformation tensor. In 
the present context, then* 


c:=b!'=F'F", 
and (9.1.8) 
Cc be = Fe-'Fe~'!. 


Finally, the Eulerian strain tensors take the form 


e= 3 (1-6), 
and (9.1.9) 
f= i (l-e), 


where 1 is the symmetric unit tensor in the current configuration with components 
dab. Since Cartesian coordinates are used throughout our discussion, we use the 
same symbol for the unit tensor in both the reference and the current configurations. 

The following relationship is crucial in our analysis. From (9.1.7). and (9.1.4), 


—l1 
bo := FF?~'F?-T FT = F [F’ "P| FT’, (9.1.10) 


which, in view of (9.1.5)2, yields 


b° = FC? 'F’. (9.1.11) 


Analogous expressions connecting other spatial and Lagrangian strain tensors 
defined above also hold; see, e.g., Simo and Ortiz [1985], Simo [1988a,b]. 


*Strictly speaking, one should write b=(FF’ )oy! since b is a spatial object which depends on x=¢(X), 
and not x € 8. Following a standard abuse in notation, we often omit the composition with y-!. 
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9.1.2.2 Rates of deformation. 


We recall only two relationships needed for our subsequent developments. First, 
note that the total rate of deformation tensor defined by (7.1.37) is alternatively 
expressed according to (7.1.39) as 


d =F? [3¢] Fo = FEF. (9.1.12) 
Now observe from (9.1.7) and (9.1.9) that 
E = iF? [1 2 FT F| F =F'eF. (9.1.13) 


Combining (9.1.12) and (9.1.13), we write symbolically 


d =F" | x [rver]} F". (9.1.14) 


By analogy with (7.1.72), d may be viewed a Lie-derivative; see Marsden and 
Hughes [1983, Chapter 1] or Simo, Marsden, and Krishnaprasad [1988] for a 
careful definition of this concept. Definition (9.1.14), however, suffices for our 
purposes. 

By analogy with (9.1.14), in view of (9.1.11), we set 


L,b¢ = F {> [Fer] F’ = FC?-'F’, (9.1.15) 


It can be shown that this formal definition rigorously agrees with the actual 
definition of the Lie derivative for the tensor b°. 

To formulate the J2-plasticity model discussed in detail in the following section, 
we need to introduce one further kinematic notion. 


9.1.3 Deviatoric-Volumetric Multiplicative Split 


Within the context of the infinitesimal theory, the strain tensor € is decomposed 
into volumetric and deviatoric parts according to the following standard additive 
split. Let 


dev[eé] := € — i trle]1 => tr {devle]} =0 (9.1.16) 
be the strain deviator. Then 
e= devfe] + 4 trfell. (9.1.17) 
—-—" 


; ‘ = a 
Deviatoric Volumetric 
part part 


This additive decomposition, although formally valid, loses its physical content in 
the nonlinear theory. The correct split takes the following multiplicative form. 
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9.1.3.1 Multiplicative decomposition. 


LetF denote the volume-preserving part of the deformation gradient. Accordingly, 
det[F'] = 1. Further, recall that J := det [F'] gives the local volume change. Then 
set 


F := J'°2F = det[F] = 1 


and (9.1.18) 


F=J'PF. 


This decomposition was originally introduced by Flory [1961] and has been used by 
several authors in different contexts: Sidoroff [1974]; Hughes, Taylor and Sackman 
[1975]; Ogden [1982, 1984]; Simo, Taylor, and Pister [1985]; and Atluri and 
Reissner [1988]. From (9.1.18), 


C:= FTF SI7°C = det[(C] = 1. (9.1.19) 


Other volume-preserving tensors are defined similarly. To gain further insight into 
the nature of the decomposition (9.1.18), it is useful to examine the rate form of 
(9.1.19),. For this purpose, recall the standard formula 


J = J divwy = J tr[d]. (9.1.20) 
In view of (9.1.5), (9.1.12), and (9.1.20), time differentiation of (9.1.19) yields 
C = 736 — 2 78C divy 
= 25-78 [Far — LFF wld] 
= 2572/3 RT [a at wla}1| F, (9.1.21) 


which is rephrased as 


C = 2F' devid]F. (9.1.22) 


This expression shows that C is indeed a material deviatoric tensor in the correct 
sense, since C : C~! = 0. 


9.2 J> Flow Theory at Finite Strains. A Model Problem 


In this section we consider the formulation of the simplest plasticity model: Jz flow 
theory with isotropic hardening. Our objective is to motivate the main features of 
the general theory and examine its computational implications in the simplest 
possible context. 
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9.2.1 Formulation of the Governing Equations 


We assume throughout that the stress response is isotropic. Accordingly, the free 
energy is independent of the orientation of the reference configuration. This as- 
sumption is introduced at the outset to avoid any controversy concerning the 
appropriate invariance restrictions on the intermediate configuration. This issue 
is addressed in the formulation of the general theory; see Simo [1988a,b]. 

In addition, in accordance with a standard assumption in metal plasticity, we 
assume that plastic flow is isochoric: 


det FP? = dettC? =1 > J = detF = det F’. (9.2.1) 


With these two a priori assumptions, we proceed to outline the governing equations 
of the model. 


9.2.1.1 Stress response. Hyperelastic relationships. 


Consistent with the assumption of isotropy and the notion of an intermediate stress- 
free configuration, we characterize the stress response by a stored-energy function 
of the form 


W = U(J*) + Wb’), 


Bo = COB RR T = ye—2/3pe, (9.2.2) 


where U : Ry — R, U {0} is a convex function of J®: = det[F°]. We call U(J*) 
and W (6°) the volumetric and deviatoric parts of W, respectively. To make matters 
as concrete as possible, we consider the following explicit forms 


U(J*) : be [ $e? — Di inJ‘], 
(9.2.3) 


W) := by ( wid" = 3) 


where « > Oandx« > Oare interpreted as the shear modulus and the bulk modulus, 
respectively. Note that, in view of (9.2.1), our definition of b° yields det [>] =1 


hence, the denomination of the deviatoric part assigned to W. Also note that 
tr[b°] = tr[C°], where C? = J°-27 FTF. (9.2.4) 


Now let W = U(J*°) + wc’), and observe that for model (9.2.3) Wb’) = 
W(C*). Then the Kirchhoff stress tensor is obtained by the general expression 


aw 
= 2F° _ FF = seus’ )1 +s, 
T FYa (J)1+s 
(9.2.5) 


s=2 dev] FT| 
aCe 


the derivation of which is in Simo, Taylor, and Pister [1985]. Note that the uncou- 
pled, stored-energy function (9.2.2) results in uncoupled volumetric-deviatoric 
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stress-strain relationships. From (9.2.4) and (9.2.3), we find that 


T=J*pl+ts, 
K ; 5 
p:=UI)= 5 (J = TF", (9.2.6) 


s : = dev[7] = pdev[b’]. 


Observe that U(J) — +00 and p > +00, as J > Oand J —> ov. Further, one 
can easily show that (9.2.6) reduces (for small strains) to the classical isotropic 
model of the linearized theory. 


Remarks 9.2.1. 

1. The assumption that the stored-energy function W depends on b° = F°F¢? 
is consistent with models of the type considered by Lee [1969] and Dafalias 
[1984]. Alternatively, W is expressed as follows. In view of (9.1.11), 


tr [b°] = 1: [J°~7/9b°] 
=1: [7-77 7??P RC? -'F| 
=1:(FC?'F | =F'F:C", (9.2.7) 


where C? = J?~2/3C? and C? is defined by (9.1.5)2. From (9.2.7) and (9.1.19), 
we conclude that 


tr[b°] = C: CP! := o[Cc’ |). (9.2.8) 


Therefore, (9.2.8) and (9.2.3) imply that W has the form 


Wags) + tu[e:e°'-3] = W(C,c"),| 029) 


which formally has the same functional form as models considered by Green 
and Naghdi [1965, 1966]. For arelated model, see Simo and Ju [1989]. However, 
notice that W does not generally depend on the difference C — C?, even in the 
simplest situation afforded by (9.2.3), in contrast with the original proposal of 
Green and Naghdi [1965]. 

2. Further insight into the nature of the stored-energy function (9.2.2)-(9.2.3) is 
gained by examining its time derivative. First, by the well-known formula for 
the derivative of a determinant, 


Po Sale es IOS IO oer (9.2.10) 
Second, in view of (9.2.4), from (9.2.3) and (9.2.10), 


w= [seurner"] : O° + Suse? [ee bores ser)] 21 


= [aeper 4 se (1 = wicric*")| Lee, (9.2.11) 
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Since Cé = F°’ F°, a straightforward manipulation of (9.2.11) gives, in view 
of (9.2.6), the expression 


W =F [ sept + we? (6 — 4 ero) |e? : 3 


II 


[yp tu devib*I] 2 Re? 1 Cepen 
=r:} ca (9.2.12) 


Now recall that the total rate of deformation tensor is defined in terms of C 
by formula (9.1.12), which makes intrinsic geometric sense, and is identical 
in structure to the expression within brackets in (9.2.12). Consequently, by 
analogy withd = 5F-TCF", one sets 


d= 4 F° TCR "| > |War7:d’. (9.2.13) 


Equation (9.2.13) is the natural counterpart of the expression W = o : & in 
the infinitesimal theory. 

3. Identical computations are carried out relative to the reference configuration by 
taking expression (9.2.9) as the point of departure in place of (9.2.3)-(9.2.4). 
Then an expression is obtained in terms of {Cc ,CP } linear in the strain rates 
{C, C?}. These observations are consistent with the fact that a form of the 
constitutive equations in a properly invariant theory should be independent of 
the description adopted (Lagrangian or Eulerian). 


9.2.1.2 Yield condition. 


We consider the classical Mises—Huber yield condition formulated in terms of the 
Kirchhoff stress tensor as 


f(r, a) := |\dev[7]|| — ve [ov + Ka] <0, (9.2.14) 


where, as in Chapter 2, oy denotes the flow stress, K > 0 the isotropic hardening 
modulus, and @ the hardening parameter. Nonlinear hardening laws in which K (@) 
is anonlinear function of the hardening parameter are easily accommodated in the 
formulation, as shown below. 


9.2.1.3. The associative-flow rule. 


The crucial step in formulating the model lies in developing the corresponding 
associative flow rule. Remarkably, as in the infinitesimal theory, given the stored- 
energy function and the yield condition, the functional form of the corresponding 
associative flow rule is uniquely determined by the principle of maximum plastic 
dissipation. 

In the present context, for the Mises-Huber yield condition (9.2.14) and the 
stored-energy function (9.2.2)-(9.2.3), one can show (Simo [1988a,b]) that the 
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associative flow rule takes the form 


Ope Pere 
aa Y= —fytr[b°] F'nF-’, 
n:= s/Is|l ee 
s:=  dev[T]. 


Remarks 9.2.2. 

1. From (9.2.8) we observe that tr[b°] = C : C’—! therefore can be expressed as 
a function of {Cc ,C?P }s Further, note that N := F~'!nF~-" is also a function of 
{Cc , CP } as is easily concluded from (9.2.6). Hence, (9.2.15) should be regarded 
as a flow rule in strain space giving the evolution of C? “| in terms of {C, Cc? 1. 

2. The flow rule (9.2.15) can also be expressed entirely in the spatial description 
leading to a somewhat surprising result. In fact, from (9.1.15) and (9.2.15), we 
obtain 


L,b? = — 3 y tr[b°]n, 


(9.2.16) 
n= s/|s|l. 


It should be noted that (9.2.16) defines only the deviatoric part of L,,b°; see 
Simo [1988a,b] for a detailed elaboration of this point. 


9.2.1.4 Isotropic hardening law and loading/unloading conditions. 


As in the linear theory, we assume that the evolution of the hardening variable is 


governed by the rate equation 
gece 3 (9.2.17) 


where y is the consistency parameter subject to the standard Kuhn—Tucker 
loading/unloading conditions 


y>0, f(t,a) <0, yf (t,a) =0, (9.2.18a) 


which along with the consistency condition 


vf(r,@) =0 (9.2.18) 


complete the formulation of the model. 


9.2.1.5 Kinematic hardening model. 


In addition to the isotropic hardening law considered above, other types of hard- 
ening response are accommodated in the model by introducing additional internal 
variables with evolution governed by properly invariant rate equations. In particu- 
lar, a possible extension to finite strains of the Prager—Ziegler kinematic hardening 
law is constructed as follows. 
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Let q be the back stress interpreted as a spatial second-order (stress-like) con- 
travariant tensor field. Accordingly, we assume that q transforms objectively under 
rigid motions superposed on the current configuration, that is 


G7 := 090", forall 9 € SOG). (9.2.19) 


Then consider the following evolution equations for the flow rule and the kinematic 
hardening law 


L,b° = -y 5 tr[b°]n, 
Lyg= y%H t[b°In, (9.2.20) 
n: = (s— 4) /lls— ll. 


where H is the kinematic hardening modulus. As in the linear theory, the Mises 
yield condition (9.2.14) is modified to accommodate kinematic hardening as fol- 


lows. Set g := -/2 Ka, where q@ is the isotropic hardening variable with 
evolution equation (9.2.17). Then, in terms of the hardening variables q = {q, q}, 
the Mises condition (9.2.14) becomes 


f(r, q) = Ildevir — gill + 4 — \/2or <0, 


(9.2.21) 


Equations (9.2.20,21) along with the hyperelastic stress-strain relations (9.2.6) and 
the Kuhn—Tucker complementary conditions (9.2.18) complete the formulation of 
the model. 


9.3 Integration Algorithm for J Flow Theory 


In this section we examine in detail the numerical integration of the model problem 
outlined in Section 2. It is shown that the resulting integrative algorithm furnishes 
a canonical extension to finite strains of the classical radial return method of 
infinitesimal plasticity. Conceptually, the only difference lies in the fact that the 
elastic predictor (trial elastic state) is evaluated by hyperelastic, finite-strain, stress- 
strain relationships. 


9.3.1 Integration of the Flow Rule and Hardening Law 


Proper invariance of the integrated constitutive model under superposed rigid body 
motions on the current configuration is a fundamental restriction placed by the 
principle of material frame indifference which must be exactly preserved by the 
integration algorithm. To enforce this restriction, we proceed as in Chapter 7. 
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9.3.1.1 Outline of the general procedure. 


A general procedure that automatically ensures satisfaction of the principle of 
material frame indifference is as follows: 

i. Given a properly invariant evolution equation formulated in the spatial descrip- 
tion, we transform the equation to the convected description by using appropriate 
tensorial transformations involving the deformation gradient (in a more geometric 
context, one refers to this tensorial transformation as a pull-back; see e.g. Marsden 
and Hughes [1994, Chapter 1] or Arnold [1978]). 

ii. In the convected description, i.e., a description in which {Cc GP. S} are the 
basic variables, we perform the time-stepping algorithm according to any se- 
lected integration scheme, typically the generalized midpoint rule. This results 
in a discrete form of the evolution equation. 

iii. We transform the discrete evolution equation back to the spatial description 
by appropriate tensorial transformations (in a geometric context, we refer to this 
transformation as a push-forward). 

In (9.2.16)-(9.2.17), we illustrate in detail the application of this general 
technique with reference to the flow rule and hardening law. 


9.3.1.2 Discrete flow rule and hardening law. 


The given equations of evolution in the spatial description are (9.2.16)—(9.2.17). 
The transformed evolution equations in the convected description are given by 
(9.2.15) and (9.2.17) (note that @ is a scalar), that is, 


i 

—{CP"} = —Fy[C? |: ClF nF, 

ot (9.3.1) 
a= fy. 

Again we remark that F~'nF~ is easily shown to be a function of {Cc € a By 

applying a backward Euler difference scheme, we obtain the discrete evolution 


equations as 


1 D = = 
Cre — CP = Ay[Cra : Cost Fett Fee> 
(9.3.2) 
ntl — An = i 


Now we complete step iii above by transforming (9.3.2) to the current con- 
figuration. To this end, a calculation similar to that leading to (9.2.7) now 
yields 


tr (bo, J = 1: b6,, = 1: Fries 


Lees i 
SF hit = Care on (9.3.3) 
Similarly, since cP a = ue Ce _p use of (9.1.4) results in the relationship 


F410? ee = Je 


n+1 be Fie F +1 
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2/3 P2/3 5 Dp lp 
Jn+l Snel aces +1 


a ( Jn+1/ Jn)? Bea 
ee = 
= Ji, bh, =! Bia. (9.3.4) 
Now let f,41 and fra denote the relative deformation gradient and its volume- 
preserving part, respectively, with respect to configurations y, (B) and »,+)(B). 
See Figure 9.4. By definition, 


oo —1 
Sint <— Fivwik, 


and (9.3.5) 


fost = FruiF,| = (Care ma te 


Therefore, proceeding as in the derivation leading to (9.3.4), 


n+1 
a aay La (9.3.6) 


Premultiplying (9.3.2) by F,,; and postmultiplying by FT 4, along with re- 
lationships (9.3.3), (9.3.4), and (9.3.6), yield the spatial, (discrete: evolution 
equations: 


FiO? FT, Siti [Peco FT | 72 


5 = 
Divs = fry ib? f wees 3 Ay tr[Dy  Wtn4t 
Anyl i= saer/ibesil 
9.3.7 
Sn4l i= dev[T+1], ( ) 


Ant) = An + 2 Ay. 


n= Sa Bh. Notice that so far we have 


where we have used the fact that F7! 


(Cee pl 


e 
n+l 


T 
Sn + on tn +1 


Ficure 9.4. Total and relative deformation gradients connecting neighborhoods Oy, O,,,, 
and O. in B, ¢, (B), and y+: (B), respectively. 


Xn+1 
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a ae, 


¢,(B) 


{Dns On} 


{D415 On+1} 
etrial 


{by +1> an} 


n+ (B) 


Pn+1 


FiGuRE 9.5. Update of the current configuration for a given incremental displacement u,, : 
n(B) > R?. 


not used the condition J? = 1, which follows from the assumption of isochoric 
plastic flow. 


9.3.2 The Return-Mapping Algorithm 


With the preceding developments in hand, we proceed to construct the return- 
mapping algorithm within the usual computational context which regards the 
problem essentially as strain-driven. 


9.3.2.1 Database and configurational update. 


Let [t,, tn41] be the time interval of interest. We assume that the following data is 
known at time ¢,: 


(Pn, B&, Om}, Fr = Dy, (X). (9.3.8) 


Therefore, the Kirchhoff stress tensor 7, is also known through the hyperelastic 
relationships 


Th = ndy1 = dev[B‘ ], 
o (9.3.9) 
Pra = U (Jn), 
where we have enforced the isochoric constraint J? = 1 <=> J* = J. Now let 
Un : Gn(B) > RB? (9.3.10) 


be a given incremental displacement field of the configuration y, (B). Therefore 
the update of the configuration y, (B) is immediately obtained simply by setting 


Xn41 = Pnpi(X) = Pn(X) + Un [Pn(X)], (9.3.1 1a) 


or in a more compact notation, as 


nit = Pua tun © Pn- (9.3.11b) 


The situation is illustrated in Figure 9.5. 
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9.3.2.2 The trial elastic state. 


Now we consider a state which is obtained by “freezing” the evolution of 
plastic flow on [tn, tr41]. Consequently, the intermediate configuration remains 
unchanged, i.e., 


Cc? —1 trial ‘= CP? -1 ; 
Cnt | aa : (9.3.12) 
Oe = ee 
Premultiplying and postmultiplying (9.3.12) by F,41 and F y 41> Tespectively, where 


Fy4i = (Den+1) iS , yields, in view of (9.1.11) and definition (9.3.5), the 
relationship 
bret = Fae Cea Ft 
= (fosthn) C2" FrssPa) 
= Jat [Fey | 
= fib? fos (9.3.13) 


Thus, with relationships (9.3.12) and (9.3.13) in hand, we define the trial elastic 
state by the equations 


trial trial 


Trt i= Pntidnsil + sii, 

tere Reo dev[b¢ "*"], 

Poti ?= U"(Ing1)s (9.3.14) 
bere 8 Aen be eee 

on eee 


A schematic illustration of the trial elastic state is given in Figure 9.6. Note that 
the intermediate configuration remains unchanged in this trial-state phase of the 
algorithm. 


Remarks 9.3.1. 

1. The relative deformation gradient f;,,; is computed directly from the update 
formula (9.3.11) and definition (9.3.5) in terms of the incremental displacement 
field as follows. Since 


Fry. c= Dena = Den + [ Vx, Un] Den 
= [1 + Vx,Hn | F,,, (9.3.15) 


Sosa = FasiF,' =1+ Ve,ln, (9.3.16) 


= aA 
from which we obtain the volume-preserving part as fj...) = (det [fn 1 ]) fra. 
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F 
x I Xn e 
; e by, 
a Fy, 
Oy Se eer Onn 
ra n+1 © Ff Sn +1 
Xn+1 =e trial 
bi, +1 
On; +1 
FicurE 9.6. The trial elastic state kinematic relationships. Note that f,,; := 1+ V,,Un is 


given. 


e trial. 


2. Expression (9.3.13) is consistent with the following definition of be a1 


Re trial yre trial (re trial\T 
boy Fee Eo) 


n+1 n+l n+l 
where (9.3.17) 
petial. pf  pp-l 
Foy t= Fake 
with F Aca So a oF n+1- A Straightforward calculation verifies this result. 


9.3.2.3. Discrete governing equations. Loading condition. 


The discrete governing equations are conveniently written as follows in terms of 
the trial elastic state defined above. First, by using (9.3.13) and the fact that plastic 
flow is isochoric, i.e., Jn41 = J7,,, the discrete evolution equations (9.3.7) are 
expressed in the equivalent form 


Bea = pane p= Ay tb’. Wns, 
(9.3.19) 
n+] = Ay + J 2 Ay. 


On the other hand, the hyperelastic constitutive model (9.2.6) evaluated at time 
tno1 yields 


Tho = Potidngil + Sn4i, 
Pn+i 1 U'(Jn+1), 


Sn4li =U dev[B‘ 1], (9.3.20) 
n 2 Sn+l 
n+1 += . 
IISn+all 


Finally, the discrete version of the model is completed by appending the discrete 
version of the Kuhn—Tucker complementarity conditions (9.2.18) given by 


Ay 29, f(Tn41,%n41) £0, Av fTn41, On41) = 0. (9.3.21) 
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As in the linear theory, the systematic exploitation of these unilateral constraint 
conditions produces the appropriate return-mapping algorithm. Two alternative 
situations may arise. 


i. First consider the case for which iy < 0, where 


nee g cant a) = ||| — re [oy + Kay]. (9.3.22) 


Then, the trial elastic state with Ay = 0 satisfies conditions (9.3.21). The 
remaining equations (9.3.19) and (9.3.20) also hold by construction. Thus, the 
trial elastic step is the solution at time f,+1. 

ii. Alternatively, consider the situation for which ve > 0. It follows that cea 
is nonadmissible and, therefore, cannot be the solution at t,,,. Accordingly, 
Toi # gt and relationships (9.3.20) imply that be wa #F be sia . Conse- 
quently from (9.3.19), we conclude that bf, 7 pial only if Ay > 0. The 
preceding discussion shows that whether the point x, € y,(6) experiences 
loading or unloading during the step [t,, t,+1] can be concluded solely on the 


basis of the trial elastic state according to the conditions 


en 0 elasticstep => Ay =0, 
Invi (9.3.23) 
> 0 plasticstep > Ay > 0. 


The algorithmic procedure is completed by characterizing the solution for 
Ay > 0 in terms of the trial step as follows. 
9.3.2.4 The radial return algorithm. 


Assume that Ca > 0 <=> Ay F O. Since tr[m,+1,] = 0, taking the trace in 
(9.3.19), 


ra Ler eed etna (9.3.24) 


Then substituting (9.3.24) in (9.3.19) and using the hyperelastic relationships 
(9.3.20) yields 


Suu = wdevibs i) — Rudy we [ei | tay 
= still — 2 yAy tr [5 ial ee (9.3.25) 
where we have used definition (9.3.14) for ieee The determination of Ay > 0 
from (9.3.25) now follows the same procedure as in the infinitesimal theory. We 


set Sn41 = ||Sn4i|l#n41 and rearrange terms in (9.3.25) to obtain 


trial trial 


[Isnt I ak 2p Ay |nn+1 Sie Loar 


II 


gitial 

trial . __ n+l 

n+1° || sttial | (9.3.26) 
+1 


no 


n 


ease [a8] : 
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Then equation (9.3.26); implies 


Nyy) =n, (9.3.27) 
along with the requirement that 
[Ilsneill + 22Ay] = IIs. (9.3.28) 


On the other hand, since Ay > 0, we require that f (741, @n41) = 0, and from 
(9.2.14), (9.3.19)s, (9.3.22), and (9.3.28), we obtain 


Isneill — V3 [or + Kenai] = Ishi — 22Ay — [3 (oy + Kanai) 
= iste) — [2 oy + Kay) 
e 2uAy = (2K (n+ _ an) 


trial - K 
= fe = Op E + =| Ay =0. (9.3.30) 


3h 
Hence 
trial 
- Jn+l1 
2uAy = | ae 
3h 

where (9.3.31) 

= 1 TZ ettial 

w= gute [a | ‘ 


Equations (9.3.24), (9.3.27), and (9.3.31) completely determine the discrete gov- 
erning equations (9.3.19)—(9.3.20) which define the return-mapping algorithm. For 
the reader’s convenience, a detailed step-by-step implementation of the overall 
algorithmic procedure is given in BOX 9.1. 


Remarks 9.3.2. _ 
1. The update of bf 1 1s obtained from (9.3.19) and (9.3.24) as 
be = bE — 2 Ay tr (be si) Mn+t- (9.3.32) 


Alternatively, we can employ the following equivalent expression. Solving the 


elastic constitutive equation for dev[bf_, ,] and using (9.3.24), 


Fe Sntl 7,¢ trial 
re [ ee (desi) |. (9.3.33) 


This is the update formula in BOX 9.1. 


BOX 9.1. Return-mapping Algorithm for 
J2-Flow Theory. Isotropic Hardening. 


1. Update the current configuration 
Pn+l = Pa + Un O Pn (configuration) 
Srnut = 1+ Vx,Un 


Pay = = fn Fn 
2. Compute elastic predictor 


3 wer 

Sn Lo [det fn+1] * ft 
ba = fas ib fet 
trial 


Sait = fe dev [a fat] 
3. Check for plastic loading 


fal = sie — [2 (Kay + ov) 
IF ft! < 0 THEN 


Set (@)n41) = (o)t, , & EXIT 


ELSE 
GO TO 4. (Return-mapping) 
ENDIF 
4. The return-mapping algorithm 
Set: LS la) 
k= os 
trial 2 
Compute: Ay := Dail tt 
14+ K/3pu 

n= Sr4i/isyl 

Return map: 
Snql = = sma 2Ayn 


Onp1 = Ay + /24y 


Iga oS edet [F241 


5. Addition of the elastic mean stress 


Mean stress: 


Patil = U' (Jn+1) 


Stress: 


ee es Jn+1Pntil + Sn4i 


6. Update of intermediate configuration 


Boa = Sati /e + Ted 


(relative deformation gradient) 


(total deformation gradient) 
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2. Note that the intermediate configuration is defined up to a rigid body rota- 


tion. In effect, we can compute V',, := \/b),, uniquely from bf, ,, so 
that Fc = Vi where Ri, € SO(3) is an arbitrary rotation ten- 


sor. The arbitrariness in the rotation part of F° has no effect whatsoever 
on the computational procedure outlined above, or on the formulation of 
the model. In this regard, recall that only the symmetric tensor €” is de- 
fined in the infinitesimal theory. The plastic spin w? also remains completely 
arbitrary. 

3. The extension of the algorithm outlined above to nonlinear isotropic hardening 
is straightforward and follows along lines identical to the infinitesimal theory. 
Assume that 


f(r, a) == Isl — \/? [ov + k(@)], (9.3.34) 


where k : R — Ris the non-linear hardening function. Then the counterpart 
of the consistency equations (9.3.30) becomes 


F(Ay) + = Ista) — [Boy 
7 Fac a /34y) ai 2a] =H! 


This expression furnishes a nonlinear equation for Ay which is easily solved 
by an iterative method. If the derivative k’(q) is easily computed in closed form, 
a Newton iteration of the form 


(9.3.35) 


7 (k) 
Ay) = Ay® — §® cares zed (9.3.36) 
f'[Ay®] 
where 5) € (0, 1] is the line-search parameter and f’ [Ay] is given by 
; Kan + [2 Ay®) 
f' (Ay) = -2p {14+ a ; (9.3.37) 
i 


often proves effective. If —k(a) is convex, often encountered in practice, the 
method is guaranteed to converge at a quadratic rate with 5“) = 1. 

4. The implementation of other types of hardening laws follows the procedure 
outlined in Section 9.3.1.1. In particular, this procedure applies to the kinematic 
hardening model outlined in Section 9.2.1.5. For further details see Simo [1986, 
1988a,b]. 


9.3.3 Exact Linearization of the Algorithm 


As in the linear theory, the algorithm summarized in BOX 9.1 is amenable to exact 
linearization leading to a closed-form expression for the consistent algorithmic 
tangent moduli in the finite-strain range. The linearization process is carried out 
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in closed form because of the hyperelastic nature of the stress response. This 
situation contrasts with the hypoelastic models considered in Chapter 8 for which 
a closed-form linearization is very difficult to obtain. 

Conceptually, the basic step involved in deriving the tangent moduli associ- 
ated with the algorithm in BOX 9.1 is essentially the same as in the general 
procedure discussed in Chapter 3 in the context of the infinitesimal theory. 
However, the actual details of the calculation are far more involved because of 
the nonlinear nature of the kinematic relationships in the finite-strain theory. 
Since no new insight is to be gained from this elaborate computation we sim- 
ply quote the final result, summarized for the reader’s convenience in BOX 9.2; 
see Simo [1988a,b] for further details. For extensions to damage, see Simo and Ju 
[1989]. 


BOX 9.2. Consistent Elastoplastic Moduli for 
the Radial Return Algorithm in BOX 9.1. 


1. Spatial elasticity tensor C for hyperelastic model (9.2.6): 
C= (JU J1@1-2IUT+E, 


C = 2u(I— 41 @1]- = |slifn@1+18nN), 


s = pdev[b°], n=s/|ls|l, 


i = wt tr[b°]. 
2. Scaling factors [k’ = K for linear hardening] 


Bo =1+ é 
o= ik 
2A 
Bi = — : 
IIs yall 
Dy Used 
Bo -|1 = = |} = AY, 
bol? pw 
B : Bi + B 
BP Se ae 25 
Bo 
1 Isreal 
Ba -|5 = A | 3 
Bo bh 
3. Consistent (algorithmic) moduli 
é tia = trial 7 _ s 
Cc. = cs — BC,,,, — 283n @ n — 2484 sym [» @ devin" | ; 
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9.4 Assessment of the Theory. Numerical Simulations 


The objective of this section is to assess the formulation and numerical implemen- 
tation of the Jy flow theory presented in the preceding sections. To this end, we 
consider four representative examples that include one of the few closed-form so- 
lutions of plasticity at finite strains, two well documented numerical experiments, 
and a classical necking bifurcation problem for which extensive experimental data 
is available. The results below are in excellent agreement with solutions reported in 
the literature. Two solution strategies are employed: (a) classical Newton—Raphson 
iteration with a linear line search, and (b) quasi-Newton iteration employing the 

BFGS update, a linear line search and periodic refactorization, as advocated in 

Matthies and Strang [1979]. Procedure (b) is extensively employed in the implicit 

Livermore codes (see Hallquist [1984]). The simulations below were performed 

with a tolerance value set to 0.6 in the line search, allowing a maximum of 10 

BFGS updates before a new factorization is performed. Three remarks should be 

made about the performance of these solution procedures. 

i. The line search is essential for robust performance of Newton’s method. 
(This provides another illustration of a well-established point in nonlinear 
optimization; see, e.g., Luenberger [1984] or Dennis and Schnabel [1983]). 

ii. As in the infinitesimal theory, use of the consistent tangent moduli proves cru- 
cial in achieving the quadratic rate of asymptotic convergence with Newton’s 
method. 

iii. Use of the consistent moduli in the periodic refactorizations of the quasi- 
Newton method also plays an important role in attaining superlinear rates of 
asymptotic convergence. 

In the numerical simulations that follow, the linear hardening law is replaced by 

a more general nonlinear hardening law of the form 


k(@) := oy + Ka + (Koo — Ko)[1 — exp(—da)], 5 > 0. (9.4.1) 


Now the consistency parameter Ay is obtained from solving the nonlinear equa- 
tion (9.3.35) by the Jocal Newton iteration given by (9.3.36)—(9.3.37). A four-node 
isoparametric element with bilinear displacement interpolation and constant ele- 
ment volume is employed, and nodal stresses are obtained through a smoothing 
procedure described in Simo [1988b]. The convergence tolerance is 10~7° times 
the maximum value attained by the energy during the iteration. Nevertheless, this 
rather severe convergence criterion is easily satisfied. 


EXAMPLE: 9.4.1. Expansion of a Thick-Walled Cylinder. This example was 
considered in Simo and Ortiz [1985] and Simo [1988b]. A thick-walled cylinder 
with an inner radius of 10 units and an outer radius of 20 units is subjected to internal 
pressure. The values of the material constants shown are chosen to replicate rigid 
plastic behavior to allow a comparison with the exact solution (Table 9.1A). 

The axisymmetric mesh shown in Figure 9.7a consists of 20 four-node bilinear 
isoparametric elements. The inner radius is driven to a value of 85 in 15 equal 
increments. To provide an idea of the computational effort involved the total num- 
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= E Axi-symmetric finite element mesh. 
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Thickness in Current Configuration 


(b) 


FIGURE 9.7. Expansion of a thick-walled cylinder. (a) Inner boundary stress o,, vs. current 
inner radius. (b) Profiles of o,, at different outer radii. 
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TABLE 9.14. Example 9.4.1. Material 
Properties. 


Shear modulus iv 3,800.0 MPa 
Bulk modulus xk  40,000.0 MPa 


Flow stress Oy 0.5 MPa 
Perfect plasticity k = oy 
H=k=0 


TABLE 9.18. Example 9.4.1. 
Newton Iterations per Step. 


Step 1 2-11 12-15 
Iterations 6 5 4 


TABLE 9.1c. Example 9.4.1. Energy norm 
for steps 8 and 14. 


Iteration Step 8 Step 14 


1 0.41067 E+09 0.11372 E+10 
0.59505 E+03 0.92209 E+02 
0.11096 E—01 0.31132 E—03 
0.46812 E—-11 0.36349 E—14 
0.63522 E—22 


nAnBwWN 


ber of full Newton iterations per step is summarized in Table 9.1B. Values of the 
energy norm during the iterations of two typical time steps are given in Table 9.1C. 
The quadratic rate of asymptotic convergence is apparent from these results. 

A plot of the radial (Cauchy) stress o,, at the inner boundary vs. current inner 
radius is given in Figure 9.7a. Profiles of o,, corresponding to several values of 
the inner radius are given in Figure 9.7b. The computed results are in excellent 
agreement with the exact solution. 


EXAMPLE: 9.4.2. Elastic-Plastic Upsetting of an Axisymmetric Billet. This 
example is proposed as a severe test problem in Taylor and Becker [1983]. 

The billet has an initial radius of 10 mm, and its initial height is 30 mm. The 
calculation is performed with two meshes consisting of 54 and 208 elements, 
respectively, as shown in Figure 9.8a. Because of obvious symmetry, only one 
quarter of the specimen need be considered. The material properties are listed in 
Table 9.2A. 
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(b) 


Key: —— Finite element simulation 


Load 


100. }- 
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Deflection 
(c) 


FIGURE 9.8. Example 9.4.2 Elastic-plastic upsetting of an axisymmetric billet. (a) Two 
finite-element meshes. (b) Deformed meshes. (c) Load-deflection curve. 


The deformed meshes corresponding to 64% upsetting are shown in Figure 
9.8b. The final configuration in both calculations is attained in 120 equal steps. To 
provide an indication of the computational effort involved, values of the energy 
norm and the more restrictive Euclidean norm of the residual corresponding to two 
typical steps employing full Newton iterations are shown in Table 9.2C. 

Remarkably, these convergence characteristics are almost unchanged for the 
finer mesh consisting of 208 elements and hence are not reported. Note that an 
approximate quadratic rate of convergence is exhibited again. A plot of the result- 
ing load-deflection curve is shown in Figure 9.8c. These results agree with those 
reported in Taylor and Becker [1983]. 
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TABLE9.2a4. Example 9.4.2. Material 
Properties 

Shear modulus Lh 384.62 MPa 
Bulk modulus kK 833.33 MPa 
Flow stress Oy 1.00 MPa 
Linear hardening K 3.00 MPa 


TABLE 9.28. Example 9.4.2. 
Number of Newton 
Iterations/Step 

Step 1 2 3 4120 
Iterations 8 9 10 5 


TABLE 9.2c. Example 9.4.2. Energy and Residual Norms for Typical 
Steps. 
Step 15 Step 115 

Energy Norm Residual Norm Energy Norm Residual Norm 
0.339 E+02 0.199 E+03 0.128 E+05 0.113 E+06 
0.138 E—03 0.164 E+00 0.535 E—02 0.388 E+01 
0.865 E—09 0.458 E—03 0.172 E—06 0.140 E—01 
0.447 E—14 0.976 E—06 0.963 E—12 0.613 E—04 
0.327 E-19 0.329 E—08 0.146 E—16 0.988 E—07 


EXAMPLE: 9.4.3. Upsetting of an Axisymmetric Disk. This simulation is 
considered by Nagtegaal and De Jong [1981] and Taylor and Becker [1983]. 

The initial finite-element mesh is shown in Figure 9.9a. The final configuration 
corresponding to 26.67% upsetting is attained in 100 equal steps and shown in 
Figure 9.9b. 

To provide a precise indication of the computational effort involved, the number 
of iterations per time step is summarized in Table 9.3B. In addition, values of the 
energy norm during the iterations in a typical load step employing full Newton 
iterations are shown in Table 9.3C. The computed load-deflection curve, shown in 
Figure 9.9c, is in excellent agreement with the results reported in Nagtegaal and 
De Jong [1981] for the four-node element. (As one would expect, the results in 
Taylor and Becker [1983] obtained with cross-triangles are stiffer.) 


EXAMPLE: 9.4.4. Necking of a Circular Bar. This experimentally well-docu- 
mented example is concerned with necking of a circular bar with a radius of 6.413 
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[ 
(b) 
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Ficure 9.9. Example 9.4.3 Upsetting an axisymmetric disk. (a) Initial (undeformed) finite- 
element mesh. (b) Final configuration. (c) Load-deflection curve. 


mm and length 53.334 mm, subjected to uniaxial tension. A fit of the hardening data 
reported in Hallquist [1984] in terms of equivalent plastic strain with the nonlinear 
isotropic hardening law (9.4.1) leads to the material properties summarized in 
Table 9.4A (see also Figure 9.10a). Three different meshes consisting of 50, 200, 
and 400 elements, respectively, are considered to assess the accuracy of discretiza- 
tion. The initial and final meshes after a total axial elongation of 14 mm are shown in 
Figures 9.10b and 9.10c. Note that the results obtained with the coarse meshes (50 
and 200 elements) agree well with the results obtained with the finer (400-element) 
mesh. 

The contours of the (Cauchy) stress components 01; and 022 for the 400-element 
mesh are shown in Figures 9.10d and e and are in excellent agreement with those 
reported by Hallquist [1984]. Figure 9.10f shows the ratio of the current to initial 
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TABLE9.3A. Example 9.4.3. Material 

Properties 

Shear modulus iu 76.92 MPa 

Bulk modulus kK 166.67 MPa 

Flow stress Oy 0.30 MPa 

Linear hardening K 0.70 MPa 
TABLE 9.38. Example 


9.4.3. Number of Newton 
Iterations/Step (Coarse Mesh) 


Step 4-100 


12 3 441 
Iterations 7 6 6 5 


TABLE 9.3c. Example 9.4.3. Energy and Residual Norms for Typical 
Steps (Coarse Mesh) 


Step 15 Step 95 
Energy Norm Residual Norm Energy Norm Residual Norm 
0.130 E+01 0.848 E+02 0.150 E+01 0.103 E+03 
0.175 E—04 0.256 E+00 0.469 E—04 0.353 E+00 
0.335 E—09 0.566 E—03 0.217 E—08 0.199 E—02 
0.118 E-15 0.843 E—06 0.209 E—14 0.216 E—05 
0.682 E—22 0.387 E—09 0.574 E—20 0.381 E—08 


radius at the necking section vs. the axial displacement. The results (for the 50-, 
200- and 400-element mesh) agree well with experimental and previously reported 
computational results. 

It is of interest to assess the computational effort involved in the calculation. 
Although 29,000 steps are necessary in an explicit calculation performed with 
the HEMP code, Giroux [1973], an implicit calculation with NIKE 2D, Hallquist 
[1984], required only 100 steps. With the present approach, the entire calculation 
was performed in 15 steps. In addition, the required number of iterations per step 
necessary to attain the stringent convergence tolerance is quite favorable. Table 
9.4B summarizes the required number of iterations/step for the most demanding 
calculation employing the 400-element mesh and 15 steps. Table 9.4C shows 
values of the energy and residual norms in typical steps of the 15 step simulation. 
The approximate quadratic rate of convergence is again manifest. The crucial role 
of the line search during the early stages of the iteration process is emphasized. 
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Ficure 9.10. Example 9.4.4. Necking of a circular bar. (a) Hardening data. 


The accuracy of the integration procedure is assessed in Figure 9.10g where the 
necking ratio vs. elongation is plotted for three simulations with a total number 
of 100, 53, and 15 steps, respectively. No dramatic loss of accuracy is observed, 
even with the largest steps. Finally, we examine the sensitivity of the numerical 
results to subsequent mesh refinement. For this purpose, we consider additional 
finite-element meshes consisting of 600 and 1600 elements, as illustrated in Figure 
9.10h, and perform identical numerical simulations as before, leading to a total 
elongation of 14mm in 100 load steps. The corresponding deformed meshes are 
shown in Figure 9.10h. The computed results for the neck radius vs. elongation 
of the specimen for the 200-, 400-, 600-, and 1600-element meshes are contained 
in Figure 9.10j. We observe that the curves corresponding to the calculations with 
600- and 1600-element meshes are very close, thus corroborating the insensitivity 
of the numerical results to mesh refinement. 
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FiGuRE 9.10. Example 9.4.4 Necking of a circular bar (continued). Finite-element meshes 
used in the analysis. 50-, 200-, and 400-element meshes are used with refinement in the 


necking area. (b) Initial configuration. (c) Final configuration. 
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FiGure 9.10. Example 9.4.4 Necking of a circular bar (continued). Selected Cauchy stress 
contours for the 400-element mesh. (d) 01;. (e) 022. 
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(g) 
FiGurE 9.10. Example 9.4.4 Necking of a circular bar (continued). Ratio of the current 
to initial radius at the necking section versus axial displacement. (f) Comparison between 
numerical and experimental results. (g) Results for the 400-element mesh using 15, 53, and 
100 load steps to arrive at the final configuration. 
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TABLE 9.44. Example 9.4.4. Material Properties 


Shear modulus bw 80.1938 GPa 
Bulk modulus k 164.206 GPa 
Initial flow stress Oy 0.45 GPa 
Residual flow stress Yoo 0.715 GPa 
Linear hardening coefficient K 0.12924 GPa 
Saturation exponent r) 16.93 


TABLE 9.48. Example 9.4.4 400-Element Mesh. Number of 
Newton Iterations/Step 


Step 1 24 5 6 7 8-9 10 11-12 13-14 15 
Iterations 11 6 7 10 8 9 11 9 8 7 


TABLE 9.4c. Example 9.4.4 400-Element Mesh. Energy and Residual 
Norms 


Step 7 Step 15 
Energy Norm Residual Norm Energy Norm Residual Norm 


0.191 E+04 0.120 E+04 0.479 E+03 0.604 E+03 
0.466 E+00 0.717 E+01 0.174 E+00 0.886 E+01 
0.239 E—01 0.177 E+01 0.616 E—03 0.138 E+00 
0.214 E—03 0.187 E+00 0.911 E—06 0.165 E—01 
0.644 E—06 0.906 E—02 0.202 E—10 0.228 E—04 
0.735 E—10 0.871 E—04 0.134 E—14 0.415 E—06 
0.149 E—13 0.407 E—06 0.908 E—19 0.918 E—09 
0.446 E—17 0.719 E—08 
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(h) 


(i) 


FiGurE 9.10. Example 9.4.4 Necking of a circular bar (continued). 600- and 1600-element 
meshes used to verify the convergence of the finite-element results. (h) Initial configuration. 
(i) Final configuration. 
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Ficure 9.10. Example 9.4.4 Necking of a circular bar (continued). (j) Necking radius vs. 
axial displacement for all meshes. 
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Viscoelasticity 


In what follows, we present an introduction to linear and nonlinear viscoelasticity. 
Our objective is to outline the basic mathematical structure of this important class 
of constitutive models and discuss its algorithmic implementation in detail. 

No attempt is made to introduce the foundations of the subject in its full gen- 
erality. The interested reader should consult standard textbooks; see e.g., Malvern 
[1969]; Truesdell and Noll [1965] or Christensen [1971] for further information. 
Despite the rather concrete (and often elementary) framework adopted in our pre- 
sentation, the formulation discussed below leads to a methodology which, from a 
computational standpoint, possesses several attractive features. In particular, 

1. it is amenable to a rather straightforward numerical implementation in the 
context of the class of algorithms first suggested in Taylor, Pister, and Goudreau 
[1970]; 

2. it has an appealing nonlinear generalization to the nonlinear finite deformation 
regime which includes anisotropic hyperelasticity as a particular case, as discussed 
in Simo [1987a]; and 

3. an exact separation of volume-preserving and dilatational response is achieved 
through a multiplicative decomposition of the deformation gradient which goes 
back to Flory [1961]. This decomposition is first systematically used in Simo, 
Taylor, and Pister [1985] and Simo [1987a,b] in the formulation and numerical 
analysis of elasticity, plasticity, and viscoelasticity. 

To motivate the structure of the class of viscoelastic constitutive models con- 
sidered below, first in Section 10.1 we examine the formulation of the simplest 
possible one-dimensional rheological model. In particular, thermodynamic aspects 
are introduced in a rather concrete and physically motivated fashion. With this mo- 
tivation in hand, in Section 10.2 we consider the generalization of these ideas to 
the three-dimensional physically nonlinear theory. In Section 10.3 we give a rather 
detailed and complete account of the algorithmic formulation and numerical im- 
plementation of the class of viscoelastic models developed in Section 10.2. The 
extension of the developments to the nonlinear theory presented in Section 10.2 and 
10.3 proceeds in two steps. First, in Section 10.4, we examine in detail the formu- 
lation of nonlinear elasticity theory with uncoupled volumetric/volume-preserving 
response. As alluded to above, this exact decoupling is achieved by multiplicative 
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decomposition of the deformation gradient into volume-preserving and spherical 
parts. With this background in hand, in Section 10.5 we consider the formula- 
tion of a class of nonlinear viscoelastic constitutive models that generalizes the 
convolution models of Section 10.2. Remarkably, in contrast with the classical 
Coleman-—Noll theory (see, e.g., Truesdell and Noll [1965] for an introductory ex- 
position), this model is not restricted to isotropy. Finally, in Section 10.6 we show 
that the numerical analysis and implementation of the class of models presented 
in Section 10.5 involves a rather straightforward extension of the ideas presented 
in Section 10.3. 


10.1 Motivation. One-Dimensional Rheological Models 


Consider a one-dimensional mechanical device consisting of two springs and one 
dashpot, arranged as illustrated in Figure 10.1. For convenience we assume that 
the device possesses unit area and unit length so that forces and elongations can 
be identified with stresses and strains, respectively. Accordingly, we let o and 
denote the total stress applied to the device, the spring constants are denoted by 
E and E, and the viscosity in the (linear) dashpot is n, as shown in Figure 10.1. 
On physical grounds, we assume that 


and (10.1.1) 
n>0. 


The response of the device is characterized as an internal variable model as follows. 
Let [0,7] Cc (CR; U 0) be the time interval of interest. For convenience, we 


E 7 


Ficure 10.1. The one-dimensional standard solid. 
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introduce the extended time interval (—oo, T], and consider the internal variable 
a:(—co,T] > R. (10.1.2) 


We interpret the internal variable a(t) as the (inelastic) strain in the dashpot. 
Further, we let 


ao’: (-0,T] ~R 


be the stress acting on dashpot, as indicated in Figure 10.2. We assume the following 
linear constitutive relationship connecting the “viscous” stress o” and the strain 
rate 2 a(t) in the dashpot: 


0 
o'(t) = nae): (10.1.3) 


This relationship is the constitutive equation for one-dimensional, linear, viscous 
flow. We complete our constitutive hypotheses by assuming a linear, elastic, stress- 
strain response in the springs. 


10.1.1 Formulation of the Constitutive Model 


Now the governing equations for the model depicted in Figure 10.1 are derived 
by completely elementary considerations. Inspection of Figure 10.1 leads to the 
following conclusions: 

i. The stress acting on the spring with constant E.. equals (o — o”). Since the 
strain on this spring is e, 


o = Exe to’. (10.1.4) 


ii. By equilibrium, the stress in the spring with constant E equals the stress 7” on 
the dashpot. Furthermore, the strain on the spring with constant E equals (¢ — a). 


Ficure 10.2. Viscous stress and strain in the dashpot of a standard solid. 


10.1. Motivation 339 


From (10.1.3) and the assumption of linearity on the elastic stress-strain response, 
o’ = na = E(e — a), (10.1.5) 


where 2 (e) = (e). We shall use this convention in what follows. 
Upon introducing the constants 
Eo := Ex teE initial modulus), 
cae ( phe (10.1.6) 
Ti= N/E (relaxation time), 


equations (10.1.4) and (10.1.5) lead to the following constitutive equation for the 
stress response 


o = Eve — Ea, (10.1.7) 


where the internal variable a (i.e., the inelastic strain) satisfies the evolution 
equation 


. 1 1 
a+ -a= —-6, 

T T (10.1.8) 
lim a(t) = 0. 
t>—0o 


On physical grounds, we have appended the initial condition that a(t) — 0, as 
t > —0o. 


10.1.2. Convolution Representation 


Alternatively, the stress response of the device in Figure 10.1 can be formulated in 
terms of a convolution integral by eliminating the internal variable a(t) from the 
constitutive equations as follows. 

Equation (10.1.8); admits the integration factor exp(t/t), in terms of which 
(10.1.8); becomes 


d 1 
TL xp Tat) = exp(t/T)é(t) . (10.1.9) 
Integrating this expression and using the boundary condition (10.1.8). yields 
1 t 
a(t) = — i exp[—(t — s)/tle(s) ds , (10.1.10) 
T J—oo 


which, integrated by parts, reduces to 


a(t) = e(t) — i exp[—(t — s)/t]é(s) ds. (10.1.11) 


Note that we have used the condition that e(t) > 0, as t — —oo. Finally, 
substituting (10.1.11) in (10.1.7) and using (10.1.6) leads to 


o(t) = / G(t — s)&(s) ds , (10.1.12) 
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where G : R — R, is the function defined by the expression 


G(t) = Exo + E exp(—t/t). (10.1.13) 


G(t) is called the relaxation function associated with the device in Figure 10.1. 


10.1.2.1 Example. Relaxation test. 


To gain further physical insight into the response of the model described by 
(10.1.12) and (10.1.13), consider the strain history 


0 ift <0 


€9 otherwise, (10.1.14) 


ée(t) = A(t)eg := 


illustrated in Figure 10.3. 
Then the stress history is calculated by elementary methods using equations 
(10.1.10) and (10.1.7). Alternatively, using distributional calculus, 


eii= [| G(t — s)8(s) ds] eo 
=G(theo, t>0, (10.1.15) 


where 6(t) is the Dirac delta function (Recall that d/dt H(t) = d(t), see Stakgold 
[1978].) The result is illustrated graphically in Figure 10.4. 
Note that the relaxation time t > 0 is computed from the stress history by the 
relationship 
o(0) 
=-—~y, = E/E. 10.1.16 
so? /Eo ( ) 
y < Lis the stiffness ratio. 


Remarks 10.1.1. 
1. The model developed above is known as the standard solid. For this model, 
the stress response can be inverted to express the strain history in terms of the 


£0 


Ficure 10.3. Strain history in a relaxation test. 
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Foo€o 


FiGuRE 10.4. Stress response in a relaxation test. 


stress history through the convolution representation 


e(t) = J(t — s)a(s) ds, (10.1.18) 
where 
J(t) = d 1 E Eo (10.1.19) 
=e Fe exp (- ) a 


is the creep function. 

. A special case of the standard solid is the Maxwell fluid, which is obtained from 
the arrangement in Figure 10.1 by setting E.. = 0. Observe that inversion of 
the convolution representation (10.1.12) is no longer possible since (10.1.19) 
is undefined for the Maxwell fluid. See Figure 10.5. Thus, for constant stress 
history, the strain response is unbounded. One says that the Maxwell model 
exhibits unbounded creep. 

. By setting E = 0 in the arrangement in Figure 10.1, one obtains the Kelvin 
solid, see Figure 10.6. Then the stress response is given by 


1 
o = Ex [ s =| , Ti=N/Ew- (10.1.20) 


In contrast to the Maxwell fluid, only the inverse representation (10.1.18) is 
defined for the Kelvin solid. Furthermore, the stress response in a relaxation 
test of the type considered in Example 10.1.2.1 is physically unrealistic, since 
strain discontinuities lead to unbounded stress response. 

. The algorithmic developments described in the sections that follow rely cru- 
cially on the relaxation representation (10.1.12) of the viscoelastic response. 
Hence, they do not include the Kelvin model as a particular case. 
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Ficure 10.5. The Maxwell fluid and its relaxation function. 


Figure 10.6. The Kelvin solid and its creep function. 
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10.1.3 Generalized Relaxation Models 


The elementary model depicted in Figure 10.1 corresponds to a single Maxwell 
element in parallel with a spring element. This model is easily generalized to 
include an arbitrary number of Maxwell elements arranged in parallel, as shown 
in Figure 10.7. 

For this model, the stress response is defined by the relationship 


N 
o(t) = Eoe(t) — > Eja;, (10.1.21) 


i=1 
where the initial modulus Eg > O and the relaxation times t; > O are defined as 
N 
Eo := Ex + Ej, 
‘“ 2, (10.1.22) 
Gs ni /E;, i= 1s aces Ns 
Now the internal variables a; : (—oo, T] — R are governed by the evolution 
equations 
; a; 
a+— =, 
Ti vi (10.1.23) 


lim a;(t) = 0. 
t>—0o 


If we define the relaxation function G: R + Ry, by the expression 


N 
G(t) := Eoo + )~ E; exp(-t/t), (10.1.24) 


i=1 


it easily follows that the stress response is expressed as a convolution representation 
of the form (10.1.12). 


10.1.3.1 Elementary thermodynamic considerations. 


The discussion that follows provides a concrete motivation for the more general 
developments to be presented in a more abstract setting in subsequent sections. 
Here our objective is to provide a physical and rather concrete intuition for the 
concepts of free energy and dissipation. 

i. On purely physical grounds, the free energy yy associated with the arrangement 
in Figure 10.7 is defined as the elastic stored energy in the springs. Accordingly, 


N 
We, @) = 4 Ene? + 3 >) Eile — a)’, (10.1.25) 
i=1 
where a@ : (—oo, T] > RY is the vector with components (a, ..., @y). 


ii. Similarly, again on physical grounds, the dissipation function associated with 
the model in Figure 10.7 is defined as the rate of work dissipated in the dashpots. 
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Ficure 10.7. Generalized relaxation models. 


Recall that the force (not necessarily at equilibrium) acting on each dashpot is 
given by 


o? := Exe —aj) = ni;, i=1,...,N, (10.1.26) 


an expression which implies the rate equations (10.1.23). Thus, since a; are the 
strain rates on the dashpots, the dissipation function, denoted by D[e, a, a], takes 
the form 


Die, a, a] = Data = ta Qa. (10.1.27) 


Here, o” denotes the vector with components (a), ..., Oy). 
With these physically motivated notions in hand, now we observe a number of 
properties which motivate the abstract definitions introduced in Section 10.2.2. 
iii. By substituting the second expression of (10.1.26) in (10.1.27), we conclude 
that 


Die, a, a] = Y na =O, (10.1.28) 


i.e., the dissipation function is nonnegative. 

iv. Differentiating the expression (10.1.25) for free energy with respect to a; 
yields, in view of (10.1.26), the relationship 

C) ’ ) 
of = Ex(e — a) = um OY fey. oS dae Oe 10129) 
Qj 

Thus, (minus) the partial derivative of the free energy relative to the internal vari- 
able yields the associated nonequilibrium force on the dashpot; in thermodynamic 
terms, the flux associated with the internal variable. Furthermore, from (10.1.29) 
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and (10.1.27), we obtain the following abstract definition of the dissipation 
function: 


N 
Die, a, &] = — > OMISSION >, 22 anes ay doe (10.1.30) 


0a; 


i=1 


Thus, the dissipation function is the negative rate of change of the free energy with 
respect to the internal variables. 

v. The derivative of the free energy (10.1.25) with respect to the total strain e 
gives 


Weeh tee Po mee (10.1.31) 

(6, @) = E jl€ — A; et. 

de s i=l 

which, in view of (10.1.26) and the arrangement in Figure 10.7, equals the applied 

stress on the device. Hence, we conclude that 
7] 

pee tah (10.1.32) 
dE 


To summarize the preceding conclusions, we have seen that the elementary defi- 
nitions of free energy and dissipation function which lead to expressions (10.1.25) 
and (10.1.27) are consistent with the abstract definition of dissipation function 
given by (10.1.30), the non-decreasing property (10.1.28), and the stress-strain 
relationships (10.1.32). In the following section, we take an expression for the 
free energy analogous to (10.1.25) as the point of departure and show that prop- 
erty (10.1.28) and the stress-strain relationships (10.1.32) follow from the abstract 
definition (10.1.30) of dissipation function by a systematic exploitation of the sec- 
ond law of thermodynamics in its classical version known as the Clausius-Duhem 
inequality. 


10.1.3.2 Characterization of the equilibrium response. 


Intuitively, the device in Figure 10.7, reaches an equilibrium state under a pre- 
scribed strain (or stress) history, when “no further changes” in the dashpots take 
place. This notion is made precise by placing the following two conditions on an 
equilibrium state: 

i. The rate of change of the internal variables is identically zero, 1.e., 


a, = 0. (10.1.33) 


This condition simply states that the strain rate in all dashpots is zero at an 
equilibrium state. 

ii. The thermodynamic forces conjugate to the internal variables also vanish at 
equilibrium. For the model in Figure 10.7, this condition implies that the (nonequi- 
librium) viscous forces o,”, acting on the dashpots and given by (10.1.26), vanish 
at equilibrium. In view of relationship (10.1.29), thus we require that 


—o": = daW(e, A) = 0. (10.1.34) 
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The preceding conditions along with relationships (10.1.29), (10.1.31), and 
(10.1.26) imply the following relationships at equilibrium: 


0, = Ene, 
and (10.1.35) 


a, = €E, PD, 2080; .N. 
In other words, the response at equilibrium is elastic with modulus F,,. Given 
the structure of the linear evolutionary equations (10.1.23), it is clear that the 


equilibrium state is unique and is attained in the limit, as t — oo. 


10.1.3.3 Alternative formulation. 


We conclude this introductory section by presenting an alternative formulation of 
the preceding elementary model which is amenable to a straightforward extension 
to include nonlinear elastic response. 

The crucial idea is to replace the viscous strains a; by the following stress-like 
set of internal variables. Set 


qi = Ei, i = 1,2,...,N, (10.1.36) 


so that, in view of (10.1.31)-(10.1.32), the stress response becomes 


N 
o = Ey —) qi. (10.1.37) 
i=l 


Next, we define the nondimensional (relative) moduli, 0 < y; < 1, by the 
relationships 


tal E; E Jt => 132.4482 N, 
‘ a (10.1.38) 
Yoo = Eqo/Eo, 
where expression (10.1.22); implies the restriction 
N 
Yoo + Dy; = 1. (10.1.39) 
i=l 


Now let W°(e) be the (initial) stored-energy function defined by the expression 


We) = teEoe. (10.1.40) 
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With these definitions in hand, in view of (10.1.36), (10.1.37), and (10.1.23), the 
model problem formulated in the preceding section is recast in the following form: 


c= 2 We) - Ya 


1 siesth 0 (10.1.41) 
i+ -—q= W re 
aaa @0E (€), 
= 0. 


lim qi(t) 
t—>—0o 


For the quadratic stored-energy function (10.1.40), the model summarized in 
(10.1.41) is completely equivalent to that given in Section 10.1.3. However, for 
W°(e) an arbitrary convex function of ¢, model (10.1.41) remains meaningful and 
extends our preceding developments to account for nonlinear elastic response. The 
three-dimensional version of (10.1.41) and its extension to finite deformations is 
considered subsequently. For further background, see Lubliner [1973]. 


10.2 Three-Dimensional Models: Formulation Restricted 
to Linearized Kinematics 


In this section, we extend the simple nonlinear models discussed in the preced- 
ing section to three-dimensional physically nonlinear elasticity. This extension is 
patterned after the model presented in Section 10.1.3.2. First, we discuss the for- 
mulation of the general three—dimensional constitutive model. Next, we examine 
the thermodynamic aspects within the framework of irreversible thermodynamics 
with internal state variables. Finally, a detailed step-by-step implementation of this 
class of models in the context of the finite-element method is considered in Section 
10.3. 


10.2.1 Formulation of the Model 


Viscoelastic constitutive models arise, typically, in modeling the response of poly- 
meric materials. The “bulk response” for this class of materials is often elastic and 
typically much stiffer than the deviatoric response. In fact, in many engineering 
problems, the assumption of incompressibility holds with a high degree of approx- 
imation. Motivated by these considerations, we introduce an additive split of the 
strain tensor into volumetric and deviatoric parts as follows. Recall that 1 denotes 
the unit (order two) tensor with components 6;;, the Kronecker delta relative to a 
Cartesian coordinate system. We set 


e=e+ 401, (10.2.1) 
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where e is the deviatoric strain given by 
e := dev[e] = € — ftr [e] 1, (10.2.2) 

and @ is the volumetric strain defined as 
© :=tr[e]. (10.2.3) 


Next, as in Section 10.1.3.2, we assume an initial stored-energy function of the 
form 


W° (e) = W°(e) +; U° (O). (10.2.4) 


We call the function U° : R — Ry, the elastic volumetric response. Further, we 
use the notation 
: ‘ aW* (e) 
o :=0.W (€) = ; 
de 
ie., (10.2.5a) 
ow° 
ij 0€;j } 


Then a straightforward calculation employing the chain rule yields 


o° = dev [atv] + U"(@)1. (10.2.5b) 


In accordance with the model of Section 10.1.3.3, we assume further that the stress 
response is given by the expression 


N 
a(t) = o0°(t) — So ailt), (10.2.6) 


i=1 


where {qi ney qu} is a set of internal variables with the equation of evolution 
defined as follows. 
10.2.1.1 Evolution equation for the internal variables. 


Once more, motivated by the model in Section 10.1.3.3, we characterize 
viscoelastic response by rate equations of the form 


1 i =- 
a+ <a = 7 cev[awo), 
vy i (10.2.7) 
lim q; = 0. 
t—00 
Here, the material parameters y;,i = 1,...,N, and yoo are subject to the 


restrictions 


N 
Vata yer 0S yee (10.2.8) 


ll 
ma 
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along with the requirement that 
vi = 9, 
and 
Tt > 0. (10.2.8b) 


The evolutionary equations (10.2.7) are linear and the solution, therefore, is 
expressed in closed-form as a convolution representation: 


gq = tf expl-@ — 5)/a]dev [aw [e(s)]} ds. (10.2.9) 


Substitution of (10.2.9) into (10.2.6), integration by parts, and use of the ini- 
tial condition (10.2.7). gives the constitutive equation for the stress tensor as the 
convolution integral 


: d 


o(t) = U"(@)1 + i: g(t —s) is 


(dev [aeWte(syI}) ds,| (10.210) 


where we have set 


N 
8(t) = Yoo + >) y; expl—t/ti. (10.2.11) 


i=1 


We call the function g(t) the normalized relaxation function. This completes the 
development of the model. 


Remarks 10.2.1. 

1. One could consider a relaxation function g(t) other than (10.2.11). The 
functional form (10.2.10) of the model, however, remains unchanged. 

2. Similarly, we could consider viscoelastic response in bulk. This generalization 
involves only a straightforward modification of (10.2.10). We simply need to 
replace U°’(®) by the function 


U" [e@)] aa h(t — y+ (u"locyi}as, (10.2.12) 


where h(t) : R — Risa suitable relaxation function. 

3. The crucial advantage of model (10.2.10) should be noted. Essentially, one can 
accommodate any arbitrary hyperelastic response defined by a convex stored 
energy [we (e)]. 


10.2.2 Thermodynamic Aspects. Dissipation 


With the elementary motivation of Section 10.1.3.1 in hand, now we proceed to 
examine the thermodynamic foundations of the model (10.2.10) within the frame- 
work of irreversible thermodynamics with internal state variables. Throughout our 
discussion, attention is restricted to the purely mechanical theory. 
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10.2.2.1 Free energy and the second law. 


We start out our development by assuming a free energy function of the form 


N 
v (€,4i) = W* (©) — Ya: e+e (va). (10.2.13) 
i=1 


The reasons for selecting this functional form for the free energy becomes apparent 
in the course of the derivation. For simplicity, but without loss of generality, we 
assume that N = | in what follows. 

Recall that the restriction of the second law of thermodynamics (in the form 
of the Clausius—Duhem inequality) to the purely mechanical theory leads to the 
inequality 


-W(e.g)ta:é>0. (10.2.14) 


We regard this inequality as a constitutive restriction to be satisfied by all admissible 
states defined by {€, a, o}, and for all rates of deformation {€, a}. Now, from 
(10.2.13) (with N = 1) and the chain rule, 


w = (d-W° — deviq]) : € — Die. 9: 41. (10.2.15) 
where 
Dle,gsq]:=—aqv :4 
=[e-%2@]:4 (10.2.16) 


is the dissipation function. [Recall our observations in Section 10.1.3.1]. 
Substituting (10.2.15) and (10.2.16) in (10.2.14) results in the inequality 


{o — 0-W° (e) + devig]} : €+ D[e, gq; q] = 0. (10.2.17) 
Since (10.2.17) must hold for any rates {€, q}, then a standard argument yields 
o = 0-W°(e) — dev[q], 
D{e.g: 4] = ee 


Observe that constitutive equation (10.2.18), is the counterpart in three dimensions 
of equation (10.1.37). Furthermore, the dissipation inequality (10.2.18) is the three- 
dimensional counterpart of (10.1.30). The function & (q) remains to be determined. 
We proceed as follows. 


(10.2.18) 


10.2.2.2 Conditions for thermodynamic equilibrium. 


It is clear that, given the rate equations (10.2.7), equilibrium is achieved for 


Qg-9 > «@ y dev |[a.W°(e)]. (10.2.19) 


On the other hand, since no dissipation takes place at equilibrium (Ge = 0), as in 
Section 10.1.3.2 we require that the driving conjugate thermodynamic forces be 
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Zero, 1.€. 
gv |, = 0. (10.2.20) 
Thus, from (10.2.18) and (10.2.20), we conclude that 
€e = Og (qe). (10.2.21) 


However, (10.2.19) and (10.2.21) are precisely the relationships that define & as 
the Legendre transformation of the function W° in the sense that 


S(q) = —yW°(e)+q:e. (10.2.22) 


This relationship completely determines expression (10.2.13) for the free energy 
(with N = 1) associated with our three-dimensional viscoelastic constitutive 
model. The preceding argument is trivially extended to that case for which N > 1. 


10.3 Integration Algorithms 


The numerical implementation described below is inspired by the algorithmic 
treatment first suggested in Taylor, Pister, and Goudreau [1970], and Herrmann 
and Petterson [1968]. The key idea is to transform the convolution representation 
discussed in the preceding sections into a two-step recurrence formula involving 
internal variables stored at the quadrature points of a finite-element method. From a 
computational standpoint, the scheme bypasses the need to store the entire history 
of strains (at each quadrature point) which would arise if a direct integration of the 
convolution representation were performed. Unfortunately, the method is restricted 
to a particular class of relaxation functions consisting of a linear combination 
of functions of time which possess the semigroup property. Extensions of this 
computationally very attractive scheme to general relaxation functions, such as 
power laws, not possessing this semigroup property remain an open question. 

In what follows, we outline the numerical integration of viscoelasticity with 
reference to the convolution representation defined by equations (10.2.10) and 
(10.2.11). 


10.3.1 Algorithmic Internal Variables and Finite-Element 


Database. 
Let [To, T| C R,with T > OandT > 7p, be the time interval of interest. Without 
loss of generality, we take J) = —ov. Further, let 
[To, T| i tty Ez tn+1] , tnt = tn + Ath, (10.3.1) 
nell 


be a partition of time interval [T>, T] with I the integers. From an algorithmic 
standpoint, the problem is cast in the usual strain-driven format as follows. 
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10.3.1.1 Strain-driven algorithmic problem. 


Let B. C B bea typical finite element of a spatial discretization 


Nel 


Be U B.. (10.3.2) 
e=1 


Then the internal force vector si (t) associated with element 6, at time t € 
[To, T| is given by 


fi" = / Bl o(t)dV 


e 


x [ [Brow] o bei(Gdé 


NGauss 


= 2 BE (x) o1(t)Wi jis (10.3.3) 
1=1 
where @ : GO — B, is the standard isoparametric map with Jacobian determi- 


nant j = det [Dé], B, is the discrete strain-displacement operator, and W, the 
quadrature weights. In (10.3.3) a subscript g denotes evaluation at the quadrature 
point x, € B. with = 1,2,---, gauss. The preceding notation is standard; 
see, e.g., Hughes [1987] or Zienkiewicz and Taylor [1989] for further details and 
elaboration. 

In view of (10.3.3), evaluation of fi"'(t), (e = 1,---, ne), requires knowledge 
of the stress history t € [Zo, P| +> o((t) only at the quadrature points x; € 
B.. The discrete algorithmic problem is concerned with determinating this stress 
history for a strain history t € [Zo, T| t e&,(t) assumed to be given at the 
quadrature points, in the time interval a 7. The relationship between strain 
and stress histories is defined through the convolution representation (10.2.10): 


t d : 
o(t) = U" (@)1+ [ gr — 8) — (dev {aeW? [e(s)]}) ds, (10.3.4) 


where g(f) is given by (10.2.11). Below we show how to transform this convolution 
integral into a recurrence relationship over the intervals Es tn]. To simplify our 
notation, the subscript/ € {1, 2, ---, NGauss} is often omitted in what follows, and 
all the variable are to be evaluated at the quadrature points. 


10.3.1.2 Algorithmic internal variables. Database. 


Associated with the relaxation function (10.2.11), we define the following set of 
N internal variables: 


h(t) =) exp[—(t — 8)/e;|Laev {aw [e(s)]} as. (10.3.5) 
To ds 
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Hence, for a typical element 6, C B, 


Number of (algorithmic) internal variables 
(10.3.6) 
=Nx NGauss, 


where N > 1 is the number of terms in the relaxation function (10.2.11) and ngauss 
is the number of quadrature points for element b,. 

Below we show that a second-order accurate, unconditionally stable algorithm, 
for the integrating the convolution (10.3.4) is constructed by a recurrence scheme 
based on the following incremental problem: 

i. Let the following data be given at time 4, € [To, T|: 


{she te 2 eee Nh, (10.3.7) 


Here s* is an “initial stress” defined by the expressions 


s) := dev [aw [e ()]f : 
e (t,) := dev le (t,)| : 


li. Let €,41 = €, + Ae,, where Ae, is a strain increment at the quadrature point 
in question. 

iii. Problem: Compute the stress o,,,; at time t,,; = t, + At,, and update the 
data base variables in (10.3.7) consistent with the convolution representation 
(10.3.4). 

We remark that a variable with subscript (e),, denotes the algorithmic approxi- 
mation of this variable at time ¢,. Such an algorithmic approximation is developed 
next. 


(10.3.8) 


10.3.2 One-Step, Unconditionally Stable and 
Second-Order Accurate Recurrence Formula. 


As alluded to above, the crucial property exploited in the recurrence formula for 
the integration of (10.3.4) is the following. 
10.3.2.1 Semigroup property 


The following standard property holds for the exponential function exp : R > 
Ry: 


exp[(t + At) /a] = exp(At/a) exp(t/a), (10.3.9) 


for any constants At anda in Randt € R. 


10.3.2.2 Recurrence relationship for the algorithmic internal variables. 


Let h(t) be defined by formula (10.3.5). Using the semigroup property and 
the additivity property of the integral with respect to the integration interval, for 
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thot = Cnt Atn+is 


t+ At, 


: d 
h® (qa)? = / expl—(in + Aty — 8)/t)] —8°(s)ds 
To 


= . exp[—Af,41/t] exp[—(G, — 5)/T;] £ eds 
Ti ds 


0 


Tn1 d 
of / exp[—(tn41 — 5)/t;] —s°(s)ds 
t ds 


n 


= exp[— Ath /T; hr (tn) 


th+1 d 
+ / exp[—(t,41 — S)/T;] 7 s°(s)ds. (10.3.10) 
t S 


n 


Thus, # (t,41) is determined by (10.3.10) in terms of A“ (t,,) and an integral over 
the time step [tn, tnt]. Using the midpoint rule, 


t+ d 
ii exp[—(tn+1 s)/ti] 7s (s)ds 


n 


d 
= exp[-(t, + At, — s)/t;] a) Atn 


in+in+1 
2 


d 
= exp(—Am/2t;) — 8° [(tn + tro1)/2] At, 


exp(—At,/21;) [8° (nat) — 8°(tr)]. (10.3.1) 


This approximation is second-order accurate. Combining (10.3.10)—(10.3.11), we 
obtain the update formulas 


II 


engi = dev [ens], 


Sia = dev [AW Cns1)], (10.3.12) 


hes = exp(—At, /t;)h® + exp(—At,/27;) (Soa _ s°) ‘ 


where i = 1,2,---, N. 


10.3.2.3 Computation of the stress tensor. 


Expressions (10.3.4) for the stress tensor and (10.2.11) for the relaxation function 
g(t), along with our definitions (10.3.5) for the algorithmic internal variables, yield 


N 
Ons = U" (Ons1) 1+ Yoospa + D> wih, (10.3.13) 


i=1 


where we have assumed without loss of generality that e(0) = dev le (0) | = 0. 
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Remarks 10.3.1. 

1. A straightforward argument shows that the algorithm embodied by formulas 
(10.3.12) and (10.3.13) is unconditionally stable and second-order accurate. 

2. Within the framework of the displacement finite-element method, the volume 
variable ©, is computed simply as 


Ons = tr [ens] - (10.3.14) 


For low-order elements, however, this naive approach leads to well-known 
locking phenomena in the nearly incompressible limit. Hence, ©, is typically 
computed via a mixed, finite-element method. See Simo, Taylor, and Pister 
[1985] and Simo [1988] for a detailed description of one possible approach, 
and Hughes [1987] and Zienkiewicz and Taylor [1989] for general background 
material on this well-known topic. 

3. An alternative update formula for the algorithmic internal variables is ob- 
tained by the following argument. Assume that d/ds[s°(s)] is constant for 
SE lee tri]. Then the integral in (10.3.11) is evaluated as follows: 


/ ™ expl—Gayt — 99/7) - 4 s(s)ds 


n 


Ile 


d 
qe : 


thi 
[ exp[— (th41 ~ s)/T;] ds 
= Masa 


S=hn+1 


1 
= [s° (t41) —s° (tn) At Tj exp[ (tht 8)/T;] 
1 — exp(—At,/T;) 


= At /T; (Sra Sn) (10.3.15) 


Combining (10.3.10) and (10.3.15), 


1 — exp(—At,/T;) 
Atn/T 


AY, = exp(—At,/t))h© + (sc., —s2),] (10.3.16) 


n 


an update formula often used in place of (10.3.12)3. A straightforward trun- 
cation error analysis shows that both (10.3.12)3 and (10.3.16) are in fact 
second-order accurate. Formula (10.3.16) reduces to that first proposed by 
Taylor, Goudreau, and Pister [1970]. 


10.3.3 Linearization. Consistent Tangent Moduli 


First we recall that the linearization of the residual force vector fi"" yields the 
following expression for the (consistent) element tangent matrix: 


keyg = i B'C,,,BdV, (10.3.17) 
Be 
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where C,,;; is the matrix of tangent moduli obtained by differentiating the stress 
tensor at ¢,4; with respect to the strain tensor at t,+1: 


IOn+1 


Cai 9,007 = (10.3.18) 


OEn41 


Observe that o,,,; in this expression is regarded as a function of the strain ten- 
sor €,4, through the algorithmic relationships (10.3.12)-(10.3.13). Of course, 
(10.3.18) is evaluated at the quadrature points. To obtain an explicit expression for 
(10.3.18), we differentiate the terms in (10.3.13) as follows. 


10.3.3.1 Linearization of the initial stress term s‘, 4h 


Recall that the deviatoric strain tensor e,,, is a function of €,4,, given by the 
expression 


Cnt 2= Engi — Zt [Engi] 1. (10.3.19) 


Then differentiating this relationship yields the derivative of the deviatoric strain 
tensor (relative to the total strain tensor) as 


Je, nt. =1— 31@1. (10.3.20) 


With this expression in hand, we compute the tensor of elastic moduli om 4, = 


Ien418,41 48 follows. Recall that s;, ; is given by the constitutive equation 


Soe, = dev [atv (én11) | 
= a.W? (ens1) — 4 [8W? (erst) | 1. (10.3.21) 
Differentiating (10.3.21) with respect to to €,,; and using the chain rule yields 
Cf Oi 8 gy OS RO ae eats (10.3.22) 
= {[a2 We, | = 31 ® [a2 Ws] : i 2 Oe,41€n+1- 
Finally, we combine (10.3.20) and (10.3.22) to obtain the result 
Cha = (a2.We.1) = 31 ® | (a Wes) : 1] 
— 3 [ (We): tfort § (1: [awe] tre. 
(10.3.23) 


Observe that this expression depends solely on the assumed form of the deviatoric 
part of the initial stored-energy function W°(e). 


EXAMPLE: 10.3.3.1. For linear isotropic elasticity, 


W° (e) = pe: e, (10.3.24) 
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so that 
Sra = 2Meng1 » Eng = dev [en+t] ; (10.3.25) 


and the general result (10.3.33) reduces to 
Cu = 2y ( -~11@ 1) . (10.3.26) 


which is the standard expression for the deviatoric tensor of elastic moduli in linear 
isotropic elasticity. 


10.3.3.2 Linearization of the algorithmic internal variables: Tangent 
moduli. 


Our next objective is to derive the expression for the algorithmic tangent moduli 
consistent with the algorithmic stress update procedure developed above. Recall 
that these algorithmic tangent moduli are obtained merely by systematically apply- 
ing the directional derivative relative to a strain increment to the update formulas 
of the algorithm. In particular, for formula (10.3.12)3, 


Den My t = exp(—At, /27;)d = exp(—At,/27,)C. 


Ent n+ En4+1 Sat 


page. 2103220) 


Therefore, from the algorithmic expression (10.3.13) and formulas (10.3.23) and 
(10.3.27), finally we obtain 


Chui = — Beare | ® 


IO, ay 
tT + 9* (At,) Coat, (10.3.28) 
JEn+1 


where g* (Afr) is the algorithmic expression for the relaxation function (10.2.11) 
given by the relationship 


N 
8" (Ath) = Yoo + >); exp(—At, /21)). (10.3.29) 


i=1 


Remarks 10.3.2. 

1. The explicit expression for the volumetric contribution to the tangent (10.3.28) 
depends on the type of interpolation employed. For the pure displacement 
method given by (10.3.14), 


IOn+1 


= = yy" 
OEn41 


OF Ae A (10.3.30) 


Uo 1 ® 


2. Expression (10.3.29) for the algorithmic relaxation function g* (Aft) corre- 
sponds to the midpoint algorithm. If the update formula (10.3.12)3 is replaced 
by (0.3.16), the algorithmic relaxation function becomes 

a 1 — exp(—At,,/T;) 


*(At) = ‘ . 10.3.30 
g* (At) yot Dey ae ( ) 


Other integration algorithms result in different expressions for g*(Afr). 
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10.4 Finite Elasticity with Uncoupled Volume Response 


As a first step toward our development of nonlinear viscoelasticity, we consider 
the formulation of finite strain elasticity with uncoupled, volumetric/deviatoric 
response. The crucial idea here, is the introduction of the following volumet- 
ric/deviatoric multiplicative split, first suggested in Flory [1961] and systematically 
exploited in Simo, Taylor, and Pister [1985] among others. For alternative 
approaches see Glowinski and Le Tallec [1984]. 


10.4.1 Volumetric/Deviatoric Multiplicative Split 


As usual, we let B C R°® be the reference placement of a continuum body and 
denote by p : B > R? the current configuration with deformation gradient F = 
Dg and Jacobian determinant J = det [F i Particles in the reference placement 
are labeled by X € JB, and positions in the current placement S =  (B) are 
denoted by x =  (X). Let 


F:=J-3F 

and (10.4.1) 

© := det [F | ; 

and consider the multiplicative decomposition 
F=0'F, 

where (10.4.2) 
det[F] = 1. 

Although in the present continuum context © = J, to construct mixed finite- 


element approximations, it proves convenient to introduce the preceding notation. 
F and @1 are called the volume-preserving (deviatoric) and spherical parts of 
the deformation gradient F,, respectively. The right Cauchy—Green tensors and 
Lagrangian strain tensors associated with (10.4.1) are given by 


C:=F'F, E=3}(C-1), 
(c 7 7 (10.4.3) 


We record the following relationships which will prove useful in our subsequent 
developments 


NI NI 


C:i=F PF, E= 


Lemma 10.1. The partial derivatives of C and J with respect to C are given by 


ac =s-3 [r-teec"'}, 
(10.4.4) 
Wet IC, 
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PROOF. Consider a one-parameter family of right Cauchy—Green tensors of the 
form 


C, =C+¢«H, H=H"', and ¢>0. (10.4.5) 
(For € > 0 small enough, det [C. | > 0). Let 


d= sy det ee. (10.4.6) 
By the formula for the derivative of the determinant, 
d 1d 
{| n=l [aet(ca)] 
dé | 9 2J dé |, 
1 of -1 
= —J*tr|C C, 
2J E |. 
= lotr [cota]. (10.4.7) 


= 2 
Then differentiating the defining relationship C, = J, °C, and using (10.4.7) 
yields 


d - 
= =s-i[a- tele ra]c] 
de e=0 7 
=s-3(r- :C@c-) :H, (10.4.8) 
a relationship which holds for any H = H T Since, by definition, 
d = =. 34 = 
— C, = dc¢C : — C, = 0cC : A, (10.4.9) 
dé e=0 de e=0 


the result follows from (10.4.7), (10.4.8), and (10.4.9). 


With the preceding kinematic decomposition at hand, next we consider the 
formulation of finite strain nonlinear constitutive relationships that generalize our 
developments in Section 10.2.1. 


10.4.2 Stored-Energy Function and Stress Response 


Motivated by expression (10.2.4), now we consider a stored-energy function of 
the following form: 


we (C) = u° (0) + W° (C). (10.4.10) 


As in the geometrically linear theory, the functions U° and W° define the 
volumetric and volume-preserving contributions to the stored-energy function, 
respectively. Then the stress response is obtained from the derivatives of the 
stored-energy function (10.4.10), as follows. 
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i. Stress response in the material description. Differentiating (10.4.10) relative 
to C and using the chain rule along with Lemma 10.1 yields (recall that O = J): 
2acW°(C) = 2U°"'(O)dcO@ + 292W°(C) : IcC 
= JU" (OVC 
+ 2-3 [aeWe(€) — § (aeW°® : €) c-'] 0.4.11) 


II 


To simplify the expressions in our subsequent developments, we introduce the 
notation 


S°: 


JF DEV [20eW°©)| 
(10.4.12) 


II 


s-¥ [raewe& — Law : cye"'}. 


Thus, denoting the second Piola-Kirchhoff tensor by S°, with the notation in 
(10.4.12), expression (10.4.11) yields the constitutive equation 


S° := 2acW° (C) = JU" (O)C 148°. (10.4.13) 


It should be noted that DEV [e] defined by (10.4.12) gives the correct notion of 
“deviatoric” stress tensor in the convected or material representation (i.e., in terms 
of X and C) since 


C : DEV[e] =C: (e)— 5 [(e): C]C':C 
=C:(e)—(e):C=0. (10.4.14) 


ii. Stress response in the spatial description. The expression for the Kirch- 
hoff stress tensor, denoted by T°, follows at once from from (10.4.13) and the 
relationship T° = FS°F7. We obtain 


7 = JU'(@)FC FT + J73 [2 Facwe Or" 
= 4 {2 FaeW°eO)F?) 1} FCF" |, (10.4.15) 
where we have used the following relationship 
(e-):C=(e):F 1F =F(e)F’ : 1. (10.4.16) 


Since F = J~3 F, expression (10.4.15) is written as 


7° = JU°(@)1 + dev [2Fac WCF" | (10.4.17) 


where 
dev [e] = (e) — 5 [(e) : 1] 1, (10.4.18) 


is the deviator operator in the spatial description. Relations (10.4.12)-(10.4.13) 
and (10.4.17) define the stress response in the convected and spatial descriptions, 
respectively. 
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EXAMPLE: 10.4.1. A simple example of a stored-energy function of the form 
(10.4.10) is given by the relationships 


Sp Vy yta aK 
eas 2G ) me _ (10.4.19) 
we(C) = £u(€: 1-3) = twer[€] — 3). 
Then from (10.4.17), 
= 5 — 1)1 + pdev(FF’). (10.4.20) 


Note that U°"(J) = $K(1 + 7) > O forall J € R. It follows that U° : Ry > 
R, is a convex function. 


10.4.3 Elastic Tangent Moduli 


We conclude our development of uncoupled volumetric/deviatoric finite deforma- 
tion elasticity by recording the explicit expressions for the elastic tangent moduli. 
The following notation will be used throughout. 

i. Material tangent moduli. We let 


C° = 20-S°, 
L.e., (10.4.21) 
Chik, = 2 a : 
Furthermore, 

S° = JpC!+8°, (10.4.22) 
where p := U® (@) is the mean stress and S° is the deviatoric part of S° 
defined by (10.4.12). In addition, we set 

C° := 288°, 
Le., (10.4.23) 

Cries = 2 a : 


ii. Spatial tangent moduli. These elastic moduli are defined through the transfor- 
mation (push-forward) 


Cixi = Fit Fis Fee FirCy yr: (10.4.24a) 
and similarly 
Cig = Fi Fjs Fix FirCyj¢1- (10.4.24b) 


For hyperelasticity, the property that the stress response derives from an elastic 
potential (the stored-energy function) implies the major symmetry. In summary, 
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we have 
Cree = Cxriy = Crk = Spx (10.4.25) 


and the analogous relationships for the spatial elastic moduli ¢? 
in view of expressions (10.4.10), (10.4.12), and (10.4.13) 


ija- In particular, 


ee wee 
EDS OC aCe, 
and (10.4.26) 
m0 awe 
Cc = 4—___ 
IJKL OC ,0CKL 
However, since W° is a function of C := J~iC , it is necessary to express rela- 


tionship (10.4.26), in terms of the derivatives of W° (c) with respect to C. This 


involves a somewhat involved application of the chain rule employing relation- 
ships (10.4.4). For the reader’s convenience, we outline the procedure and record 
the basic results below. 


10.4.3.1 The material tangent moduli C. 


Using the relationships (10.4.4) and the chain rule, from definition (10.4.23), we 
find that 


C = Chr — 28° @c- 2c1@s 
‘ (10.4.27) 
+ 3J7§ (2aW° :€) [Ie — so @c'}, 
where [c-: is the fourth-order tensor with components 
1 fete -Ia-l 
(lo) pen = 4 [Creat + CCK | (10.4.28) 


and Cc, ry 18 the fourth-order tensor of deviatoric tangent moduli defined by the 
expression 


Chey ion 4J-3 [a2.Wv° + $(C : de¢W° : c)ci! @ Co! 
(10.4.29) 


—1C7' @ (82.W°: C) — 12 ewe: Q@c"'], 


The preceding notation is motivated by the following property which is an easy 
consequence of (10.4.29): 


C16. = Cie CH=, (10.4.30) 


=O) a . é 
and shows that Cy is a fourth-order deviatoric tensor. 
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10.4.3.2 The total tangent moduli C. 


By the chain rule, we find that 


(10.4.31) 


00 lac) 
aC aCaCc }- 


m0 Te) 
cc=C +4(urer i ® — +U" (0); 


As in the geometrically linear theory, in a finite-element context, the explicit ex- 
pression for the term 0©@/0C depends on the specific form of the approximation 
for ©; for instance, 


0 = J = 23c0 = JC," ete. (10.4.32) 


For bilinear isoparametric quadrilateral elements, a widely used approximation is 
given by the formula 


Jy, JaV 


QoS Bee 
Jp, dV 


(10.4.33) 


where 6, is a typical finite element. Expression (10.4.33) is known as the mean di- 
latation approximation. Then the term d¢® must be computed from (10.4.33); 
see Simo, Taylor, and Pister [1985] for further details and references to the 
literature. 


10.4.3.3 The spatial versions of C and C°. 


Using the transformation rule (10.4.24b) along with the relationships 


FC"'F’ =1, 
38 os : (10.4.34) 
dey [F () FT] — J-} FDEV [eo] F’, 
from (10.4.27), we obtain 
e = Cy, — Zdev(r°) @ 1 — 21 dev(r’) 
wn ts (10.4.35) 
+ 2 (2 F ag@W° F’) (1 - 119 1) 
where 
(Gee) sna = FirFis Fax Fu (Coev) (10.4.36) 


Similarly, from (10.4.31) and relationships (10.4.34), we readily obtain (for the 
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case @ = J) 


e° = JU" (0)1@14+ JU" (0) (1@1—-W) +e. (10.4.37) 


Equations (10.4.35) and (10.4.37) define the tangent elastic moduli of the the 
material in the spatial representation. 


10.5 A Class of Nonlinear, Viscoelastic, Constitutive 
Models 


In this section, we consider the extension of the viscoelastic constitutive models, 
motivated in Section 10.1.3 and formulated in Section 10.2 in the context of the 
infinitesimal theory, to finite deformations. Although of a particular functional 
form, the resulting class of nonlinear viscoelastic models possesses a number of 
attractive features. 
i. For very fast or very slow processes (in the sense precisely described below), 
the model reduces to finite deformation anisotropic elasticity. 

ii. The proposed class of models incorporates viscoelastic versions of the 
well-known Ogden elastic materials which are particularly well suited for phe- 
nomenological modeling of rubber elasticity; see Ogden [1984] and references 
therein. 

iii. Computationally, the algorithmic implementation presented below involves 
a straightforward extension of the schemes developed in Section 10.3 in 
the context of the infinitesimal theory. The resulting class of algorithms is 
second-order accurate, unconditionally stable and satisfies, by construction, the 
condition of incremental objectivity. Furthermore, the algorithms are amenable 
to exact linearization leading to a closed-form expression for the algorithmic 
tangent moduli. 

iv. As in our formulation of finite-strain plasticity, volumetric and deviatoric 
response are exactly decoupled via a multiplicative decomposition of the 
deformation gradient into spherical and volume-preserving parts. 

Nonlinear viscoelasticity has received considerable attention in recent years, 
particularly within the context of rubber elasticity and, nowadays, constitutes an 
active topic of research. The objective of this chapter is to present an introduction 
to the topic from the perspectives of continuum mechanics and numerical analysis. 


10.5.1 Formulation of the Nonlinear Viscoelastic 
Constitutive Model 
The formulation of the proposed class of viscoelastic constitutive relations is pat- 


terned after our developments in Section 10.2.1. Accordingly, we consider the 
following steps. 
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10.5.1.1 Stress response. 


The generalization of relationship (10.2.6) to the finite deformation regime is 
accomplished by the expression 


N 
S(t) = S°(t) — J> 3 DEV bp 0; 0 (10.5.1) 


i=1 


where S°(t) is defined by (10.4.12)-(10.4.13) with C(t) now a function of time. 
Here, Q;(t), i = 1,2,---,N, are internal variables, which remain unaltered 
under superposed spatial rigid body motions. This fundamental requirement is the 
same invariance property classically placed on the second Piola—Kirchhoff tensor 
S(t) and automatically ensures frame indifference of the constitutive relationship 
(10.5.1). 


10.5.1.2 Evolution equations for the interval variables Q;(t). 


Motivated by our developments in Section 10.2.1.1, we consider the following set 
of rate equations governing the evolution of the interval variables Q; (t): 


Qj (t) + =; (= * DEV {raewe [cw]. 


(10.5.2) 
lim Q;(t) = 0, 
t>—00 
where y; € [0, 1] and t; > 0 are subject to restrictions (10.2.8), that is, 
N 
Yo =1- Yoos 
i=l 
with (10.5.3) 


Yoo € [0, 1). 


The evolution equations (10.5.2) are linear and, therefore, explicitly lead to the 
following convolution representation: 


0;(t) = Hf exp[—(t — 8)/7;]DEV |20¢ W° [Ec] as. (10.5.4) 


10.5.1.3, Convolution representation. 


Now the stress response function is obtained by substituting (10.5.4) in (10.5.1) 
and integrating by parts along with use of relationships (10.4.12)—(10.4.13). The 
following expression is obtained: 


S(t) = JU"(@)C“(1) + Yoo J~ 3 DEV [2aeWweIcw1} 
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N 5 t d 
J~3 , —~(t — |— 
+ De nv | _exot (t-s\/tl = 
- (DEV {23¢W°1C(sy]}) as. (10.5.5) 


Now, define the relaxation function for the viscoelastic model with internal vari- 
ables governed by the evolutionary equations (10.5.2) with the same expression 
as in the physically linear theory, namely, 


N 
B(t) = Yoo + D4; exp(—t/t)). (10.5.6) 


i=1 


Combining (10.5.4) and (10.5.5) and integrating by parts along with the initial 
condition (10.5.2)5, we obtain, exactly as in the linear theory, the following con- 
volution representation for the second Piola—Kirchhoff stress tensor (keep in mind, 
we assume © = J): 


S(t) = JU" (@)C l(t) 
(10.5.7) 


+ I-73) [. g(t —s) £ (DEV {2a W°ICs)I} ) ds. 


The counterpart in the spatial description of expression (10.5.7) is easily de- 
rived using the following relationship between the operator DEV[e], defined in 
the material description, and the operator dev[e] defined in the spatial description: 


J-3F (DEV [e]) F’ = dev [F (0) FT] (10.5.8) 


Then the convolution representation (10.5.7) in terms of the Kirchhoff stress takes 
the form 


r(t) = JU"(@)1 
d een, 2 (10.5.9) 
i. i gs) = (dev [2Fae WIC) IF" |) ds. 


S 


Remarks 10.5.1. 

1. The final convolution model, given either by (10.5.7) or (10.5.9), exactly de- 
couples volumetric effects, which are assumed elastic, from the viscoelastic 
volume-preserving response. 

2. As in our discussion of the geometrically linear theory, viscoelastic effects 
on the bulk response are easily accommodated by a procedure similar to that 
outlined in Remark 10.2.1. 

3. We emphasize that the form of stored-energy function W° (C) in the consti- 


tutive equation (10.5.7) (or (10.5.9)) is completely arbitrary and not restricted 
to isotropic response. 
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4. The preceding model is derived by a systematic exploitation of the second 
law of thermodynamics (in the form of the Claussius—Duhem inequality) by 
postulating the following free energy function: 


v (C,0;) =U°(D+W (c) 


NO | N (10.5.10) 
-Se:0+8(Ya), 
i=l 


i=1 


lanl 


where & is a certain function of the internal variables. For additional back- 
ground on thermodynamic considerations see Coleman and Gurtin [1967] and 
Coleman and Noll [1963]. 


10.6 Implementation of Integration Algorithms for 
Nonlinear Viscoelasticity 


In this section we consider numerically integrating the class of viscoelastic consti- 
tutive models developed in the preceding section. We show that the development 
of stable and accurate integration algorithms for this class of models involves only 
a straightforward modification of the results presented in Section 10.3. 


10.6.1 One-Step, Second-Order Accurate Recurrence 
Formula. 


The steps involved in implementing the recurrence formula presented below are 
essentially identical to those discussed in detail in Section 10.2 and proceed as 
follows. 


10.6.1.1 Algorithmic internal variables and recurrence relationship. 


Define internal (algorithmic) variables H (t),i = 1, 2,---, N, by the expression 
. t d S = 
H(t) = expl—(t — 8)/ti] = (DEV [2aeW° [e«)]}) ds. (10.6.1) 
ve s 
Now use the semigroup property (10.3.9) and the property of additivity of the 


integral over the interval of integration to arrive at the following recurrence 
relationship, identical to (10.3.10): 


H® (tr41) =exp[—At,/t) © (ty) 


+ ee exp[—(n+1 yale (DEV {2a@W [ew |} ~ 


n 


(10.6.2) 
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Finally, we use the midpoint rule to approximate the integral over les tri], with 
thoi t= ty + At, to arrive at the update formula: 


Hq = exp(—At,/1,)H + exp(—At,,/27;) (5241 _ 5; : 
Siu = DEVna [20¢W°E,)], (10.6.3) 


5; : = DEV, [20 W°E,)]. 


Note carefully that DEV,,,; [e] and DEV,, [e] are computed according to (10.4.12) 
with C,,,, and C,,, respectively, i.e., 


DEV ni le] = (0) — § [(0) Cru] Cy 


n+l? 


(10.6.4) 


and an analogous expression for DEV, [e]. The explicit computation of the 
volume-preserving tensors C,,,; and C’,, and the overall implementation of the 
algorithm is considered in Section 10.5.3. 


10.6.1.2 Computation of stress tensors. 


From the convolution representation (10.5.5), it readily follows that the algorithmic 
approximation for the second Piola—Kirchhoff stress takes the form (for © = J): 


Sn4i = mea (On+1) C5 


7 Pi cit : (10.6.5) 
+ YoSe1 + So vIn} DEV], 


i=1 


where we recall that 


= as Ete _2 = = 

Sp S38 ST DEV [200 (Co) (10.6.6) 
and HH, is given by the recurrence formula (10.6.3);. The (spatial) Kirchhoff 
stress tensor is computed via the standard transformation (push-forward) 

Th+l = FictS iil) ia: (10.6.7) 
Using the fact that F,41C,, 1 F : 41, = Land the relationship 
- = 2 
dev[ Frist (0) Fray] = Jy.) Fri [DEVi41 (@)] Fray, (10.6.8) 


2 at 
which easily follows from (10.6.4) and the fact that F,.) := F4 F441, we find 
that 


Tht = me (On+1) 1+ Yoodev [2F nie W (CoP. | 


N ; _ (10.6.9) 
+0 yideviPniHy) Piya. 


i=1 
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This expression gives the update formula for the Kirchhoff stress and constitutes 
the counterpart as the spatial description of the updated formula (10.6.5). 


Remarks 10.6.1. 

1. It is apparent from expression (10.6.9) that the present formulation and algo- 
rithmic treatment completely decouples the bulk response, which is assumed 
elastic, from viscoelastic effects, which influence only the deviatoric part of the 
stress tensor. 

2. Once more, we recall that, in the context of a standard displacement-like finite- 
element method, the variable ©,,,, is simply given by 


Onn = Inyt- (10.6.10) 


For low-order elements, however, such an approximation leads to a locking 
response in the incompressible limit. For bilinear isoparametric interpolations, 
a more suitable approximation is obtained via the formula (10.4.33). 


10.6.2 Configuration Update Procedure 


The update formulas (10.6.3) and (10.6.4) involve the kinematic variables C,+1 
andC n+1- Lhese variables are easily computed within the context of a strain-driven 
type of algorithm as follows. 

Let S, = Y» (B) be the current placement of the body at time ¢,,, defined by the 
configuration ~, : B > R°*, which is assumed to be given. Let At, be the time 
step size, and assume that an incremental displacement field, denoted by 


U:B>R*, (10.6.11) 


is given. Then we compute the updated placement S,,; = Y,+, (8) simply by 
setting 


Pn+1 (X) = Gn (X) + U(X), (10.6.12) 


which defines the configuration y,1,; : B > R? at time tnt t= ty + At,. Then 
the deformation gradient and Jacobian determinant are computed via the standard 
expressions as 


Fist = Deny (X), 
and (10.6.13) 
Jn+i = det [Fi+i] : 


Finally, the total and volume-preserving right Cauchy—Green tensors are deter- 
mined by the formulas 


T 
Choi = Fay Fas 


and (10.6.14) 


2 
pu 3 
Ch+i = Jal Chi. 
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By substituting (10.6.14) into the formulas (10.6.5) and (10.6.9), the stress-tensors 
S41 and 7,41; become nonlinear functions of the updated configuration y,+1. 


10.6.3 Consistent (Algorithmic) Tangent Moduli 


The preceding algorithm defines the second Piola-Kirchhoff stress tensor S;,+1 
at the configuration y,+1 by formula (10.6.5). Therefore the associated material 
tangent moduli are obtained by differentiating (10.6.5) with respect to C,,+1, that 
is, we define algorithmic moduli in the material description by the formula 


Crit = 28¢,,,Sp41: (10.6.15) 


Similarly, we set 


Choi = 20¢,,,Sn41, (10.6.16) 
where Sit is the deviatoric part of S,41. Here S,4; and S48 are understood to 
be the functions of C,,,, defined by the algorithm (10.6.5). We call (10.6.15) the 
algorithmic tangent moduli. These moduli appear naturally in linearizing the weak 
forms of the equilibrium equations discretized by finite-element methods. Recall 
that this linearized weak form gives rise to the tangent stiffness matrix associated 
with the discrete boundary-value problem, which becomes completely determined 
by the algorithmic tangent moduli and the stress tensor. 

Since the volumetric response is elastic, exactly as in Section 10.4.3.2, we 
compute the expression 


IOn41 dOn4+1 I On41 ~o) 
om = 4(U" e, eeenth U" O, oe ER o : 
n+l ( (On41) Guat ® Yon + (On+1) C1 0C nat + C1, 
(10.6.17) 


Therefore, only C. 4, remains to be determined. Note, if O = J, (10.6.17) 

simplifies. 

10.6.3.1 The algorithmic tangent moduli om rai 

To differentiate the algorithm, we rewrite the update formula (10.6.3), as follows 
H® := exp(—At,/t)H® — exp(—At,/21;)S°, 


H®) := HO + exp(—At,/27;)S° 1. 


(10.6.18) 


With this notation, the deviatoric part of (10.6.5) becomes 


= x _2 eed 
Snat = g* Ate) S844 +. vidgy} DEVn41 [a] (10.6.19) 
i=l 
where g* (At,,) is the algorithmic relaxation function given by 


N 
2g (Ath) = Yoo + a y, exp(—At, /27;). (10.6.20) 


i=1 
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Observe carefully that HG ) is a constant as far as the linearization process is 
concerned. 

With expression (10.6.19) in hand, we can immediately computate (10.6.16) by 
exploiting our results in Section 10.4.1. In fact, using (10.4.4), from (10.6.19), we 
obtain 


Crit = g* (At) Ci, 


N 25 ve 
+ S ViIni {- + DEV, +1[H\?] ® Crt 
= (10.6.21) 


27-1 
= 5 O41 


+3? Cru) (Ie, = $6 @Cnh)} 


® DEV,,+:[H\] 


where Cy is given by (10.4.27). Observe that (10.6.21) is symmetric. 


10.6.3.2 The spatial algorithmic tangent moduli. 

The relationship between material and spatial algorithmic tangent moduli is also 
given by (10.4.24a,b). Thus, as in (10.4.37), we find that (again forO = J) 
Cru = Jey ,U" (On41) 1@1+ Ing1U" (On41) (1. ®@ 1 — 20) +641, (10.6.22) 


where C,,.1 is computed from (10.6.21) and relationships (10.4.24b) as 


Cr41 (= g (Ate 


N 
+ on {-3 devih, MOF 101 
L. (10.6.23) 
_ z1 ® dev[F, HOF! |] 


+2 tfF HOF, |] (1 -11@ 1)| ; 


For the reader’s convenience and easy reference, we have summarized the overall 
implementation of the algorithm developed above in Box 10.1 and Box 10.2. 
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BOX 10.1. Recursive Update Procedure 


Database at each Gaussian point 


[5;.? 


(@ i=1,2,---,N}. 


2. Given U : B > R’, update configurations 
Pri = Gn t+U, Fri =Depnsi, Ing = det [Fr+i] 
Cas = FL Pas hare age eer Crt = igo eae 
3. Compute initial elastic stress Kirchhoff tensor 
#,, = dev [2F ride W" (Cn0F ry]. 
4. Update algorithmic internal variables 
H® > = exp(—At,/t))H® — exp(— At, /21;)S° 
Si +I = Fut, ree 
HH? = A + exp(—At,/21;)8° 41. 
. Compute Kirchhoff stress tensor 


Pati s = u"’ (On41) 


hy : 


N 
— a Vi dev [Fn OFT, | 


N 
Yom te [PO FT, | 


Thtl = n+1 Patil + 8" (At,) T T n+l + hs. 
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BOX 10.2. Algorithmic Spatial Tangent Moduli 


. Compute “initial” elastic moduli 
Chit = Chevy. a ST @1- $1 @ Tht 
+ 2 (2Fn+10¢W5,1F7) (1 -~ 119 1) ; 
where 
(8 ee ee = [Fk Fix Fic Cpevisee] 
and 


=O) 


Chev = 4 [az.We + $C: eW°: OC OC! 


1 pl 2 Wo. 1 2 Wr. —1 
-1C°1 @ (W° : C) - $@R,W°: Cac"). 


. Introduce viscoelastic effects 


Grit = BA )Ceu1 — Fin @1- 31@h, + 2h, (1-411). 


. Add mean stress contribution (for the case 9 = J) 


Cra = Ong + Ingi Posi (1@ 1-22) + J, ,U27,1@ 1. 
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irreversible process, 75 

isoerror maps, 131 

isometry, 252 

isotropic function, 243, 270 

isotropic group, 259 

isotropic hardening, 9, 34, 35, 55, 62, 
90, 135, 310 

isotropy, 259 

iterative solution procedure, 50 


Jaumann-Zaremba stress rate, 255 
J flow theory, 89, 90, 110, 288 
plane stress, 91 


Kelvin solid, 341 
kinematic hardening, 17, 68, 134, 310 
kinetic energy, 26 
Kirchhoff stress tensor, 250 
Kronecker delta, 347 
Kuhn-Tucker conditions, 6, 77, 99, 
115, 116, 201, 207 
discrete, 116, 208 
Kuhn-Tucker form, 271 


Lagrange multipliers, 99, 163 

Lagrangian, 99, 211 

Lagrangian description, 245 

Lagrangian strain tensor, 303 

Lamé constants, 74 

left Cauchy—Green tensor, 241 

left stretch tensor, 241 

Legendre transformation, 162 

Levy-Saint Venant flow rule, 89 

Lie algebra, 295 

Lie derivative, 254 

Lie’s formula, 139 

linearization, 122, 151, 174, 212, 355 
consistent, 175 

loading/unloading conditions, 5, 13, 

77, 102, 201, 271, 310 

alternative form, 84 


material acceleration, 245 

material description of the motion, 
245 

material points, 245 

material rate of deformation tensor, 
249 

material time derivative, 247 

material velocity, 245 

material velocity gradient, 248 

Maxwell fluid, 341 

mechanical work, 26 

midpoint rule, 33 

mixed method, 182 

momentum balance, 262, 266 

multiplicative decomposition, 302 

multisurface plasticity, 199 


natural relaxation time, 62 
necking of a circular bar, 326 
neutral loading, 16, 78, 84 
nonlinear heat conduction, 220 
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nonlinear stability, 226, 237 

nonlinear viscoelastic constitutive 
model, 364 

nonsymmetric nominal stress tensor, 
250 

normality, 99 

normalized relaxation function, 349 

numerical solution of the IBVP, 31 


objective algorithm, 276, 290 

objective stress rates, 253 

objective time-stepping algorithms, 
278 

objectivity, 252, 255 

operator splits, 139 

optimality conditions, 41 

orthogonal group, 295 

orthogonal projections, 179 


penalty formulation, 106 

perfect plasticity, 7, 80, 89, 98, 145 

perfect viscoplaticity, 111 

perforated strip, 185 

persistency (or consistency) condition, 
6 

Perzyna, 59, 69, 216 

plane strain, 89 

plane stress, 91 

plastic corrector, 140, 141 

plastic dissipation functional, 163 

plastic loading, 78, 84, 116 

plastic strain, 75 

polar decomposition, 242 

Prand]l-Reuss equations, 89 

pressure, 178 

principal directions, 242 

principal invariants, 241 

principal stretches, 242 

principle of maximum plastic 
dissipation, 98 

product formula, 139 

projection, 110 

projection operators, 178 

projection theorem, 111 


radial return algorithm, 317 

rate equilibrium equations, 267 
rate form, 23 

rate-independent plasticity, 75, 206 
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rates, 15 

reference configuration, 241 

relative Eulerian strain tensor, 284 

relative Lagrangian strain tensor, 281 

relative left Cauchy—Green tensor, 285 

relative stress, 43 

relative time, 61 

relaxation function, 340 

relaxation test, 60, 340 

relaxation time, 150, 339 

representation theorem for isotropic 
functions, 261 

return mapping, 141 

return mapping algorithm, 35, 36, 44, 
126, 143, 314 

rheological model, 58 

Riemannian metrics, 142 

right Cauchy—Green tensor, 241 

right stretch tensor, 241 

rotated description, 271 

rotated rate of deformation tensor, 249 

rotated representation, 277 

rotated stress tensor, 250 

rotation tensor, 241 


second law, 350 

second Piola-Kirchhoff stress tensor, 
250 

semigroup property, 353 

shear modulus, 110 

single-crystal plasticity, 301 

softening, 69, 88 

space of bounded deformations, 233 

spatial acceleration, 246 

spatial description of motion, 246 

spatial discretization, 31 

spatial rate of deformation tensor, 248 

spatial velocity, 246 

spatial velocity gradient, 247, 248 

spectral decomposition, 241 

spin tensor, 248 

stability, 26 

stability analysis of the algorithmic 
IBVP, 53 

stability estimate, 64 

standard solid, 340 

stiffness ratio, 340 

stored energy, 73 


stored energy function, 359 

strain driven, 13, 32 

strain field, 22 

strain hardening, 9 

strain space, 8, 75, 82, 84 

strain tensor, 72, 114 

stress power, 26 

stress space, 75, 76 

stress tensor, 72, 114 

strip with a circular hole, 189 

strip with a circular notch, 190 

strong ellipticity, 74 

superposed rigid body motions, 252 

symmetric Piola-Kirchhoff stress 
tensor, 250 


tangent compliance, 103 
thermodynamics, 349 

thermodynamic equilibrium, 350 
thermodynamics of viscoelasticity, 349 
thick-walled cylinder, 184, 322 

time discretization, 31 

trial elastic state, 35, 43, 116, 140, 315 
trial state, 15, 16 

trial state (rates), 84 

Truesdell stress rate, 254 


unconditional stability, 53 
uniqueness, 29, 64, 88 


variational consistency, 176 

variational formulation, 262 

variational inequality, 103, 104 

velocity field, 22 

viscoelasticity, 336 

viscoplastic regularization, 62, 105, 
231 

viscous stress, 338 

von Mises yield condition, 89, 309 


weak formulation, 24, 179, 232, 262, 
266 


yield condition, 3, 76, 270, 309 
yield criterion, 96 


yield surface, 5, 77 


Ziegler rule, 17, 91 


